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NMPEAUCJIOBUE PEJAKTOPA

CoBpemenHoe pa3BuTHE PU3UKH H TEXHUKH TECHO CBSI3aHO C HCIIOJb-
30BaHHEM 3JIEKTPOHHLIX BHIYHCIAHTENBHBIX MauH (OBM). B nacrosimee
Bpemss OBM cranu oOblYHBIM OGOPYIOBaHHEM MHOTHX HHCTHTYTOB H
KOHCTPYKTOPCKHX 610po. ITO MO3BOJHJO OT IPOCTEHIIMX pacyeToB
1 OLEHOK Pa3JHYHLIX KOHCTPYKUHUH HJIM NPOLECCOB NepelTH K HOBOMH
CTallui pabGoThl — NETAJbHOMY MaTeMaTHUYECKOMY MOJENUPOBAHHUIO (Bbl-
YHCIUTEJSbHOMY 3KCIIEPHUMEHTY), KOTOPOE CYIIECTBEHHO COKpallaeT MOoT-
pe6HOCTb B HaTYPHBIX 3KCNIEPHMEHTaX, a B psilie CIyuaeB MOXET HX
3aMeHHTb.

B ocHOBe BBLIYHC/IMTENBHOrO KCIEPHMEHTA JIEXKHT pellleHHe ypaB-
HEHHH MaTeMaTHYeCKOH MOJENH YHCJEHHbIMM MeToiamu. Manoxkenuro
YHCJ/IEHHbIX METOJOB INOCBSIIEHO HeMmano KHHUr. OfHako GOJIbIIMHCTBO
9THX KHHUI OPHEHTHPOBAHO HA CTYJEHTOB M HAay4YHHIX pPaGOTHHKOB
maremaruueckoro npoguisi. ITostomy B HacTosiuiee Bpemst OLLYLIAETCS
NOTpe6HOCTh B KHHIe, pPAaCCYNTAHHOH Ha IMIMPOKUH KPyr uuTaresel
pPasJMUYHBIX CNeLHaNbHOCTEHl M CoyeTaloled AOCTATOYHYIO MOJTHOTY
U3JIOKEHHS C Pa3yMHOH CTENEHbIO CTPOTOCTH IIPH YMEPEHHOM OfBbeMeE.

Ilpennaraemass kuura orBeuaer 3THM Tpe6GoBaHusiM. Oua jmocra-
TOYHO IOJIHO OCBELIAeT TOT KPYT BOMNPOCOB, 3HAHHE KOTOPOro HauGo-
Jee 4acTo TpeOyeTcss B MpPaKTHKE BBIYHUCJEHHH, M CONEPKUT psif
pasfenoB, KOTOpPbE pEeNKO BKJIOYAT B YyueGHble mnocoGusi. ¥Me-
peHHbIH 00beM MOCTHIHYT 3a CYeT TILATEJSbHOrO OT6Opa Marepuaa
U BKJIIOYEHHS B KHHUT'Y TOJIbKO HauboJee 3h(eKTHBHBIX H YaCTO UCHOJIb-
3yeMBbIX Ha IPaKTHKe METONOB. MaTepuas H3JIOXKEH YeTKO H C¥KaTo,
npy ~3ToM O60JbIIOEe BHUMaHUE YAEJEHO PEKOMEHJAUUsIM MO MpPaKTH-
4eCKOMY NPHMEHEHHIO alropUTMOB; HM3J/0XKEHHEe IMOSCHEHO PSJOM MpH-
mepoB. s 060CHOBaHHSI anropuTMOB HCIOJIBb30BAH HECJOXKHBIH Mare-
MaTHYECKHH anmapar, 3HaKOMbIH CTyJeHTaM (M3MYECKHX H HHXKeHep-
HBIX CIENHaIbHOCTEH, -

KHura paccunrana Ha uuTartensi, KOTOPBI 3aHHUMAeTcsl HE CTOJNbKO
paspaboTKOH YHCJIEHHBIX METOJOB, CKOJBKO UX NDHMEHeHHeM K IpH-
KJaaHbIM npoGiemam. OnHAako B mpouecce pabGoThl Haj KHHIOH 4uTa-
TeJIb 3HAKOMHUTCS C OCHOBHBIMH HJESIMH TOCTPOEHHS BBIYMC/HTEJbHBIX
aJIFOPHUTMOB M C X OGOCHOBAHHEM M TNPHOOPETAET 3HAHHSA, AOCTATOY-
Hble 11 pa3paboTKH HOBBIX aJrOPUTMOB.



TIPEJIUCJIOBUE PEJNAKTOPA Y

Ora Kuura sBJISETCS IO CYLIECTBY BBEJEHHEM B YHCJIEHHBIE METOJbL.
OBnazeB ero, uuTarenb 3aTeM MOXET YrJyGUTb CBOHM 3HaHUMA, obpa-
THBIUKCh K PYKOBOACTBAM II0 TEOPHH PA3sHOCTHBIX CXEM H IO MeTojam
YHCJIEHHOTO pelleHHUs] OTACNbHBIX KJaccoB 3ajad.

Kunra HamucaHa CIENHAJHCTOM II0 TEOPETHYECKOH M MaTeMaTH-
vyeckoit ¢usuke. OHa BO3HMKJIA B pe3ysbrTaTe paGoThl aBTOpa Haj
pSIZOM aKTyaslbHbIX MpoGieM ¢usvky B MHcTuTyTe npuK/IaaHok
marematuka AH CCCP u npenosaBanust Ha (usnyeckoM dakyJbreTe
Mry.

HecomueHHO, KHHra OKaMKeTCsl TOJIE3HOH LIMPOKOMY KPYTry 4HTa-
Tenell — CTyZeHTaM, acllMpaHTaM, Hay4HbIM COTPYAHUKAM H HHXKeHe-
paM MareMaTHyecKHX, (U3HYECKHX H TEeXHHYECKHX CIeLHaJbHOCTEH.

A. A. Camapckuti
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CnoxHble BBIYHC/IHTENbHbIE 3aJayd, BO3HHKAIOUIME MPH HCC/IEN0-
BaHHH (U3UYECKHX M TeXHHYECKHX Ipob/ieM, MOXKHO pasbGuTb Ha -psill
3JIEMEHTAPHBIX — TAKMX KaK BBIYHCJEHHE HHTerpasa, perueHue aud-
(depeHuuanbHOrO ypaBHEHHS H T. 1. MHOrue sjemeHTapHbIE 3alauu
ABJISIOTCST HECJOXHBIMH M XOpollo u3yueHbl. i sTHX 3amau yxe
paspaboTaHbl METOIbl YHCJIEHHOTO peLleHHs], U HEepPENKO HMEIOTCS
CTaHJapTHple Nporpammbl permeHust ux Ha DBM. EcTb M nocraTouso
CJIOZKHblE 3JIeMEHTapHBle 3a7aYl; METO[bI PellleHHs] TaKUX 3ajau ceiyac
HHTEHCHBHO paspabaTblBaloTcsl (HaNpHMep, pellleHHe ypaBHEHHH Gec-
CTOJIKHOBHTEJ/IbHOH I1/1a3Mbl).

ITosTomy nosHass mporpaMma oGYYeHHN UYHCJIEHHBIM METOAaM
JoJI2KHA COCTOSITb M3 psifia 3TanoB. Bo-mepBwlX, 3TO OCBOEHHE JIOTa-
pUQMHYECKOH JIMHEHKM, KJIaBUIUHBIX BBIYHC/HTEIbHBIX MAllHH |
nporpamMmupoBanusi Ha DBM. Bo-BTOpBIX, OCHOBBI YHCJ/EHHBIX METO-
IOB, COIEepIKallHe H3JMOKEEHe KJAaCCHUECKHX 3JIEMEHTapHHIX 3amgay
(BKJIIOYast OCHOBHBbIE CBEJEHHS] O pPa3HOCTHBIX CXeMaX). B-Tperbux,
KyPC TEOPHH PA3HOCTHBIX CXeM. M B-ueTBepThIX — PSIA CleNHaNbHBIX KY -
COB, KOTOpble cefiyac HepelKO Ha3bIBAIOT METOAAMH BBIYMCJ/IHTSJIbHOM
GM3MKH: YHCJIEHHOE pelLleHHe 3alay ra30fiHHAMHUKH, a3pOAHHAMHKH,
MepeHoca H3JyyeHHsi, KBAHTOBOM (PH3MKH, KBAHTOBOHM XUMHH H T. .

OrTa KHHra sIBJSIeTCS] BBEJEHHEM B YHCJeHHble MeToisl. OHa Hauu-
HaeTcsl C MNPOCTeHIIHX 3afay HHTEPHNOJHUPOBAHUS (PYHKUHH H KOH-
YaeTCsl HENABHO BO3HUKIUMM Pa3JIeIOM BBIYUCIHTENbHOH MATEMATHKH —
METOJaMH peLleHHs] HEKOPPEKTHO MNOCTaBJ/IEHHbIX 3ajau. KHura namnu-
CaHa Ha OCHOBE TOJOBOI'O Kypca JIeKLHH, YMTaBIUMXCSI aBTOPOM CHa-
yaja HHXXEHepaM-KOHCTPYKTOpaM, a Iocje nepepaGoTKU — CTYAEHTaM
dusuueckoro daxyJabrera MI'Y.

Ins xaxnodl s3ajaydl CYIIECTBYET MHOXKECTBO METOLOB DEILEHHS.
Hanpumep, xopowo oGyc/lOBJIEHHYIO CHCTEMY JIMHEHHBIX ypaBHEHH
MOXKHO pematb Mmerofamu ['aycca, JKoplana, onTHMajbHOTO HCKJIO-
YEeHHsI, OKaHMJIeHHs], OTpaXKeHUH, OPTOroOHaIM3aUUH U PSIAOM ApPYyTrHX.
WHTepnonsiuioHHbIi ‘MHOTOU/IEH 3anuchiBaloT B ¢opmax Jlarpamxa,
Hetorona, I'peropu — Helorona, Beccensi, Crupaunra, Taycca u Jlan-
naca — JBeperta. IlofoGHEIe MeTOAB OGBLIYHO SIBJISIIOTCS BapHALMSIMH
OJIHOTO-JBYyX OCHOBHBIX METOJOB, M €CJH Jaxe B KaKHX-TO YacTHBIX
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clyyasix HMMEIOT IIpeHMyIlecTBa, TO He3HauuTeabHble. Kpome Toro,
MHOTHE METOJH CO3faBajliuCh N0 mosBjeHHss DBM, u pang u3 Hux
B KauyecTBe CYIIECTBEHHOrO 3/eMEHTa BKJIOUAEeT HHTYHIHIO BHIYUCIIH-
tesns. [losBrenne DBM morpe6oBano mepeoleHKH CTapeIX METOAOB,
uyTO JO KOHLA elle He CHeJaHo, H JO CUX IOp MO Tpaguuuy GoJjb-
1110€ KOJIHUeCcTBO Hes(pheKTHBHLIX METOLOB KOouyeT U3 yyeGHHKA B yueG-
HUK. OryacTH 3T0 OOBACHSETCA TeM, 4YTo 3((eKTHBHOCTb MHOTHX
METOJJOB CHJIBHO 3aBHCHT OT MEJKHX JeTalell ajropuTMa, MOYTH He
MONJAIINXCSA TEOPETHUECKOMY aHa/u3y; II09TOMY OKOHYATeNbHEIH
OoTGOp JYUYLIHX METOJOB MOXKHO CHe/aTh TOJMBKO Ha OCHOBAaHUH GOJIb-
IIOr0 ONBITA MPAaKTHYECKHX DPAaCYETOB.

B sToft KHure clesnaHa IIONMBITKA TakKoro oT6opa, omuparoliascs
Ha MHOTOJIETHHH ONBIT peleHHs OGOJBbIIOTO Yuc/aa pPa3sHOOGpPasHBIX
3aflay MaTeMaTHuecKoH (u3uKH. [ GOJBIIMHCTBA PACCMOTPEHHBIX
B KHHTe 3aJau W3JIOKEHbl TOJbKO Haubojee 3(PpGheKTHBHbIE METOJIb
C IUMPOKOH 06/1aCThI0O NPHUMEHHMOCTH. HecKo/sbKO MeTOHOB 1Jisi Of-
HOH W TOH e 3ajauyM JaHel B TOM cJjyuae, €ClIH OHM HMeIOT Ccy-
IIleCTBEHHO pasHble 06JacTH MPHMEHHMOCTH, MJH €CJH JJs JaHHOM
3ajaud elle He pas3paGoOTaHO [AOCTATOYHO YAOBJIETBOPUTENbHBIX Me-
TOZOB.

Uacto INpUXOAUTCHA CJbIIATh, 4TO Hacrymuaa smoxa IDBM, a
«pyuHbIE» pacueThl SBJAOTCSA apxau3MmoM. Ha camom jene ato pasneko
He Tak. Ilpexne uem nopyuats DBM Gosburyio 3ajauy, Hajo che/aTh
MHOTO OLIEHOYHBIX pPAacueToB W Ha HX OCHOBE IIOHATb, KaKHe METOJbI
okaxyTcs 3¢deKTHBHEIMY A/ JaHHOH 3anaud. KoHeuHo, naxe B MeJ-
KUX pacuerax DBM ¢ xopouMM MaTeMaTHYeCKUM OGecreueHHeM H
Ha6opoM mnepudepUHHBIX YCTPOHCTB (Tejeraitn, Aucmjed, rpaduko-
TIOCTPOUTENIb) OKaspiBaeT GoJbllyio nosb3y. OnHako Jorapudmuuec-
Kas JHHeHKa W KJaBHIUHBE MALIMHBI elle A0Aro GYAYT HEoGXOIUMBI.
[Tostomy GonbHIMHCTBO METOOB, M3JIOKEHHBIX 31€Chb, B DaBHOH Mepe
npurofusl aas OBM u «pyuHBIX» pacyeToB.

OcHoBHOe BHMMaHHe B KHHre yJesleHO BbIpaGOTKe MPaKTHYECKHX
HaBbIKOB Yy uuraresd. [losToMy B nepByio ouepenb H3/IOMKEHBI aJro-
PUTMBI, JaHBI PEKOMEHJALMH N0 UX IMPUMEHEHHIO U OTMEYEHB! «MaJeHb-
Kde XHTPOCTH» —T€ He3HauuTe/lbHble Ha MepBblH B3] NpaKTHUe-
CKH€ IIPHEMBI, KOTOPbI€ CHJIBHO MOBHILIAIT 3(Q(EKTHBHOCTb aJrOPHUTMA.
Teopernueckoe 0GOCHOBaHHWE METOAOB MPHBEJEHO JIMIIL B TOH Mepe,
B KaKOH OHO HEOGXOAMMO .IJIl JIy4yllero yCBOEHHs U MPaKTHYECKOro
NpUMeHeHuUs.

B KHHUTY BKJIOUEH PAJ CBENEHHH, HE OTHOCAIHUXCSH K HEOGXONH-
MOMY MHHUMYMY, HO MOJIE3HBIX YMTATENIO /IS JIYYLIero MOHUMAaHHUS
TOHKHX JIeTajled BBIYMC/IMTE/IbHBIX TpoueccoB. UToGbl He yBEHUHBATH
00BbeM KHUIM H H30eXKaTb CJIOKHBIX BBIKNANOK, 5TH CBENEHHs IpH-
BeJieHbl, KaK NpaBuo, 6e3 10Ka3aTe/bCTB, HO CO CChLIKAMM Ha HOIOJ-
HUTeJbHYIO JuTepaTypy. Hekoropnie cBenenus naHel B opme sanau
B KOHLE KaXHOoH TIJiaBhl.
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ITpennosaraercss, yTo yYMTAaTeNH 3HAKOMBI C OCHOBAMH BBICIIEH

MaTeMaTHKH, BKJIOYas KpaTKue CBeleHHS 006 ypaBHEHHAX B YacTHBHIX
npousBofHeX. HeoGxonumble AOMONHUTE/BbHBIE CBEIEHHS, KOTOPbIE
He cofepxkarcd B 00s3aTeJbHBIX KypcaX YHHBEPCHTETOB H BTY30B,
coo0waioTes 3[ech B COOTBETCTBYIOMIMX pasiesax.
- Kuura pasnenena Ha riaBel, maparpadbl U MyHKTH. B Hauase
KaXJoH TJaBbl KDPaTko H3JIOKeHO ee coiep:kaHue. Hymepauusa tac-
JIML, ¥ DHUCYHKOB — €JIHHasl 10 BCeli KHHTe, a HyMmepauus (opmyna—
camocToATebHasg B Kaxnol riaaBe. Ecam ccelika He BBIXOAHT 32
npenessl NAHHOH TIJaBbl, TO YKas3blBaeTCsl TOJIbKO HeMmep (opMyJbl;
€CJIM BBIXOIHUT — TO, HOMep IJ1aBbl U HoMep opMyJbl. B KoHUe KHHIH
JaH CHHCOK JuTepaTypel. IlpuseneHHble B HeM YueGHUKH H MOHO-
rpaduyl pEKOMEHAYIOTCA MJil YrayGJIeHHOTO U3y4YeHHS OTAEJBbHBIX
pasgenoB. )KypHa/lbHBIE CTaTbH JaHbl /151 YKa3aHUS HA OPHUTHHAJb-
Hple pafoThl, MX CIIHCOK He MpeTeHAyeT Ha IOJHOTY; Gosiee MoJjHas
oubnuorpadus MMeeTcsi B peKOMEHJOBaHHBLIX YyyeOHHKaX.

O6muii MogXox K TeOpUH M TNPAKTHKE BBIUMC/IEHH, ONpeNesH-
BIUMH CTHJIb 5TOH KHHUTH, CJIOKHJICS y MeHs moj Bausinuem A. A. Camap-
ckoro u B. §I. TonbamHa 3a MHOro JieT COBMeCTHOH paGothl. Psjn
aKTya/bHBIX TeM Obli BKJIoueH mo uHunuaruBe A. I'. CpemrHukosa -
u B. B. I'macko. MHoro uenHsix 3ameuanu#t cuaenanu A. B. I'ysmn,
B. JI. PoxnectBenckuit, . M. CoGoab, V1. B. ®pssunos, E. B. Iukux
H COTPYAHUKH Kadelphrl npUKAafHOH MaTeMaTHueckolt ¢pusuku MUPU.
B odopmaenun pykonucu mue nomorau JI. B. Kysbmuna u B. A. Kpa-
CHOsAApOBa. §I MOJB3ylOCh C/y4aeM HCKDeHHe M0GJarofapuTh BCeX Has-
BaHHBIX JHI, U B ocoGeHHocTH Asekcanppa AnppeeBrnuya Camapckoro.

H. H. Kacumkun



IF'TABA1 .
YTO TAKOE YHUCJIEHHBIE METOJbBI?

TnaBa 1 sBnsercs BBogHOH. B § 1 paccMoTpeHEl posib MaTeMaTHKH MpH pellle-
HHY (PU3UKO-TEXHHUECKHX 3aJaY M MeCTO YHCJEHHBIX METOOB CPefy APYTrHX Mare-
MaTHYECKMX METOZOB W KPaTKO M3JIOKEeHa HCTOPHs YHC/JEHHHIX MeTOXOB. B § 2 pa-
306pansl OCHOBHbIE TMOHATHA NPHUGIHKEHHOIO aHalu3a: KOPPEKTHOCTh TOCTaHOBKH
3ajay, onpejeseHue GIM30CTH TOYHOrO M NPUGIMKEHHOrO pelieHuH, CTPYKTypa
MOrPeLLHOCTH.

§ 1. MaremaTH4eckHe MOAENH H 4YHCIEHHBbIE METOHbI

1. PeweHne 3agaun. PusuKoB MaTeMaTHKa HHTEpecyeT He cama
no cefe, a KakK CPeICTBO pelleHHs GU3HUecKHX 3anau. Paccmotpum
No3ToMy, Kak pellaercs Jio6ast peanbHasi 3aaua — HanpuMep, HaXox-
JeHUe CBETOBOTO MOTOKA KOHCTPYHPYEMO# JIaMIbi, NMPOU3BOLUTEIBHO-
CTH NIPOEKTHPYEMOH XUMHYECKOH YCTaHOBKHM HJIH CeGECTOMMOCTH IIpO-
LYKLUMH CTPOSILLErocsl 3aBoja.

OzxHuM H3 crocoGoB pellleHHs siBaseTcs skcrepuMmeHT. IlocTpoum
3Ty JlaMIly, YCTaHOBKY WJIM 3aBOJX W HM3MEPHM WHTEpecyHoLlylo Hac
XxapakTepucTKy. Ecam  Xapakrepucrika oOKasanach —HeyLauHO,
TO M3MEHHM MNPOEKT H INOCTPOMM HOBBIH 3aBOI W T. A. SICHO, 4TO MBI
MOJIYUHM JOCTOBEpDHBI/i OTBET Ha BOMNPOC, HO CJMIIKOM MeJJIeHHBIM
U JIOPOTHM CIOCOGOM.

Ilpyroi cnoco6 — MaTeMaTHYeCKHil aHAMU3 KOHCTPYKLHU HJIH SBJe-
Hus. Ho takoii aHanu3 mnpuUMeHseTCS He K peasbHbIM SIBIEHHUSM,
a K HEeKOTOPbIM MaTeMaTHYeCKHM MOJeJsIM 3Tux siBleHui. ITostomy nep-
Basl CTafusl paGoThl — 3TO (OPMYAUPOBKA MAMeEMAMUYECKOL moOert
(nocraHoBka 3amauu). A ¢usHueckoro mpoliecca Mojesab OGBIYHO
COCTOMT K3 ypaBHEHHH, OIHUCBHIBAIOUMX IPOLECC; B 3TH ypaBHEHHS
B BHe KO3(UIHEHTOB BXOAAT XaPAKTEPHUCTHKH TeJ /M BellecTs,
yuacTByIOmHUX B mpouecce. Hanpumep, cKopocTb pakeTsl NPH BEPTH-
KaJIbHOM T10JIeTeé B BaKyyMme OIpeJe/sieTcss ypaBHEHHEM

t
(M— I m) (G +8)=cm @), (1)

N

-Tie M — HauanbHasi Macca pakeTs, m (f) — 3afaHHb{l pacxon ropio-
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yero, g — YCKOPEHHe I0JA TATOTEHHSA, a C— CKOPOCTb HCTEUEHHS
rasoB, 3aBHCAIIAS OT KaJOPUAHOCTH TOM/IMBA U CPEHEro MOJeKyJsp-
HOTO Beca IPOAYKTOB CrOpaHus.

JlioGoe u3yuyaeMoe sBJieHHe GeCKOHeyHO cJjoxXHO. OHO CBA3aHO
C IpPYrUMH SIBJCHVSAMH TIPHPOIBl, BO3MOXHO, He NPENCTaBJIAIOMIMMH
WHTepeca MAJs paccmMarpuBaeMoid 3ajaud. Maremaruueckas Mogesb
JOJ/DKHA OXBATbIBaThb BaXKHefilne I NaHHOH 3ajayd CTOPOHH fBJIe-
uusi. HauGonee cnoxHast M OTBeTCTBeHHasl paGoTa NPH INOCTAHOBKE
3a/laul  3aKJ/IoyaeTcss B BbIGOpe CBsSI3eH W XapaKTEPUCTHK SABJEHHA,
CYIIECTBEHHBIX JJI1 JAHHOH 3ajaudl ¥ NOAJEeXAalUX (opManu3anuy
U BKJ/IIOUEHHIO B MaTeMaTHUECKYIO MOIE/b.

Ecnn maremaruyeckass Mone€/b BeIOpPaHa HENOCTAaTOYHO TIATEJNBLHO,
TO, Kakue Gbl MeTOAbl MBI HH NPHUMEHAJM AJs1 pacuera, Bce BHIBOLBI
GyLyT HENOCTATOYHO HAJIeXKHBI, a B HEKOTOPHIX C/JyyasX MOTYT OKa-
3aThCsl COBEpIEHHO HernpaBHJIbHBIME. Tak, ypaBHeHue (1) HenpuronHo
NIl 3amycKa pakeThl C NOBEPXHOCTH 3emid, HG0 B HeM He yYTeHO
CONPOTHBJIEHNE BO3AyXa.

Bropas cragus pabotel — 3TO Mmamemamuueckoe ucmeaoeauue
B 3aBHCHMOCTH OT CJIOXKHOCTH MOZEJH NPUMEHSIOTCS PasJIMuHble Mare-
Matudeckue nopxomel. s HauGosiee IpyObIX W HECJTOXKHBIX MOJesel
3aYacTyl0 yLaeTcs- NOJYYHTh aHAJUTHYECKHe PeLIEHHS; 5TO H3JI06JeH-
HbIH MyTh MHOTUX (U3MKOB-TeopeTHKoB. Hanpumep, ypasHenue (1)
JIErKO HHTerpupyercss npu g==const u m (f) = const:

v=clIn[M/(M — mt)]— gt.

Hz-3a rpyGoctu Mmogmenu ¢usuueckas TOYHOCTb 3TOrO IIOAXOZA Hepe-
JIYIKa; HepeIKO TAaKOH MOAXON MO03BOJNAET OLEHHTb JIHIIb NOPSAAKH
BEJIHYHH.

Hns Gosee TOUHBIX U CJIOXKHBIX MOZEJell aHaJUTHYeCKHe pellleHHs
yIaeTcsl MOJYYUTb CPAaBHUTEJBHO PefKo. OGbIYHO TEOPETHKH NOJb3Y-
I0TCSI NMPUOIMKEHHBIME MaTeMaTHYeCKHMM MeToJaMu (Hampumep, pas-
JIOXXEHHEeM T0 MajJoMy Napamerpy), MO3BOJSIOLIMMH IOJYYHTb YIOB-
JIETBOPHUTEJ/IbHblIE KaueCTBeHHble W KOJHYeCTBEHHblE pe3ynbraThl. Haxko-
Hell, AJd Haubosee CJIOXKHBIX ¥ TOYHBIX MOJAENEH OCHOBHBIMH METO-
JaMH pellleHHsl SBJSIOTCS 4YHCJEHHBIE; KaK IpaBUJIO, OHH TpeGyIoT
npoBefieHUs1 pacueroB Ha DBM. 3ITu Meromsl 3ayacTyio IIO3BOJISIOT
JIOOUTBCS XOPOLIEro KOJMYECTBEHHOTO OMHCAHHA fABJIEHHS, HE TOBOpA
ye O KayeCTBEHHOM.

Bo Bcex cayuasx MaTeMaTHyecKass TOYHOCTb peILIEHHsS IOJKHA
ObITb HECKONBKO (B 2 —4 pasa) Bblllle, ueM OXupaemas ¢u3uyecKas
TOYHOCTb Mofiesi. DBoJlee BHICOKOH MareMaTHYeCKOH TOYHOCTH AOGH-
BaTbCsl OECCMEIC/IEHHO, HGO OGIIYI0 TOYHOCTb OTBETA 3TO BCE DABHO
ue mosbicut. Ho Goslee HH3Kas MaTeMaTHUeckas TOYHOCTE Hezony-
cTHMa (BJsi oGNeryeHdsi pelleHMsl 3afayd HEPEIKO B XOie paGoThi
JeNIaloT JOMOJIHUTEIbHEIE MaTeMaTHYeCKHe YIPOLIEHHS; 3TO CHHUKaeT
LIEHHOCTb Pe3yJIbTATOB).
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Haxkonen, Tpetbsi cTafnsi paboThl — 3TO OCMbICAUBAHUE MAMEMAMU-
4eCK020 peuwleHus U COTIOCTABJIEHHE €ro € 5KCIepUMEeHTaJbHbIMH JaH-
HeIMH. EciiM pacueTel XOpolIO COrJIacyloTCSi C KOHTPOJIBHBIMH 3KCIie-
pUMEHTaMH, TO 5TO CBHAETEJNbCTBYET O NPaBUJBHOM BbIGOpE MOJEIH;
TaKylo MOJEJb MOXHO HCIOJIb30BaTh JJI pacyeTa MpOLECCOB JaHHOTO
tuna. Ecsn ke pacueT M KCIEPUMEHT He COIJIacyIOTCS, TO MOJAEb
HEoGXOIUMO MepecMOTPeTb M YTOUHHTb.

2. YuciaeHHble METOAbI SIB/IAIOTCS OJHMM M3 MOUIHBIX MareMarH-
YeCKMX CpeiCTB pelleHHs 3afaud. Ilpocrefimve uncieHHble MeTOABI

" Mbl HCMOJIb3yeM BCIOAY, HanpHMep, H3BJeKas KBajpaTHHI KOpeHb
Ha Juctke Gymaru. Ectb 3amaun, rae 6e3 JOCTaTOYHO CJIOKHBIX
YHC/IEHHBIX METOIOB He YAaJoCh Obl MOJNYYHTb OTBETA; KJACCHUECKHUI
npumep — OTKphITHe HenTyHa no aHoManusiM ABMXKeHHA YpaHa.

B coBpemenHoOlt ¢u3nKe Takux 3ajau MHoro. DBosee rtoro, uacro
TpeGyercs BBIMOJIHUTD OTPOMHOE YHCJIO JeHCTBHH 32 KOPOTKOE BpeMs,
MHaye OTBeT GyjeT He HyxeH. Hampumep, CyTOYHEIH MPOrHO3 NOTOALI
JoJiKeH ObITh BBIUMCJIEH 32 HECKOJBKO YacoB; KOPPEKILHIO TPAaeKTo-
pUM paKeThl HAJO PACCUUTATb 3a HECKOJbKO MHHYT (HallOMHHM, 4TO
ans pacuera op6utel HenrTyna JleBepbe norpeGoBajoch moJroga);
peXuM paboThl MPOKATHOI'O CTaHa JOJIKEH HCMPABJAATBHCA 33 CEKYHIHI.
O10 HembicauMO Ge3 MowHbIX OBM, BHINOJHAIOWAX THICAYM HJIH
Jlake MUJIJIMOHBI Onepanuil B CeKyHy.

CoBpemeHHble YHCJEHHBIE MeTOAbl W MoliHble IBM nanu Bo3Moxk-
HOCTb pellaTh TaKHe 3aJaud, O KOTOPHIX II0JIBeKa Hasaj MOrJu
TOJBKO MeuraTh. Ho NpHUMEHATH uyMC/IeHHble METONB! NaJieKO He IIpo-
cro. lucbpoesie OBM yMeloT BBINOJHATL TOJBKO apH(pMETHUECKHE
IeficTBUA U Joruyeckue onepauuu. Ilostomy mnomumo paspaGoTku
MaTeMaTHYecKoH Mojenu, Tpebyercs elle pa3paGoTKa a/jropurtMa,
CBOAMAIIETO BCe BBHIYUCJEHHS K MOCJENOBaTENEHOCTH apHUDMEeTHUYECKUX
M JIOTHYECKHX HeicTBUi. BbI6HpaTh MoIesb W alrOpUTM HANO C yue-
TOM CKOpPOCTH ¥ ofbemMa mnamaTd JBM: uepecuyp cioxHas Mozeb
MOKeT 0Ka3aTbCsl MallhHe He MOJ CHJYy, a CJAHIUKOM IPOCTas — He JacT

" (¢u3nyecKo TOUHOCTH.

Cam anroput™ u mporpamma ajas OBM nosxkHBl GBITH THIATENBHO
npoBepeHbl. Jlaxe npoBepka nporpaMMbl Hejerka, O YeM CBHIETE/b-
CTBYeT MOMYJspHOe yTBepxKaeHHe: «B moGofl CKOJb YrOZHO MaJoi
nporpaMme ecTb No MeHblleH Mepe ofHa ommu6Ka». IIpoBepka asro-
put™Ma eme Gosee TPyAHA, HOO AJIA CJIOKHBIX a/JTrOPHTMOB He Yacro
yaaeTcs 0Ka3aTh CXOAHMOCTb KJ/accHuecKMMM Merofamu. Ilpuxonut-
Csl HCMOJb30BaTh GoJlee MM MeHee HaleKHble «IKCIepHMeHTaJbHbIE»
IpOBepKY, NpOBOAA mnpoGHble pacueTl Ha IOBM u aHanusupys
ux (cMorpu, Hampumep, raasy IX, § 4, n. 3).

Crporoe MareMaTHyecKoe OGOCHOBaHHE aJrOpUTMA peIKO GbIBaeTr
HCYepnblBAlOMIMM HecnefoBaHueM. Hanpumep, GosbIIMHCTBO JoKasa-
TEJbCTB CXOAMMOCTH HTEPallHOHHBIX IIPOLECCOB CNPABENIHBO TOJBKO
NpH TOYHOM BBIMOJIHEHHHM BCEX BBIYMCJEHHH; MPAKTHUECKH Ke YHC/IO
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COXpaHfAeMbIX [ECATHYHBIX -3HAKOB DPEIKO MPOMCXOAHT 5—6 mpu
«pYyuHBIX» BoluncIeHusiXx U 10—12 npu Buiuncaenusx Ha IBM. ITnoxo
TNOANAIOTCA TEOPETHYECKOMY HCC/IENOBAHHUIO «MaJieHbKHE XHUTPOCTH» —
He3HauyuTeJbHbIe HA MEPBBIH B3I/ AeTajJd ajJropuTMa, CUJIBHO BJIHA-
ompe Ha ero 3h¢eKkTHBHOCTb. - ITo3TOMY OKOHUYATENbHYIO OLEHKY
MeTOla MOXKHO JaTb TOJBKO IOC/€ ONPOGOBAHHUS €ro B NMPaKTHUECKHX
pacuerax.

K uemy mnpuBoguT mnpeHeGpeXeHHe STHMH IMpaBUJIAMU — BUIHO
U3 npuHnuna HekoMnereHTHoctH Ilurepa: «9BM MHOrokpartHo ysesu-
YUBAaeT HEKOMIMETEHTHOCTb BHIYHCIHUTENN.

Hns cloxHBIX 3a7au pa3paGoTKa YUC/AEHHBIX METONOB M COCTaB-
JeHue nporpamm i OBM oueHb TPYLOEMKH U 3aHHMAIOT OT HECKO-
JBKHX HeJlesb 0 HeCKOJbKHX JieT. CTOHMOCTb KOMILIEKCA OT/IaXKEH-
HBIX [POrpaMM HepelKo CPaBHHMA CO CTOMMOCTBIO 3SKClepHMEHTasb-
HOH ¢u3uuecKoil yCTaHOBKH. 3aTO NpPOBEJEHHE OTHEJbHOr0 pacyera
1O TaKOMY KOMIJIEKCY MHOro ObICTpeH H JelleBje, yeM MpOBeeHHe
OT/e/IBHOTO 3KcrepyMeHTa. TaKHe KOMIJIEKCH MO3BOJISIOT MOAGHDPATH
ONTHMAJIbHBIE NapaMeTpbl HCCAEAYeMbIX KOHCTPYKIHH, uTO He moj
CHUJIy 3KCIIEPHMEHTY.

OpHako yHC/eHHble MeToApl He BcecHJIbHE. OHH He OTMEHSIOT BCe
ocTajbHble MareMaTHyeckKne MeToipl. Hauunas wuccaenoBaTh mnpo6-
JeMy, Liesecoo0pa3Ho HMCIONb30BaTh MPOCTeHINNe MOAENH, aHaJIUTHYe-
CKHe MeTolbl M NpUKUAKH. M ToNbKO pa3o6paBIIHCh B OCHOBHBIX
uepTax SBJEHUS, HANO NEpexXOfUTb K TOJHOH MOAENU H CJIOXKHBIM
YUCJIEHHBIM METOJaM; JHaXKe B 3TOM CJyyae yHCJEeHHBIE METOJB! BBHIIOJ-
HO NMPUMEHATb B KOMOWHALMH C TOYHBIMH H NPHGJMKEHHBIMH aHaJIU-
THYECKUMH MeTOAaMH.

CoBpemeHHBIH (PM3UK HJIH HHKEHEP-KOHCTPYKTOD JIJIA  yCIellHOodH
paGoThl JOJIKEH ONMHAKOBO XOpOLIO BJAfeTb H «KJIaCCUYECKHMH»
MeTOaMH, U UHCJIEHHBIMH METOLAMH MaTeMaTHKH.

3. HUcropus npuknaaHoi mateMaTukd. Pasjnen mMatemartuku, uMero-
UK JeJo ¢ cOo3JaHHeM M OOOCHOBAHHEM UHCJ/EHHBIX aJrOPUTMOB JJst
pelleHus] CJOXKHBIX 3a/au pas3iuuHbIX o6JacTedl HayKH, 4acTO Hasbl-
BaIOT MPHUKJALHOH MaTeMaTHKOH; aMepUKdHLBl IIpUMEHEHUe YHCJEeH-
HbIX METONOB K (pM3MuecKHMM 3ajayaM HasbiBAIOT, BBIUMCJIHTEJNBHOM
¢usukoit. I'maBHas 3afaua TPHUKIAAHOH MaTeMaTHKH — GaKTHUECKOe
HaxoxJeHUe pelleHHs C TpeGyeMOH TOYHOCTBIO; 3THM OHA OTVIMYAETCsl
OT KJIACCHUECKOI MaTeMaTHKH, KOTOpas OCHOBHOE BHMMAaHUE yleJser
UCC/IEIOBAHHUIO YCJOBHHA CYIECTBOBAHHS ¥ CBOHCTB peLIeHus.

B ucTOpUH NpHKJ/agHOH MaTeMaTHKH MOXKHO BBIIEJIHUTb TPH OCHOB-
HBEIX Tlepuoja. )

[lepBriit Hauancs 3—4 Teicsguu Jer Hasan. Ou 6blI CBfI3aH ¢ Be-
JleHHeM KOHTOPCKHX KHHUT, BBbIYUHCJEHHEM [Jomaneid U oO6beMoB,
pacuetaMy HpPOCTEHIIMX MeXaHU3MOB; HWHBIMU CJIOBAMH — C HECJIOXK-
HBIMHM 3ajauaMd apudMeTHKH, ajreGpbl U reoMeTpuu. Briuucauress-
HBIMH CPEICTBAMH CJYXKMJHM CHayala COOCTBEHHbIE MaJIbLEl, a 3aTeM
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— cyeTsl. Mcxonuble JaHHBIE COepKajyl Majo Iudp, ¥ GOJBIIHHCTBO
BBIKJIAZOK BBINOJIHSJIOCH TOYHO, 6€3 OKPYTJIeHHH.

Bropoit nepuon Hauasncs ¢ Hetorona. B stor nepuos pemanuch
3a7auyd acTPOHOMHH, Teolie3MH M pacyeTa MeXaHHYeCKHX KOHCTPYK-
LUuH, CBOAsIIHecs JHGO K OGBIKHOBEHHBIM AH(GbepeHIHaNbHbIM ypaB-
HeHUsIM, JHOO K ajreGpanyeckuM cuCTeMaMm ¢ GOJBLINM YHCJIOM He-
H3BECTHBIX. DBHIYHC/IEHHS] BBINOJHAIHCh C OKPYIVIEHHEM; Hepeako OT
pesysibTata TpeGoBasach BHICOKAs TOYHOCTb, TaK YTO MPUXOAUJIOCH
COXpaHATh 10 8 3Havamux UHudp. ’

Briupcsute/ibHBIE CPEICTBA CTaJd pasHoobpasHee: TaGJMLbl 3Je-
MeHTapHeX (GYHKUHH, 3aTeM — apupmoMerp U Jiorapudmuyeckas
JIHeHiKa; K KOHIy 3TOr0 NepHoia IOSABHJNCH HEIVIOXHE KJaBHUIIHBIE
MaIuHbel ¢ 3jektpomoropoM. Ho ckopocTe Becex sTux cpelcTB Gblia
HeBeJUKA, U BBIUUCJEHHS 3aHHMaJH [JHH, HENeJH U HaxKe Mecsibl.

Tperuit nepuos Havajcsa npumepHo ¢ 1940 r. Boennbie 3agaun —
Hanpumep, HABOJAKA 3€HUTHBIX OPYNME Ha GBICTPO IBHAKYLIMICH ca-
MoJIeT — TpeGoBalH HENOCTYNHBIX UEJOBEKY CKOPOCTeH M NpHUBENH
K pa3paboTke 3/1eKTPOHHBIX cHcTeM. [loABHIMCH 3/1€KTPOHHBIE BBIYHC-
JuTeJNbHBIe MaluHEL (OBM). ‘

Ckopoctb naxe mpocTedinix OBM HacToMbKO NPEBOCXOAMJIA CKO-
POCTb MEXaHWYeCKHX CPeICTB, YTO CTaJO BO3MOXHBIM NPOBOAHTH BbI-
yuCcJIeHHsl OrpOMHOro o6beMa. ITO MO3BOJIMJO YMCJEHHO pellaTh
HOBBIE KJAacChl 3ajay; HanpuMep, [POLECCH B CIJIOWIHBIX Cpefiax,
ONHUCHIBAIOIIKECA YPABHEHHSIMH B YaCTHBIX NPOHM3BOJHBIX.

Cyauyaja JJIsl pelleHusl 3TH 3afad MHCNOJb30BA/JIHMCh UYHCJEHHBIE
MeTONbl, paspaGoTaHHbIE B «A03JEKTPOHHBIN» nepuol. Ho npumenenue
3BM 6bicTpO MPHBEJIO K NepeolieHKe METOA0B. MHOrue cTapblie MeToAb!
0Ka3ajIuCh HEMNOAXONAUIMMH JJs aBTOMAaTH3UPOBAaHHBIX pAacyeTosB.
Cranu ObICTPO pa3paGaThiBaTbCA HOBBIE METOAbI, OPHEHTHDOBAHHbIE
npsaMo Ha OBM (nanpumep, meron Monure-Kapio).

Motmsocetn BM 6Geictpo pactyt. Ecom B 50-e rr. B CCCP Bery-
nuaa B ctpoii nepsas «Crpesay co ckopocteio 2000 onepauuii B ce-
KyHAy u namaTbio 1024 Aueliky, TO cefyac BO MHOTHMX BbIYHC/IHTE/b-
HBIX leHTpax crpaHbl paGotator B3CM-6 co ckopocteio B 300 pas
Gosbire ¥ namATbio B 30 pas Gosblre. A Hau/yudIliHe COBPEMEHHbBIE
OBM wumeror ckopocTb 10 30 MHJIIMOHOB ONEpalu# B CEKYHAY IIpH
NPaKTUYeCKH HEOTDAHMYEHHOH  ONepaTMBHOM NaMsTH C MNpsAMOH
anpecanueii. CraHOBATCA BO3MOXKHBIMM PacyeThl Bce Gosiee CJIOAKHBIX
3afay. STo CJAYXKHT CTHMYJOM [/ PaspaGoTKH HOBHIX YHCJEHHBIX
MeTOJOB.

§ 2. MpubGankeHHblit aHAIH3

1. MousaTtne 6anzoctu. Eciau Tpebyercss ompelieNuTb HEKOTOPYIO
BEIMUMHY y 0O M3BECTHOH BEJMUMHE X, TO CHMBOJIMYECKH 3ajadyy
MOxKHO 3anucath B Bule y=A (x). 3mece U y, U X MOTyT OGBITH
YHC/IaMH, COBOKYIHOCTBIO 4HCeJ, QYHKUHEH OJHOrO /M HECKOJIBKHX
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nepeMeHHBIX, HaG6opoM (yHKUuE ¥ T.A. Ecam onmepatop A HacTonbko
CJIOXKEH, YTO pelleHHe He y[aeTcsl SBHO BBIIHCATh WJIM TOYHO BBIYHC-

JINTh, TO 3alayy peIlaloT NpPUGIHKEHHO.
b

Hanpumep, nyctb Hajio BBEIUHCIUTH y=Sx(z‘) dt. MoxHo npu6.u-

a

KEHHO 3aMeHMTb X (f) MHoroujeHoMm X (f) wnu Apyroit ¢yHKuueH, uH-
Terpajs OT KOTOPOH JIerKO BBIYHC/IUTB. A MOXHO 3aMEHHTb WHTErpal
CyMMOH Zx(ti) At;, BHIUHCJIUTL KOTODYIO TOXKE HECJOXHO. TakuMm

i
o6pasom, npuénmxeﬂﬂbm MeToJ| 3aKJIo4aercss B 3aMeHe MCXOAHBIX
JAHHBIX Ha GJH3KHe NAHHBIE X M (WJH) 3aMEHe OomepaTopa Ha GJIH3-
kuit onepatop A, Tak 4ToGH 3HaueHue §= A (X) Jerko BEIUHCJASIOCE.
Ilpu sTOM MBI OXupaeM, YTO 3HAuUeHHe J OyHeT GJH3KO K HCKOMOMY
peLeHHIo.

Ho wuto Takoe «6au3ko»? QOueBHAHO, [JIA IBYX UYHCEN X; H X,
HaJo TPeGOBAThb MaJOCTH |X; — X, |; @ 6/MU30CTh ABYX (PYHKIUH MOXKHO
OmpefesuTh Pas3HbBIMH crocofaMu. ITH BONPOCH PacCMaTPUBAIOTCSA
B (pyuxunonanbuom aHalu3e, HEKOTOphle NOHATHA KOTOPOro GyayT
cefiyac H3JIOXKEHBI.

MHOXKeCTBO 3/1eMEHTOB X J00O0! NPUPOABI HAa3bIBAETCS MempuecKum
npocmpascmeom, eciyu B HEM BBEIEHO pAacCTOSHHE p(X;, X;) MEXAY
JI0GoH mapofl 37eMeHTOB (mempuka), YAOBJETBODSIOLIEe CJIEAYIOMHM
aKCHOMaM:

a) p (¥, X,) — BelIeCTBEHHOE HEOTPHLATEbHOE YHCJIO,

6) p (%3, %) =0, TONBKO €CNH X; = X,, 2

B) P (X1, %) =p (X3, %1),

r) o (%, x3)<P(x1, X9) +p (X35 X3).

INocnenoBaTeIbHOCT 3JIEMEHTOB X, METPHYECKOro npOCTpchrsa Ha-
3biBaeTcsl cxodsujetics (IO METPHUKE) K JEMEHTY X, eClH P (X,, x) 0
npu n—oco. IlocmenoBatenbHOCTD X, Ha3biBAETCS YHOAMEHMANbHOL,
ecnu Aas Jwo6oro € >0 Hafzerca Takoe K(e), 4TO O (Xn, Xm) <<€
npu Bcex n U m>k.

MeTpuueckoe IpOCTPAHCTBO HA3bIBAIOT rOAHbIM, eclH Jio6as
¢dyHraMeHTaAbHAA MOCJ/ieOBATEBHOCTD €ro  JeMEHTOB  CXOAMTCS
K 3JIEeMEHTY TOrO e mpocTpaHcTBa. Ilpumepom Henosnzoro mpo-
' CTPAHCTBA SABJSETCH MHOXECTBO palHOHANbHBIX YHcea X = (n/m)
C MeTPHKOH p (X, X;) =|X; — x,|. IlocnenoBarenbHocTs X = (1 4 1/k)%
eMy NPHUHALJEXKHUT, ABJsAeTcs HYHAAMEHTaJbHOH, a CXOQUTCA K HUppa-
I[HOHA/IbHOMY YHCIY e, T.e. He K 3JeMeHTy JaHHOTO NPOCTPaHCTBA.
Eciu nepeMeHHble y, X NMPUHALJIEXAT HENOJHbIM IPOCTPAHCTBAM, TG
000CHOBaTb CXOAMMOCTb YHCJIEHHBIX METOJOB OUYeHb TPYIHO: Jaxe
ecIu yraeTcsd JAOKasaTb, 4TO INPH X,—>X TOCJAEN0BaTEIbHOCTD ¥,
(dyHIaMeHTa/bHASA, TO OTCIOAA elle He CJefyeT, YTO OHAa CXONUTCS K
3/7eMEHTy JaHHOTO IPOCTPAHCTBA, T, €, K PpeLIeHHIO JONYyCTHMOro
KJacca,
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DJleMeHTaMH HALIHX MHOXKeCTB GYAYT 4YHcJ/a, BEKTOPHI, MAaTpHLEL,
¢ynruuy U T. . CaMy MHOXKeCTBa OGBIYHO SIBJISIIOTCA JIMHEHHBIMH
HOpMHPOBaHHEIMH IIPOCTPAHCTBAMH, HGO B HUX ONpEfesIeHbl ONepaliu
CJIOKEHHSI 3JIEMEHTOB M YMHOXEHHS WX Ha YHC/IO W BBENEHA HOpMA
KaXJIOro sJeMeHTa |||, NMpHuYeM BHINOJHEHb CAEAYIOUHE aKCHOMBI:

Ytxe=X+x, @+%)+x=x-+ 0+ %);

CYIIECTBYET €UHCTBEHHLIN 3JeMeHT 8 TaKo#, uTo
x4 0=x naa moboro x (6yieM HCNO/Ib30BaTh
sl 6 oGosnauenue 0); 1Js BCSIKOrO X CYLIECT-
ByeT eIUHCTBEHHBIHl 3/JeMEHT — X TaKoH, 4TO

X+ (—x) =6 ()
a (x4 x) =ax;+ax,; (@+b) x=ax+bx;

abx)y=(ab)x; 1-x=x; 0.-x=0 exuHCTBEH;
llx||==0 — BewecTBeHHOE uucnO; |lax]l=|a| - ||xl;
llxll=0 Tonbko mpu x=0; [lx; + x| << Ilxyll -+ llxo Ml

JluHeiiHoe HOPMHPOBAaHHOE NPOCTPAHCTBO €CTb YACTHBIA Cilyyai
METPHYECKOrO IIPOCTPAHCTBA, a HOPMAa OMNpeflelsieTcss METPHKOM.
ITonHoe /nuHefiHOE HOPMHPOBAHHOE NMPOCTPAHCTBO HA3bIBAETCS OAHAXO-
eoim. TlpakTiueckn Bcerga BeNHUMHBI, C KOTOPHIMH Mbl GYAEM OMEpH-
poBaTh, SBJSIOTCS 3JeMEHTaMH GaHaXOBBIX NMPOCTPAHCTB; 3TO BaxKHO
IIPU I0KA3aTe/IbCTBE CXONHUMOCTH UMCJEHHBIX METOJOB.

PaccmorpuM HekoTopble MpHUMeph! GaHAXOBEIX MPOCTPAHCTB, C KO-
TOPBIMH HaM YacTO HNPHIETCH BCTpPeYaTbCA. BEHINOTHHMOCTD aKCHOM
(3) ¥ mMoOMHOTY yuTaTeNH JErKo IPOBEPAT CaMH.

a) . MHOXeCTBO BceX NEHCTBUTENIbHBIX 4YHcea ¢ HopMoH |x||=|x|.

6) IlpoctpancTBo C — MHOXecTBO GYHKUMH X (f), ONpexeNeHHBIX
1 HenpeprBHHIX npu 0<<C#<<1, c ueGbllIeBCKOH HOpMOH || x ||, =
=max |x (f)|. CXomLHUMOCTb B 3TOM NPOCTPAHCTBE HA3bIBAETCH PABHO-
meproii. Ycnobue 0<<f<<1 3jece ¥ B ClefyiolieM NpHUMepe IMpHu-
HATO JUI YHOOCTBA; OHO HE SBJSETCS CYUIECTBEHHBIM, H MOXHO
onpenenath GYHKUUY HA JOGOM KOHEUHOM OTpe3Ke.

Knacc HenpepblBHBEIX (YHKLIHH 4acTo elle CyXKaroT, HakJ/aiulBas
Ha (GYHKIUH JOMOJHUTENbHble TPeGOBAHMA: JIUMILHI-HENPEPHIBHOCTH,
ONHOKPATHOH WJM MHOTOKpAaTHOH auddepeHuvpyemoctd u T. A. Ha-
TIOMHHM HEKOTOpble ONpeje/eHus. '

®yHkIua x (f) Ha3BIBAETCA PABHOMEPHO-HENpepbleHOl Ha OTpesKe,
ecJId - i CKOJAb YroiHo Majnoro o >>(0 Ha#nerca Takoe §, uTO
|x (f;) —x (f;) | << ® nns M0GOH mapbl TOUEK OTPe3Ka, YAOBJIETBOPSIO-
mux ycnoBuo |f; —i#,|<<8. Takum o6pasoM, YycTaHaB/JIHBaeTCA
dyHkuvoHanbHas cBA3b Mexny © ¥ 6. Benuunna o (8) HasweiBaercs
M00ysem HenpepoisHocmu GyHKuuM. PYHKUHS, HenpepblBHAs BO BCEX
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TOYKaX 3aMKHYTOI'O OTpe3Ka a<<f<<b, sBASiETCS HA 3TOM OTpe3Ke
OrpaHMYeHHON W paBHOMepHO-HempepwiBHOH (Teopema KaHrtopa);
c/enoBaTeNbHO, TNpOCTpaHCTBO C — MHOMKECTBO OrPaHHYEHHBIX H
paBHOMepHO-HenpepbiBHBIX (yHKIMA. Ecan o (§) < K6, rme K — He-
KOTOpasl KOHCTaHTa, TO (GYHKUMIO Ha3bIBAIOT AURULUY-HENPepbigHOLL.
HerpynHo Buzerb, uto ecnu QYHKUMA MMeeT OrpaHHUYEHHYIO NPOU3-
BOJHYIO, TO OHa JIMIUIHL-HeNpepblBHa, mpuueM K =sup |x’ (f)].

B) IlpoctpanctBo L, — MHOxecTBO (yHKUHHA x (f), omnpeneseHHHbIX
mpu' 0<<¢<<| ¥ WHTErpUpPyeMBIX IO MOAYJIO C p-H CTEeNeHblo, ec/H

HOpMa ornpeneaeHa
1 1/p
Ix ||Lp=[§ |x @) P dt] ,

CxonuMocTb B TaKOH HOpMe Ha3bIBAlOT CXOAMMOCTBIO 8 cpednem. Ilpo-
CTPAHCTBO L, HAa3bIBAIOT euasbepmossim, a CXOAUMOCTb B HEM — cpedHe-
Keadpamu4roli.

PasHuny mexny paBHOMepHO# GJH30CTBIO M GJIH30CTBIO B Cpe-
neM uJmocTpupyer puc.l. ®yHKUMA ¥, PaBHOMEpHO 6/1M3Ka K (yHK-

oud x,, a GyHKUHA x; OJM3Ka B
4 z ‘ cpeiHeM, T. €. MaJjo OT/JHYaercs: OT
X, Ha GOJblIEH YacTH OTpe3Ka, HO

MOXeT CHJBHO OTJIHYaThCsl OT Hee
Ha HeGOJbUIMX yYacTKax. °

Buifupass MeTpHueckhHe MpOCT-
paHCTBa, T. €. BbIOMpass MHOXECTBa
X, Y u onpefensia B HAX METPHKH,
MBI TEM CaMbIM YycCJaBJHBaeMcH,
B KakKHX KJsaccax ¢GYHKUMHE MOX-
HO OpaTb HauaJbHble JaHHbIE H
uckate pemeHue. IlostoMy B KOH-
KPeTHOH 3ajaye BHIOOp NPOCTPAHCTB
IOJIKEH B IEePBYIO ouepelb OImpe-
Jaenarbcsi  (QU3UYECKHM  CMBICJIOM
3ajaud, ¥ JHIib BO BTOPYIO — YHCTO MaTeMaTHYECKHMH COOGpaxe-
HUSIMU (TaKHMH, HampuMmep, KaK BO3MOXHOCTb JIOKa3aTb CXOIUMOCTb).
Hanpumep, npu pacuere NpoYHOCTH CaMmoJieTa HYXHa paBHOMEpHas
6/130CTh NPUOC/HIKEHHOrO pelleHHs K TOYHOMY, a GJIM30CTH B Cpel-
HeM HeJOCTAaTOYHO: MepeHanpsXeHHe B MAJIeHPKOM YYacTKe MOXKeET
paspylIuTh KOHCTPYKLMIO. A B 3ajaye O HarpeBe TeJa IOTOKOM
TenJja Jaxe HopMa L; yIOBJIEeTBOpHTE/NbHA, HOO Temieparypa Tena
onpejesiseTcss HHTErpajoM OT MOTOKA 10 BPEMEHH.

HerpynHo mnokasarb, uyTo MeXAy pasHBIMH HOpPMaMH (EC/IM OHH
CYIIECTBYIOT)  BHINOJIHSIIOTCS ONpele/eHHble COOTHoWeHHs. Eciu
¢dyHkuua x (f).onpenenens npu 0<<f<<1, Torna

lx@) i, <lx@)l,<-..<llx @) lle. 4)
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B camom pnese, Hanpumep:
1 1 )
e @) g, =1 () dt < | max| 20) [P di =max | x () [P =1l x () Il2.
0 0

Crnenosate/bHO, H3 PaBHOMEPHOH CXONHMOCTH BBITEKA€T CXOIHMOCTh
B CpefHeM, B YaCTHOCTH — cpelHeKkBaiparnuHasi. IlosToMy ueGhiuies-
CKYI0 HOPMY HasblBalOT 60see CuabHOL, YeM T'HJIbGepToBa.

r) KoopayunarHble GecKOHEUHOMEpHBIE MPOCTPAHCTBA, 3JIEMEHTaMH
KOTOPHIX ABJIAIOTCA CYETHble MHOXKECTBA YHCET X = {X;, Xy, ...}. ITo
AHAJIOTHH C MPOCTPaHCTBaMH (YHKIMI, B HHX OGBIYHO BBONSIT HOPMY
| x|lc=sup |x;| nu

21, = lim le,lp

t._.l

1/p

a caMo MPOCTPAHCTBO HA3LIBAIOT COOTBETCTBEHHO ¢ HIH [,.

1) KoneuromepHusle mpocrpaHcrsa ¢, /W, SJIeMeHTaMH KOTOPBIX
SIBJISIIOTCSL TPYINB U3 7 YHCeN X = {Xx,, xz,. .y Xp}; HX MOXKHO
cuMTaTh KOODJAMHATAMH BEKTOPOB B 7-MEPHOM IPOCTpaHCTBe, [ Ha-.
3bIBAIOT €BKJKA0BbIM. HOpMBI BEKTOPOB BBOLAT IO aHAJIOTHH CO CJIy-

yaeMm (r), HanpuMep,
n 1/p

1
1 llp={7 2 1% lP

i=1

I[Jlﬂ KOHEYHOMEpPHBIX BEKTOPOB MEXKAY pasHbIMH HOPDMaMH CYILECTBYIOT
COOTHOIIEHH A

Ixh<<lxl<<xll.<Valxl,<nlxl,, (5)

KOTOphle Jerko mposepuTb. IlosToMy H3 CXONMMOCTH B OXHOH H3
STHX HOPM CJIE1yeT CXOAMMOCTb BO BCEX OCTA/IbHBIX HOpMAX. Hopwmsr,
o6sanaione TAKHM CBOHCTBOM, HASLIBAIOT 3KBUBANCHMHBIMLL.
OrMeTHM, 4YTO €C/IM TOCJ/IeN0BATENbHOCTb BEKTOPOB X, HE CXONH-
TCA, HO Xp,/ [l Xnmll CXOAMTCS, TO TOBOPAT O CXOIMMOCTH BEKTOPOB

no HANpasieHuro.
e) B npocrpaHcTBe KBanpaTHHIX MAaTpHIL TOpsiiKa 7 HauboJee

yHOTpeGHTE/IbHEl C/IeAYIONHe HOPMbI:

/ n
Al = max \ Z | aiy l), lA|l; = max | Z | ayy l\
¢ j=1 / 7 \t-—l (6)

n 1/2
|Ally=n-max|a;|, “A”E=< ) |atjl2) ,
i, =1
"A”2=l’ max Wy,
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rJie W — COGCTBEHHbIE 3HaueHHs1 3pMuToBOi MaTpuust AHA (3nece A7 —
MaTpHIla, 3PMHUTOBO COMpsiKeHHass Mo orTHowleHHio K A). Ilepswie
JB€ HOpPMBl He HMEIOT ClelHaJbHb/X HA3BaHHH, TPeTbsl HA3bIBAETCA
MaKCHMaJbHOH, uerBeprasi — cepuuecKOd WM eBKJIHMAOBOH U nATasd —
CTeKTpaJbHOH. MexIny HHMMM BBLIMOJHSIIOTCA HEKOTOpLIE COOTHOILE-
HHS, aHaJjoruyuele (5).”

WurepecHa cBf3b MexIy HOPMaMH MaTpHUI H BEKTOPOB, Ha KOTOPbIE
MaTpHLBl JelcTBYoT. HopMa MaTpuupl HasbIBaeTCS C024QC0BAHHOL
c HopMoit Bekrtopa, ecau |[|Ax|<|A]l-|lx|l. HanMenbwmas u3 HopM
MaTpHLbl, COIVIACOBAHHBIX C JaHHOK Hopmo# Bektopa: [A |l =
=sup (lAx|l /llxll), HasbIBaeTCA HOPMOH MaTPHIUBI, NOJ4UHEHHOU NAH-
HOH HOpME BEKTOpa.

TlpusegeM mpuMep NOAYHHEHHOH HOPMEL. M3 IeMOYKH HepaBeHCTB

n n
3 aijx; <mg1x[(mgx[x,~|) Z | agp []:
: i i =
n
=||x||c-max<2 | aie |>=||A||c~||xnc @)
L

[lAx|| = max
P

=1
k=1 .
ciaepyer, uto | Al cormacoBasa c¢ |lx||;. Kpome Toro, mns mwo6oii MaTpuusl A
CyuIeCTBYeT TaKOH BeKTOp X, uTO HepaBeHCTBO (7) ofpaliaercs B paBeHCTBO. JInis
€ro HaXOXKJEHHs MOJOXHMM X;=+ l; 3HakM BhHiOepeM Tak, uTOGH OHHM COBMajalH

n
CO/SHaKaleI 3J1EMEHTOB aii TOH CTPOKH MaTpHIbI i, B KOTOpOﬁ Z ]al,-] MakKkCHMaJbHa.
Torpa uMeHHO cyMMa Mo 3Toft CTpoke GyAaeT MaKCHMaJIbl]-Ia xla JeBo#t yactu (7),
HepaBeHCTBO NPEBPAaTHTCA B PaBEHCTBO. JTO O3HauaeT, 4To ||A||, ecTb HaHMeHbluas
H3 HOpM, COIJIaCOBaHHBIX C f{|X|l.: ecium Mbl BO3bMeM elne MeHbwyio [|A|l, To npu
3TOM BeKTOpe X Ji/i Hee 3HaK HepaBeHcTBa (7) GyHeT o6paTHBEIM, T. €. OHA He GyAeT
cornacosanHoit. CrnegoBaTtensHo, ||A|, moguunena || x [|. .

Bes noxasarennctsa ykaxewm, uro [|All; noguuHena |lx|l;, ¥ cmexr-
paibHas HopMma mnoxuuHeHa ||lx[l,. Cdhepuueckass HopMma corJjiacoBaHa
¢ [lx|l;, a MakcuMaJbHas HOpPMAa COIVIACOBAHA CO BCEMH PacCMOTPEH-
HBEIMH BHILIE BEKTOPHBLIMH HOPMAaMH. .

2. CtpykTypa norpeiHocTd. ECTh ueTbipe HCTOYHHKA MOrpelHOCTH
pesysabTaTa: MaTeMaTHYeCKas Mojesb, HCXOJHble JaHHble, NPUOIUKEH-
HBIH METOX M OKpYIVIEHHWS NpH BbluncieHuAX. [lorpemHocts marema-
THYECKOH MOJEJH CBfI3aHa C (PuU3UYECKUMH J[AOMYIIEHUSMH U 31€eCh
paccMarpuBsaThcsl He Oyrer.

HcxonHele paHHBIE 33a4acTyl0 HETOYHBI; HANpuMep, 5TO MOLYT
ObITb 3KCNEPUMEHTANbHO H3MEepEHHble BeJHYMHBI. B MpennsHoHHbIX
(GU3MUeCKUX H3MEPEHHAX TOYHOCTb HOXOAUT 10 10712, HO yxke xapak-
TepHasi acTPOHOMMYECKAas MW Treofe3Hyeckass ToYHocTb paBHa 1078,
a BO MHOMHX ()M3HYECKHX M TeXHHYECKHX 3a/|ayax MOTrpemHOCTb H3Me-
pennsi OwiBaeT 1— 109%. IMorpemwnocTs HCXOAHBIX JAHHBIX Ox TMPHBO-
JAMT K TaK HashlBaeMoH Heycmpdwumoii (OHA He 3aBHCHT OT Marema-
THKA) TMOrPEUIHOCTH pellennsi Oy = A (x+6x) — A (x). B cienyromem
NyHKTe OYAYT pAcCMOTpEHH! CJydyad, KOrja HeyCTpaHWMas INorperu-
HOCTb MOZKET CTaHOBHTHCS HELONYCTHMO OOJIBILOH.
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Ioepewinocms  memoda CBsiI3aHA C TeM, 4YTO TOYHbIE ONEpaTop H
HCXOJHbIE JaHHble 3aMeHATCA NpubankeHHbIMH. Hanpumep, same-
HAIOT MHTErpajJ CyMMOH, MPOH3BOAHYIO — Pa3HOCTBIO, (YHKIUIO —
MHOTOYJIEHOM HJIH CTPOAT OECKOHEUHBIH HTepauHOHHBIH mpoLecc H
O6pLIBAIOT €ro Mocje KOHEYHOro 4HcJ/a uTepauuii. MeToxabl crpositcs
O6LIYHO TaK, YTO B HHUX BXOIHT HEKOTOpPBHIH MapaMerp; NpHU CTPEM-
JIEHHH TlapaMeTpa K OIpelieJIeHHOMY TIIpeiesly TOrPEeLIHOCTE MEeTofa
CTPEMHTCA K HYJIO, TaK YTO 3TY MOIPEIIHOCTb MOXKHO PeryJHpoBaTh.
TNorpemHocTh MeTOAAa Mbl OyAeM HCCIENOBaTb MNPH  PacCMOTPEHHH
KOHKPETHBIX METOJOB.

TlorpemHocTs MeTOAA LENeCOO6pPasHO BHIOMpATh TakK, 4TOOH OHA
6bila B 2—5 pa3 MeHbllle HeyCTPaHHMOH MOrpelrHoctd. Béabiunas
NOT PEIIHOCTh MeTOJa CHIXKAeT TOYHOCTh OTBeTa, a 3aMeTHO MeHbIlas
— HeBBIFOfHA, HG0 3TO OOLIYHO Tpe6yeT 3HAUHTENBHOrO YBEIHUYEHHMS
o0beMa BbIYHCJIEHUH.

Briuucnenns Kak Ha O6ymare, Tak ¥ Ha OBM Buimosusiior ¢ omnpe-
IeJIEHHBIM YHCJIOM 3HayalUX UH(pP. DTO BHOCHT B OTBET NO2PeULHOCIb
OKpyereHus, KOTOpasi HaKallJMBaeTCs B XOJEe BLIYHCJEHHH.

PaccMoTpuM HaKONJIEHHE TOTPelIHOCTH I[P NPOCTEHIIUX BhIYHC-
Jenusix. [lycth UCXOIHBIE [AHHBIE X; H3BECTHHl C OTHOCHTENBHOH
norpewHocTbio A; > 0, T. e. 3akmaouensl MeXAY X; (1 —A;) u x; (1 4+ A;);
X aGCoJIIOTHLIE TOrPeIIHOCTH paBHEl A;|x;|. Torna mpu cioxeHuu
M/ BBHIYHTAHUM IBYX YHCEJ Pe3yJbTaT paBeH X, = x, ¢ aGco/oTHOR
TOrPEIIHOCTbI0 He Gojiee A, | X; |+ Ay | X, |, T. €. NpH 3THX omepauusx
a6COJIIOTHBIE MOTPELIHOCTH CKJanbiBaiorcs. Ilpn ymHOXeHuu (neseHuu)
pes3yabTaT paBeH X X, (X; /X;) C OTHOCHTEJBHON IOTPEIIHOCTRIO He
Gosee A+ A,, T. e. CKIanbIBAIOTCs OTHOCHTEJbHBIE norpemHocT. Ha
coBpemeHHblX DBM uucna sanuceiBatores ¢ 10—12 mecATHYHBIME 3Ha-
KaMH, T03TOMY B pacu€Teé Ha HUX TOrpelIHOCTb eNMHHYHOTO OKpYr-
aeHuss A =10"1—-10"1? o6blyHO npeHeGPEKHMO Maja 10 CPABHEHHIO
C TIOIPELIHOCTHI0 MEeTOAa M HEeYCTPAHHUMOH IOrpElIHOCTbIO.

Tlpu peileHuH OOJBIIMX 3afay BHIMOJHAIOTCS MHJJIHApIbl AeficT-
Bufi. Kasanocp 6bl, HauaJbHBle OMOKH Bo3pactyT B 10° pas u mo-
rpemHocTh oTBeta Gyrer orpoMHo#i. OnHAKO TPH OTHEIbHBIX NeHCT-
BUSIX (DAKTHUECKHE MOIPEIIHOCTH 4YHCeJ MOTYT UMeTb pa3Hhie 3HAaKH
W KOMIEHCHPOBaTb APYr ApYra. CornacHo craructuke npu N opuHa-
KOBBIX AEHCTBUAX CpelHee 3HaueHHe CYMMAapHOH OLIMOKM INpeBHIILAeT
eIHHHYHYIO NPHMEPHO B V'N pas, a BepoSITHOCTb 3aMETHOTO YKJIO-
HeHHs] CYMMapHOH OINMGKH OT CpEJHero 3HayeHHsl OueHb Maja. 3Ha-
YNT, €CJAM HET CHUCTEeMAaTHYeCKUX IMPHUHH, TO cJydyafiHOe HAKOIJeHHe
OlMGOK He CJIHIUKOM CYIIECTBEHHO.

CucreMariueckyue NPUYHHBI BOSHHKAIOT, HANPUMEp, €CJH aJrOpUTM
TAaKOB, YTO B HEM €CTb BBHIYHTAHHWE OJH3KUX [0 BeJHYUHE YHCEeN:
X0oTsl abCo/oTHAass OmuOKa IIpU 3TOM HEBeJHKa, OTHOCHTE/bHas
omubrka A= (Ay|x |+ Ay %)/ (%, —%;) Moxker craTb GOJIBLIOH.
HanpuMep, npu HaXoXAEHHH KOpDHeH KBajpaTHOrO YypaBHEHHS MO
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00bIYHOH (opMmyJie
+px—q=0, x,,=—0,5p+710,25p24¢q

B ciayyae, kKorga 0<Cqg<p, oTHOcHTeNbHasi OMWUGKA OKpYIJIEHHS
LJ1s1 TIONIOXKUTENIbHOTO KOPHS X; BEJAHKA. DTO HaA0 3apanee npeny-
CMOTpeTb M mnpeobpasosatb GopMyJay Tak, 4ToObl H36aBHTBCH OT MO-
JIOOHBIX BBIYHUTAHHUIH:

% =q,/(0,5p+10,25p"+¢).

droT npumep odyeHb npocT. CyllecTBYIOT ropasno Gosiee CAOXKHLIE aJl-
TOPUTMBI, TJle OIIHNGKH OKDPYIJIEHHS OYeHb OMNACHBI: HAlpuUMep, HaXOX-
IeHHe KOpHEeH MHOrou/eHa O4eHb BBICOKOH CTenerH (rniama V, § 2, n.8)
HJIH HTEpPalHOHHOE pelleHHe PAa3HOCTHBIX CXeM IJISl SJJIHNTHYECKHX
ypaBHeHuUH [pH OMOLIH YeObILIeBCKOro Habopa napamerpos (ranasa X1,
§ 1). B 3Tux ciayuasix TOJBKO IOCJE CEPbE3HOrO HCC/ENOBaHHS Yaa-
JIOCb TaK BHJOHM3MEHHTb aJTOPUTM, YTOOHI JOBECTH OLIHGKH OKpYTJe-
Husl 10 6€30NacHOro YpOBHS.

OrMerHM, 4YTO B OOJILIIMHCTBE MOJOGHBIX 3a/ay HeNpHUsSTHOCTEH
MOKHO H30exXaTh, NPOBOIA PacyeT C JBOHHOH HJIH TPOHHON TOYHOCTHIO.
Takas BO3MOXHOCTL peajH30BaHA B XOPOLIMX MAaTeMaTHYeCcKux obec-
neueHnssx OBM; 5T0 B HECKOJNbKO pa3 yBeJHYHBAET BpeMsi pacuera,
3aTO T03BOJISIET NOJIb30BAThCS YK€ H3BECTHBIMH aJrOPUTMaMH, a He
paspabaTeiBaTh HOBHIE.

Ilpu mmo6bix pacyerax crpaBelMBO NPABHJO: HAA0 YIEpPKHBATh
CTOJILKO 3HAuyalux Oudp, 4YTo6bl MOrpelHOCTh OKpPYIJIEHHS Oblia
CYILECTBEHHO MEHbIlle BCeX OCTaJIbHBIX [IOTPEIIHOCTEH.

3. KoppektHocTh. 3anaua y=A (x) Ha3bIBAETCA KOPPeKmHo noc-
masaenHot, €ecan A JOObIX BXOAHBIX NAHHBIX X M3 HEKOTOPOrO
KJacca pelleHHe y CyUieCTBYeT, €IHMHCTBEHHO M YCTOHYHMBO 1O BXOX-
HBHIM JaHHbBIM. PaceMoTpum 3TO ompezeneHue noxpoGHee.

"YToGbl 4YHCJEHHO pemarh 3anauyy y=A (¥), Hano 6uITh yBepeH-
HBIM B TOM, YTO HCKOMOe pelleHHe cymecTByeT. EcrecTBeHHO Takxe
TpeGoBaTh €IMHCTBEHHOCTH PEIIEeHHS TOYHOH 3aJauu: YHCJEHHBIH ajro-
PUTM — OHO3HAYHAas MOCJENOBATENBHOCTh JEeHCTBHH, U OHA4 MOXET
NpuBecTH K onHoMmy pemenuo. Ho storo maio, .

Hac uHTepecyer pelneHue y, COOTBETCTBYIOIIEE BXOAHBLIM JAHHLIM
x. Ho peanbHo MBI MMeeM BXOIHBHIE JaHHbIE C MOTPELIHOCTBIO X - 8x
u Haxomum y--O8y=A (x4 8x). CnenosaresbHO, HEYCTpaHUMAs MOT-
pemHoctb pemenusi pasHa 8y=A (x4 06x) — A (x). Ecau pemenue
HENpEepLIBHO 3aBHCUT OT BXOAHHIX N4HHBIX, T. e, Bceraa [|6yll—0
npu |[6x]| =0, To 3anaua HasbiBaeTcs ycmori4ueor TMO BXOIHBIM JaH-
HBIM; B NPOTHBHOM CJ/y4ae 3a7adya HeyCTOHYMuBa 110 BXOIHBIM JAHHBLIM.

PaccMoTpuM  K/lacCHYeCKHH MpUMEp HEYCTOHYHBOCTH — 3ajauy
Komy as1s 317MNTHYECKOrO YpaBHEHHS B MOJYIJIOCKOCTH y == 0:

Uy +tyy =0, vu(x, 0)=0, u,(x, 0)=0 (). (&)
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BXOIHBEIMH NaHHBIMH fBJjseTcss ¢ (x). Eciau § (x) =0, 10 3a%a4a umeer
TOJIBKO TpHBHAJIBHOE pemeHnue & (x, y) =0. Eciu xe ¢, (x) =—:l- cos nx,
TO pelueHHeM Oyzer

U (%, y)= 5 cosnx- sh ny.

OueBuaHO, @, (¥) PABHOMEPHO CXOAATCS K § (X) MpH n—- 0O; HO MPH
sTOM ecii Yy % 0, TO U, (X, y) HEOTDAaHHYEHO M HUKAK He MOXKEeT CXO-
IMThCS K i (X, y). STOT mpuMep CBSI3aH C (U3HYECKOH 3ajauell o TH-
JKEJOH JKHUAKOCTH, HAJHTOH IOBepX JIETKOH; NPH 3TOM JeHCTBUTENbHO
BO3HMKAaeT TaK HasblBaeMas peJseH-TeiJIopoBCKasi HEYCTOHYHBOCTD.

OrcyTcTBHE YCTOMYHBOCTH OOBIYHO O3HAYAET, YTO Jaxe CpPaBHH-
TEJLHO HEeGOJBIION mnorpemHocTd 6x COOTBETCTBYeT BecbMa 60Jbloe
8y, T. e. momyuyaeMoe B pacueTe pelleHHe OyJIeT JaJeKO OT MCKOMOTO.
HenocpencTBeHHO K TakoH 3ajlaye YyC/IEHHBIE METOJBl NPHMEHATh 6ec-
CMBIC/JIEHHO, HOO TOTPEIHOCTH, HEH30EKHO MOSBJSIINECS NPH YHC-
JIEHHOM pacueTe, OyAYyT KaracTpoduuecku HapacTaTb B XOJ€ BBHIUHC-
JIEHUH. .

TlpaBza, ceifyac pasBUTHI METOJB! PELIEHHS MHOTMX HEKOPDPEKTHBIX
3anady. Ho oHM OCHOBaHBl Ha peLIEHWH He HUCXONHOH 3anaud, a 6Ju3-
KO K Hell BCIIOMOraTeJbHOH KOPPEKTHO MOCTABJIEHHOM 3ajauu, couep-
Kaie# napaMerp o; npH o—0 perieHne BCoMOraTesNbHOH 3ajauu
JIOJDKHO CTPEMHTbCS K DeLIeHHI0O HCXONHOH 3ajauu. Ilpumeper Takux
METOJI0B (Ha3bIBAaeMBIX peryJsipH3aiueii) 1anbl B CJAEAYIOUMX JBYX IJa-
Bax, a ux crporoe oGocHOBaHMe mpusefeHo B ruaase XIV, § 2

Ha npakTuke faxe He BCAKYIO YCTOHUMBYIO 3a]a4y JIETKO DELIHTD.
Ilycre ||6yl|<C||6x||, npuyem KoHcranta C oueHb Benuka. 3afaua
topMabHO YCTOHUMBA, HO qaaxmqecxaa HeyCTpaHMMAsT OUIMOKA MOXKeT
ObITh 6OJBIIOH. DTOT Clydall HasbIBAOT C4a00L YCTOHYMBOCTBIO (HJIM
nyoxoit o6yciosBneHHoCTh0). IlpHmMepoM siBsieTcs Takasi 3anaua:

Yy x) =y, (92)
yO) =1, y (0)=—1. (96)

O6wee pemenue nuddepeHunanbHoro ypasHenus (9a) ecrb:
yx)=0,5[y(0)+y (0)]e*+0,5[y (0) —y (0)] .

Hauaneueiv ycnosusiM (96) COOTBETCTBYET TOYHOE PELIEHHE Y (x) =e~;
HO HeGoJblIas NIOr PeLIHOCTh HaYya/ bHbIX JAHHEIX MOXKET MPHUBECTH K TO-
My, 4TO B pelleHHH N00ABUTCA 4/eH BHIA &e*, KOTOPHIH MpH 6OJb-
WIHX apryMEHTaX MHOrO GOJIblle HCKOMOTO pellleHHs.

OueBunHO, AN XOpOINEH MNPAKTHUECKOH YCTOHYMBOCTH pacuera
koncranta C Jo/pkHA OLITh HE C/IMIUIKOM BeJHKa. Tak, ecH Hauajb-
Hble [aHHBEIE H3BECTHBI TOYHO, T. €. MOT'YT OBITb 3aJlaHbl C TOYHOCTBLIO
70 omuGoK okpyrieHus A~ 10712, to Heo6xomumo, urobbl C < 102
Eciu e HayajbHble JAHHBIE HalJEHBI M3 SKCIEPHMEHTa C TOYHOCTHIO
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8x~ 0,001, a TpeGyemasi TouHocTb pemenusi 6y ~ 0,1, To gonmycrumo
C<100.

Haxe ecnu 3ajaya yCTOMYMBA, TO YHC/IEHHBIH AJTOPUTM MOXKET
6biTe  HeycToHuuBeIM. Hampumep, eclM NpOM3BOJAHBIE 3aMEHSIIOTCS
pasHOCTSIMH, TO TNPUXOAWTCS BBHIYUTATH ONU3KHE YHUCAA H CHJIBHO
TepsIeTCs] TOYHOCTb. STH HETOYHbIE ITPOMEXK YTOUHbIE Pe3y/IbTaThl HCIOJb-
3YIOTCSl B JaJbHeHIMX BBHIYHC/IEHUSX, U OWHUOKH MOT'YT CHJBHO Hapa-
CTaTh.

Ilo anasoruy MOXKHO TOBOPHTb O KOPPEKTHOCTH aJrOpHTMA 7 =

= A (%), mompasyMeBsasi CYIUECTBOBAHME H €IMHCTBEHHOCTb MpPHGJIH-
JKEHHOTO peIleHHs JJIs JI0OblX BXONHBIX JAHHBIX ¥ HEKOTOPOro Kjacca,
H YCTOHYHBOCTbH OTHOCHTEJIbHO BCEX OLUMOOK B MCXOAHBIX JAHHBIX H
NPOMEXYTOUHBIX BbIKJIaAKaXx. OnHako B oOlleM clydae 3TUM Orpefe-
JIEHHeM TPYIHO IOJb30BaTbCsl; TONBKO B TEOPHH PAa3HOCTHBIX CXeM
(rmaBa IX) OHO- MpHMEHSIETCS YCIIELIHO.

BAOAYHU

1. JlokasaTh BEIOJHHMOCTb BCeX cOOTHoIeHHH (4). PaccMoTpers, Kak MeHsAeTcs
dopma 3amHCH 5THX COOTHOWIEHHH NpH 3ajaHHH (GYHKIHH Ha IPOH3BOJNLHOM KOHeY-
HOM OTpesKe a << f=Cb.

2. JlokasaTh yTBepXK/JEHHA O COIJVIACOBAHHOCTH M IOXYMHEHHOCTH HOPM MaTpHL,
npHBeJeHHbIe B KOHue m. 1 § 2.



FJIABA 1I
ANMPOKCUMALIUA ®YHKLHUHA

B rmase II paccmoTpeHbl C€mocoGbl NMOCTPOSHHS NPHOMHKEHHBIX GOpMyNT ans
3ananHoi ¢GyHKHMH. B § 1 u3noxeH cnoco6 MHTEPNOJANUH; OH HeClOoXeH H obec-
MeyHBasT XOPOIIYIO TOYHOCTb Ha HeGOJBUIMX oTpeskax. B § 2 paccmorpena cpepue-
KBajpaTHyHasi AaNNPOKCHMANHS, YacTHHIM CJlyyaeM KOTOPOil SIB/ISETCA MeTof Hau-
MeHbIIHX KBaApPATOB; OHA NO3BOJIAET CTPOHTb NpHUG/H:KeHHble GOPMYJEI, NPHIOAHbIE
Ha GombWIMX OTpe3kax. B § 3 xpaTko H3/0XKeHH OCHOBHEHIE CBEJEHHs O paBHOMep-
HOH anmpoKCHMamHH.

§ 1. Hurepnoauposanue

1. MpuGnuxenusie gpopmyast. Ecnu sanana ¢pysknus y(x), To 310
03HAuaeT, YyToO JIOGOMY JOMYCTHMOMY 3HAUEHHIO X COIOCTABJIEHO 3Ha-
yenne y. Ho HepeIKo OKasbiBaeTcs, 4TO HaXOXJIEHHe 3TOro 3Haue-
HUsI oueHb Tpyloemko. Hanpumep, y(x) MoxkeT ObITb OINpelesneHo
KaK pelleHHe C/A0XHOH 3a1auu, B KOTOPOH X Mrpaer poJb mapamerpa,
win y(x) uamepsiercs B Joporocrosmem skcrnepumente. Ilpu stom
MOJKHO BbIYHC/IUTh HEGOMBIIYI0 Ta6MHIY 3HAaYeHMH (QYHKLMH, HO MNps-
Moe HaxoxjeHHe QYHKUHUH NpH GOJbLIOM YHC/Ie 3HAYEHHH apryMeHTa
GyleT MpPaKTHYECKH HEBO3MOXKHO.

OyHKUKs Y (X) MOXKET yuyacTBOBATb B KaKHX-JTHOO (DU3UKO-TEXHH-
YyeCKHX MJM YHCTO MAaTeMaTHYeCKHX pacyeTax, rjie ee INPUXOAUTCA
MHOTOKPATHO BBIYHCJISATb. B 3TOM cilyyae BHIFOJHO 3aMEHUTHb (YHKIHIO
y (x) npubnuKeHHOH (OPMYNOH, T. €. MOOGPaTh HEKOTOpYIo (YHK-
wuio @ (x), Kotopasi 6JH3Ka B HEKOTOPOM CMbiCie K y (x) W MPOCTO
BLIYHCJISIETCS. 3aTeM NPH BCEX 3HAYEHHAX apryMeHTa IoJarawr y (X) Az
A @ (x). Bausoctb nosmyyaior BBEIEHHEM B aNNPOKCHMHUPYIOLIYIO QYHK-
U0 CBOGOAHBIX MNapaMeTpoB @& ={a;, Gy, ..., Q,} H COOTBEICTBYIO-
IIHM HX BHIGOPOM.

[Ton6op yaauHoro Buia yHKIHOHA/JbHON 3aBUCHMOCTH ¢ (X; @)—
HCKYCCTBO; HEKOTOpble COBETHl N0 3TOMY NOBOAY OyAyT AaHsl B § I,
n. 8. A onpejesieHye Hauayumux (B TpeGyeMOM CMEIC/Ie) MapamerpoB
opMyJ/IBl [eaeTcsi CTaHAAapTHEIMU METOJAaMH, KOTopele H GyayT pac-
CMOTpEHbI B 3TOH TIJiaBe.

9. Jluneiinas. uHTepnoasiuMsa. Ilyctb ¢yHKuuA y(x) H3BecTHa
TOJNBKO B y3/JaX HEKOTOPOH CEeTKIH X;, T. €. 3ajaHa Tabnunet. Ecan
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noTpe6oBaTth, YTOGH ¢ (x; @) coBHajana ¢ TaGJUYHBIMH 3HAYEHHSMH
B 1 BHIOPAHHBIX Y3JaX CETKH, TO MOJYYUM CHCTEMY

CP(X,'; Qy, Qgy vy an)=y(xi)_=—yiv Iélgn’ (l)

M3 KOTOPOH MOXHO OINpEleUTh NapaMeTpel @,. 3TOT cHocod mnoibopa
[IapaMeTpoB HasbIBaeTCs unmepnosayuell (TouHee, Aazpatoicesoli VH-
Tepnoasuuel). Ilo 4mcay HCNoNb3yeMbIX y3JOB CeTKH OyleMm Hasbl-
BaTh HMHTEPIOJALHI0 OJNHOTOUEUHOH, NBYXTOUEUHON H T. X.

Ecnu ¢ (x; @) HemuHEeHHO 3aBHCHT OT MapaMeTpoB, TO' MHTEPIOJs-
LHMI0 Ha30BEM HEAuHeliHoY; B 3TOM CJydyae HaXOXKJIEHHE IapamerT-
poB u3 cucremsl (1) mMoxer GbiThb TpyAHOH 3afaueii. Cefiyac Mbl pac-
CMOTPHM AUHeliHYy0 UHTEPNONSALHIO, KOTAa @ (X; @) JNHHEHHO 3aBHCHUT
OT NapaMeTpoB, T. €. MpPeACTaBHMa B BHJAE TaK HasblBaeMoOro 0600-
WEHHO20 MHO204NEHA

QX apy By ooy @)= D05 P (). @)
=1

Ouesuano, GYHKIHU @ (X) MOXKHO CYHTaTb JIMHEHHO-HE3aBHCHMBIMH,
HHaye Yyuc/I0 UJIEHOB B CYMME M T1apaMEeTpPOB MOXKHO OblIO Obl YMEHb-
wutb., Ha cucremy ¢yHKUHE @ (X¥) Halo HaJOXHUTL ellle OQHO Orpa-
uuuenue. [loxcrasnsas (2) 8 (1), monyuum JJisl oNpejesieHHsi Mapamer-
pOB @, CJELVIOIIYI0O CHCTEMY JIHHEHHBIX ypaBHEHHH:

n '

N ar () =y, 1<i<n. 3)
k=1

Uro6bl 3ajaya HHTEPNONAUMU BCETa HMeJa eNHHCTBEHHOE pelleHHe,
Hano, 4TOOBl MpH JOOOM PACIOJIOXKEHHH Y3J0B (JHLb Obl Cpeld HHX
He OBUIO COBMANANONMX) ONpeneauTe]b cHCTeMbl (3) ObLI OBl OTIHUYEH
OT HYJISI:

1 () @3 (x1) -0 @ (x2)

A =Det {@, (x;)} = q’l(x2) ‘PZ("z) ‘P"(x2) #0 1mpu X=X (4)

P1 (xn) Pz (%) --- (Pn (xn)

Cucrema QyHKIHE, yIOBJIETBOPAIOLINX TPeOGOBAHUIO (4), HA3LIBAETCH He-
Gobuuiescrkoti. Takum o6pasom, TpH JIMHEHHOR HHTEPIIOJAHH HAJIO CTPOUTD
OGOGLIEHHbI MHOrOYJEH II0 KaKOH-HHOYAb YeOLIIEBCKOH CHCTeMe
dbyHKuui. -

Ina nuHefiHO# HHTEPNONAUMH HaHGOJee yIOOHE! OObIYHEIE MHOrO-
yJleHbl, H6O OHM JIETKO BBIYMC/ISIOTCA M HA KJABHIUHOA MallMHE H Ha
9BM. [lpyrue cucrembl (yHKuuii cefiuac noyTH He ynorpedssiorcsd,
XOTSl B TEODUH TMOAPOGHO PacCMaTPHBAIOT HHTEPNOJALHKIO TPUTOHOMET-
PHYECKHMH MHOTOYJEHAaMH U SKCroHeHTaMmH. IlostoMy Mbl He TPHBOAMM
BhIpaKeHHs O0COCIIEHHOrO MHOroueHa (2) uepe3 TaOyJlMpOBAHHBIE 3Ha-
YeHHsl QYHKUMH y;; BHIBECTH 3TO BLIPAXKEHHE HEC/IOXKHO.
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3. Unrtepnonsuuonnniii muorouned HeioTona. PaccMoTpum cucremy
Qr (x) =x*, 0<<k<<n; pna yno6CTBa y3/bl HHTEPNOJNSUMH TaKXKe Ie-
peHyMepyeM C HyJeBoro no n-ii. JIerko 3ameTHTh, YTO OMPENENTHTEND
(4) B 3TOM Ciyuae ectb omnpejesnuTesNbp Banpgepmonna

L oxy 5 1
1 x, 2 .1
A= 1 M 1= Il (e—xm). )
Y S S-S
1ox, x2 .. X

CremoBaresibHO, anreOpavuyeckuéi HHTEpIOJALUUOHHBIA MHOrOYJIeH
&, (x) Bcerna CymecTByeT H eIMHCTBEH (C TOYHOCTbIO 10 (OpMHI 3a-
nucu). IlpumennM jnsi ero BbIBOZA CJELYIOWHH OpHEM.

Onpenenum pasdeiertvle paswocmuy TaOyNTHPOBAHHOH (DYHKLHHU Y (X)
IIpH TIOMOIIHA COOTHOLIEHHH

Y (K, %) =y (x) —y ()] (i — x5), ‘
y (i, x5 xp)=[y (i, %) —y (x5, X)]/ (% — %),

u T. A. Pasnenennele pasHOCTH NepBOro, BTOPOro U Gojlee BBICOKHX IO-
PAIKOB UMEIOT Pa3MEPHOCTH NPOH3BOAHBIX COOTBETCTBYIOILUX MOPSIAKOB;
B ruaase IIl nokasaHo, YTO OHH JAIOT MPUO/MMKEHHBIE 3HAYEHHS MPO-
M3BOJHBIX. PasjesieHHble PasHOCTH JIOGOTO NMOPAJKA MOXKHO BBIPA3HTh
HETIOCPENICTBEHHO 4Yepe3 y3JIoBble 3HaueHHs (YHKUUH, HO BHYHCISATD
HX YyIoGHee IO PEKYPPEHTHOMY COOTHOIUeHHI0 (6).

Ilycte & (X) ectb MHOrouneH cremenu n. PaccMorpuM, uto ‘mpen-
CTaBJISIIOT COOOH ero pasie/’eHHbe pPa3HOCTH. BBUKTAsS U3 HEro KOH-
crauty & (xo), monyuuMm MHorounen & (x) — & (x,), KoTopmiii oGparma-
ercs B HYJb NPU X=X, U TI03TOMY JEJUTCA Halelo ‘Ha x— x,. Cie-
J,0BaTe/IbHO, NepBasi pasfe/eHHas pPasHOCTb MHOTOYJeHa M-H CTeneHH
&P (x, x0)=[& (x) — &P (x0)]/ (x — xo) €CTb MHOTOUNEH CTeMeHH n— |
OTHOCHTEJNbHO X H B CHJY CHMMETPHHU BbIPa’KEHHS — OTHOCHUTE/BHO X,.
Amnanoruuno, Bropasi pasHoctb & (x, X, X;) €CTb MHOTOUYJIEH CTENeHH
n—2; B camom jene, u3 (6) BHAHO, YTO YMC/IHTENb 3TOH PAa3HOCTH
o6paliaercss B HyJb NEH X =X;, U 3HAUUT, HALEJO JEJNHTCA HAa X — X,
a cremeHb TIpH 3TOM TOHMXKaeTcss Ha enuHuuny. Ilpoposxkast stu
paccyXaeHHsl, MOXKHO [10Kas3aTb, YTO pasHocTb & (X, Xo, Xq, ..., Xn-1)
€CTb MHOTO4YJIEH HYJIeBOH CTENeHH, T. e. KOHCTaHTa, a GoJiee BHICOKHE
pasfeneHHble PasHOCTH TOXJAECTBEHHO DPaBHBI HYJIO. _

Ilepenumem cooTHomeHnust (6) Ans cayuasi, Korga (GyHKIHS ecTb
MHOTOYJIEH H TepBblfl apryMeHT paBeH X:

F )= (x) + (x— %) & (x, x,),
F (x. x0) =P (%9, %)+ (x—27) P (%, %o, %1)
H T. 1. 3ra 1enoyka coOTHOMIEHUI KOHeuHa, H6O (1 -+ 1)-s1 pasieneHHas

(©6)
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pasHOCTb MHOrOY/IeHa TOXIECTBEHHO paBHa Hymo. IlocienoBarenbHo
MOJCTaBJIsAst 3TH COOTHOIIEHHS JIPYT B ApYra, MOJYy4HM (OpMY.Ty

& (x) = P (x0) + (x — x0) P (%o, %)+
+ (= x0) (x— %) F (%, Xy, X)+...
o ) (=) o (F— g ) P (s Hry ey )y (T)

10 KOTOpOH MHOrOYJIeH n-ii CTeNeHM BbIpaxaeTcsl NMpPH IOMOLIU pasfe-
JIEHHBIX pPa3HOCTel uepe3 CBOM 3HAUEHHA B y3JaX Xo,...,X,. Ho 3Haue-
HHUS MHTEPIOJNSIUHOHHOrO MHOTOU/IEHa B 3THX y3/aX [0 OlpeleseHHt0
COBIANAlOT CO 3HAUEHHSIMH HCKOMOH (YHKLHH, U II09TOMY paslieseH-
Hble pasHocTH y (x) u & (x) Toxke coBnagawor. [loncrasnss B (7) pasze-
JIEHHBIE PA3HOCTH HCKOMOH (YHKUHHM M 3aMEHSS TOYHOE PABEHCTBO Ha
NpUGJIHKEHHOe, TOJNyYuM HHTEPNOJSLHOHHYI ¢opmyny Hreiotona

y () ~y(x) + Z (x—=x0) (x—2x1) o (x—Xp—1) Y (X0 g5 ..., Xz). (8) )

k=1

®opmyna HeloToHa yno6Ha Ajs Bbluuc/aeHHH U Ha DBM, u Ha
KJIaBHILIHOH MamuHe. Jlerko cocraButh crenymoomyilo tabauny 1 pas-
IeNIeHHbIX pasHOCTeH 1/ TaGyJIHPOBAHHOH (YHKIMH y(X) U mpoUs-
BECTH BBIYMCJEHHS 1O ¢opmydie (8).

Ta6anuma 1

Xo |y (x0)
Y (x01 xl)
x|y (xy) Y (X0, X1, X3)
y (xlv x2) - y (xO: X1y x27 xa)
Xo Y (x2) Y (xlv Xoy JC3)
Y (%g, X3)
X3 | Y (%3)

Sameuanue 1. 3a TOYHOCTBIO pacuera YyAOOGHO CJENHTH; BU-
3yaJbHO OLIEHHBAs CKOPOCTb YObIBaHUSA uJieHOB cyMmMbl (8). Ecau onu
yOLIBAIOT ME[JIEHHO, TO Ha XOpOLIYI0 TOYHOCTb PACCUHTHIBATE, BOOGILE
roBopsi, Hesb3s (noxpobxee cm. mm. 6, 7). Ecau y6bianue GuicTpoe,
TO OCTaBJISIIOT TOJBKO T€ UJIEHBI, KOTOpble O6OJblle NOMYCTHMOH TMO-
TPEIIHOCTH; TEM CaMbIM ONpPENEJNSIOT, CKOJbKO y3/0B Tpebyercs mof-
KJIIOUUTh B pacuer.

[Tpumep. Tlokaxkem, Kak BBIYUCIATH CHHYC B MEPBOM KBaj-
paHTe, HCHOJb3ysl YeThlpe M3BECTHHIX 3HaueHus. CocTaBuM TabuHny 2
C UYeThIPbMSl y3/1aMH, NpUYEM JIJ5 YyAOOCTBA BHIYMCJEHUS TOJOXKHUM
Yy (x) =sin (30°-x). Jlnsi mpoBepKH TOYHOCTH, HCIOJB3YSl Pa3HOCTH
BEPXHEH KOCOH CTPOKH, BBIYMCJIUM

y (1,5) A~ 040,750 — 0,050 4 0,006 = 0,706,
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Ta6numa 2

%y Y (%) Y(*p X4q) Y (%3 Xipp *py0) Y (%p o Xpg)
0 0,000

0,500
1 0,500 —0,067

0,366 —0,016
2 0,866 —0,116

0,134
3 1,000

O10 mpuGIHKEHHOe 3HAYeHHe MaJo OTJHYAeTCs] OT TOYHOTO 3HAueHHs
y(1,5) =sin45° ~ 0,707. Takum o6pa3oM, JOCTATOUHO NOMHUTD TOJIBKO
BEPXHIO KOCYIO CTPOKY TaGJHIbl 2, 4TOOH BBIUHCAATH CHHYC C TOY-
Hoctblo okosio 0,001.

ameuanue 2. Ilpu 3anaHHOM uuCJe Y3J0B MHOTOYJIEH
Heiotona yno6GHee BbIUHCAATL 1O cXeme [opHepa, 3amHCHIBas ero
B BHJE

Y (x) =y (xo0) + (x — %o) [y (o, X1) + (x — x1) [y (%0, %1, Xx5) 4. ]]-

Ho ecnmm Hamo KOHTpPONHpOBaTh TOYHOCTb pacueTta H ONpPEefeNsTh
HYXKHOEe UYHCJIO Y3J0B, To yAoGHee dopma (8).

3ameuanue 3. [Ona pacueroB no ¢opmyne Heiotona Gespas-
JIMUEH TMOPSAOK, B KOTOPOM II€PEHYMEPOBAHEl Y3Jbl HHTEPNOJALHHY;
5TO MOJIE3HO TOMHHUTb NPH MOJKJIOUEHHH HOBEIX Y3JIOB B pacuer.

Mtu1 orpanpuuanch 31ech.OOMWUMH GOpMYJiaMH, TPHUTOLHBIMH LIS
Tab/Ml ¢ MepeMeHHbIM IaroM. Bo MHorux yueGHMKax nas TabJiui
C TOCTOSIHHBIM 1IarOM BBOAAT KOHeuHvle pasHocmy A"y, CBsSI3aHHBIE
C pasjieleHHBIMH Pa3HOCTSIMH COOTHOILEHHEM Ay =nly (xg, Xy, ..., Xp).
Ho 310 n2Hb HCTOpHUECKHM TpPajHLUMsAM, HGO pasjiesleHHblE PasHOCTH
He MeHee YJIOOHH B pacueTax, 4eM KOHEUHEHIE.

Ecte MHOro pasHelX (opM 3amHCH HHTEPIOJALHOHHOTO MHOTO-
uneHa obmero Buga: Helorona, Jlarpamxka, TIaycca, I'pero-
pu — Helotona, Jlammaca —3seperra u Apyrue. HauGosee ynoGHO#
IJIs1 BBIYMCJIEHHH C KOHTpOJeM To4HOCTH M Ha IDBM u BpyuHywo
aBnsercs ¢opma HetotoHa (8). BoapmmHCTBO ocTanbHBIX GopM pac-
CUHTAHO Ha OINpejesIeHHble YacTHbE CJIyYaH pacHoJIOKEHHs Y3JIOB
HHTEPNOJALIH, HO Te BHIFOABI, KOTOpble NPH 3TOM IOJydYaroTcH,
o6BIYHO HeCcyIeCTBEHHbl NpH pacueTax Ha IBM.

4. MNorpewnocts mMHoroudesa HbioToHa. Brime Mbl pacemorpesnu
SMMHUPUYECKOE MPABHJIO OMNpENEeJeHHS MOIPELIHOCTH MHTePHONALHHU MO
yObiBaHuio ujieHoB cyMMel (8). IlpoBenem Temepb crporoe uccJienoBa-
HHE TMOrpellHOCTH MeToJa, MNpOHCTeKAalomed OT 3aMeHBl HCKOMOH
GYHKUMH MHTEPNOJISALHOHHBIM MHOrouseHoM HbioToHa.
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" TlorpemHocTs yN0GHO MPeACTaBHTH B CJELYIONIEM BHIE:

n
Y —Fr () =0, ()1 (x), ©,(x)= H (x—x3), 9)
i=0

160 3Ta MOrpEelIHOCTh 3aBEIOMO paBHA HYJIO BO BCEX Y3JaX HHTep-
noJssAuuud. BBenem BcromoratenbHyo (yHKIHIO ¢ (8) =y (E) — &, () —
— ®, (§)r (x), rme x urpaeT poJb napameTpa M NPHHHMaeT Joboe
¢ukcupoBanHoe 3HaueHue. OueBunHo, ¢ (§) =0 mpu E=x,, Xy, ..., X, .
U npu E=ux, T. e. ofpaumaercs B

HYJb B n-4 2 TOUKax.
ws(z) ’ : Ilpennonoxum, uTOo y(X) uUMeeT
‘n-+1 HenpepniBHYIO NPOH3BORHYIO;
Torda TO K€ CHpPaBelIuBO JJist

~ P

S g (£). Mexny nByMs HYJSIMH TJaj-

/\ f\ Z KoM (YHKUHH JIXKHT HYJb ee
xﬂ\fy ‘Zé\i“/ $4W TIPOU3BOJHOM. ITocnenoBarenbHO
R NPHUMEHsAS 5TO INPaBHJO, MOJYUYHM,

- = YTO MeXAy KpalHUMH H3 1 -2

' Puc. 2. HyJed (DYHKUUH JeXUT HYJb 1| 1-#
IPOHM3BOIHOM. Ho ¢V () =

=y E) —(n+ 1) r(x), ¥ ectn B Kako#-To Touke E*, jexamei
MeXJy YKasaHHbIMM BhIIE HYJIsIMH, OHAa oGpamaercs B HYJb, TO
r (x) =y (E*)/(n+1)!. 3amensas norpemHocth (9) MaKCHMAJBHO
BO3MOXKHOH, NOJYYaeM OLEHKY MOrpelIHOCTH:

900 =P ()| <Gl 0], May =max |y ®)],  (10)

rJie MaKCHMyM TpPOU3BOJHOH GepeTcsi MO OTPe3Ky MeXIy HauMeHb-
IIAM W HauOOJbIIMM M3 3HaueHH#d X, Xq, Xy, ..., Xn.

Ouenntb ©, (x) Npu NPOH3BOJBHOM PACIOJIOKEHHH Y3JI0B HHTEp-
nonsAuuyu cjaoxHo. OnHAaKo Ta6GiHIBl Halle BCEro HMEIOT NOCTOSAHHBIH
war A=Xy,—X;, a Yy3Ibl HHTEPHONAUUH OepyTcs H3 TaGJauLbI
noapan. Torna o, (x) uMeeT mpUMepHO Takoi BHJ, KaK [OKa3aHO Ha
puc. 2 maa n=>5: BOIU3H UEHTPANBHOrO y3/a HHTEPOALHH SKCTp e-
MYMbl HEBEJNHMKH, BOJM3H KpPaHHHX y3JI0B — HECKOJIBKO GoJbile,
a eCJH X BbIXOJAMT 3a KpaHHHe Yy3J/Ibl HHTEPIOJALHH, TO @, (X) GLICTPO
BO3pacTaeT.

MoxHo mozo6paTh y3nel HHTEPNONSIME Tak, uToGHl HA 33JaHHOM OTpesKe
max | ®, (x) | 6B MeHblle, YeM y J1:060ro APYroro MHOTOWIEHA TOH 3Ke CTEeleHH.
Hnsa storo ®, (r) AomxeH GbiTb MHOrouJeHOM UeGbleBa mepsoro popa (cM. Ipu-
JIOXKEH#UE). Y3JIbl 3TOr0 MHOrCWIEHA PacloJIOXKeHbl CPABHHTENBHO PEJKO B CepefiuHe
paccMaTpuUBAEMOro OTPE3Ka H Cr'yLIAIOTCs Y ero KOHWOB. Ho BHe BEIOPAHHOTO OTPe3ka
MHOTOUJIEH M, (X) TQ-mpexHeMy GyneT GLICTPO BO3pacTaThb. DTOT CHOCO6 HHTEPHO-
JISIUK JIOBOJIBHO T'DOMO3JIOK, @ BLIMPPHII B TOYHOCTH HEBEJMK; MO3TOMY €ro HCIOMbe
3YIOT TOJbKO AJisl CHELMAJbHEIX Iesell —HanpuMep, MPH NOCTPOEHHH aNNpOKCHMA-
pymowmux ¢opmya.
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TepMuH wunmepnosayus B Y3KOM CMbICJE YIOTPEGJISIOT, €CJIH X
3aKJIOUEHO MEXKAY KpalHMMH y3JaMH WHTEpPIOJISLHH; €CJIH OH BHIXO-
INT M3 3THX TMpeJeNoB, TO roBopAT o6 axcmpanoaayuu. OueBHIHO,
UTO IPH SKCTPANOJALMH JajJeKo 3a KpaHHHH ysea olIMOKa MOMKeT
GbITh BeJIMKA, MO3TOMY 3KCTPanoJsAuys Mano HajexHa. Ha mparTuke
PEKOMEHIYeTCs T0JIb30BaThCS NMPEHMYLIECTBEHHO HHTEPNOJSIHEH.

Ilpy uHTEpPHONALMHM Ha PaBHOMEPHOH CeTKe BBIM'OJHO BHIGUPATh
U3 TaGauuBl Y3Jbl TaK, 4YTo6bl HCKOMas TOYKa X monanana GJuxKe
K UEHTPY 3TOH KOH(HUrypauuH y3JoB — 3To obecreuHut GoJiee BEICOK VIO
TouHOCTb. 1151 ynpoieHis BEIYUCIeHHHA pacCMOTPUM CJIy4ail HeYeTHOro
n=2k- 1. VI3 cuMMeTpuH NOJHHOMA ®, (X) OYEBHUIHO, UTO B LEHTPAb-
HOM HHTepBaJie 5KCTPEMYM JOCTHraeTCs TOUHO B cepefidHe (CM. pHC. 2).
3TOT 3KCTPEMYM paBeH

[_/}_ 8h 5h (2k-$l)h]2 _ [-(2k+l)! pRH ]2.

29 "yt E122kT1

IMopcraBuM 3Ty Beanuuny B oueHKY (10). ITocse HecsmoxHBIX mpeoGpa-

30BaHMit ¢ HCToMb3oBaHHeM Gopmyabl Crupauara pl ~ ) 2mp (p/e)r
HOJNYYUM OLEHKY OIIHOKH B LIEHTPAJbHOM HHTEpBaje

190 =% (9) | <V T sy (B2, (11)

Ecnn BeMMuHHEL DPOW3BOIHBIX Y (X) MOXKHO OIIEHHUTDH, TO OTCIOAA JIETKO
OMpeJeJIUTh UYHCJIO Y3JI0B, [OCTAaTOYHOe [ MOJYUeHHS 3aJaHHOH
TOYHOCTH. . ) :

M3 ouenku (11) BHpHO, 4TO eCiaM mepeHTH OT TaGJHL, C KpYIHLIM
IaroM K TabauuaM c Gojee MEJKHM ILIaroM, TO MOT'PELIHOCTh MeToia
6yzer y6biBath, Kak h*l. IlosTomy roBopsit, uro MHOrousesd HeroToHa
&, (¥) umeer norpemroctb O (') u obecneunBaer n- 1-i nopsgok
TOYHOCTH HHTEPNOJIALNH.

B raase III Mbl yBHAHM, YTO MeXAY pa3ieNeHHBIMH PasHOCTSIMH
U NPOM3BOIHBIMH COOTBETCTBYIOIIUX NOPSAKOB CYIIECTBYET COOTHOLIE-
nue y" (x) ~~nly (X, X1, ..., %,). Ecan ydyecTb 3To mpu ompepnene-
HUH BeJHYHHBI YJI6HOB CYMMB! (8), TO HETPYIHO 3aMEeTHTb, UTO SMIIUPH-
yecKas OleHKa IOTPEeIIHOCTH IO IepBOMY OTGPOLIEHHOMY UJIeHY GJIH3Ka
K onerke (10), xora saBaserca menee crporod. Ouenku (10) u (11)
MOXKHO TIPOBECTH [0 BBIYHCJIEHHS HHTEPIOJISIIHOHHOIO MHOrO4YJIeHa,
T. €. 3TO anpuopHbie OUEHKH ToyHOCTH. OUeHKa e Mo MepBoMy
OTGPOILEHHOMY UYJIeHY J[eJlaeTcs [OCJie BEINOJHEHHS BHIUMCJIEHMH, T. €.
ABaserca anocmepuopHoli. TTockoNbKY OGBIYHO BEJHYHMHEI MPOHM3BOJ-
HBIX MCKOMOH (YHKLUHM 3apaHee HEH3BECTHBl, a B XOJI€ BLIYHCJEHHS
MHOrou/sleHa HbloToHa OHM (DaKTHUECKH ONMpeNeNfAITCs, TO Ha Mpak-
THKe YLOGHee MOJb30BATHCH ANOCTEPUOPHON OLEHKOH.

Hanee Mbl He pa3 cMomeM YGEIHTbCH, YTO CTPOrHe anpHOPHbIE
OLIEHKH HCIOJb3YIOTCS B OCHOBHOM IIPH TEOPETHYECKOM HCCJIENOBAHHU
MetofioB. IIpH npakTHYeCKOM KOHTPOJIE TOYHOCTH PacyeToB OGBIYHO

2 H. H. Kanutkuk
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yIOTpeGASIOT MeHee CTpOrHe (XOTs TOXe [MMelolye TeopeTHYecKoe
o60oCHOBaHHe), Ho 6ojiee YAOOHBIE anoCTEPHOPHBIE OLEHKH.

5. llpumenennss uHTepmoasiuMu. HMHTepnosnsuus npHMeHsieTcs
BO MHOTHMX 3ajayaxX, a He TOJbKO /IS BbIYHCJIEHHA Ta6y/JHpOBaHHOH
(PYHKLHH TIpH JIOOGBIX 3HAYeHHSX apryMeHTa. (

Ilpy mnomomy pasjgeleHHBIX pasHOCTeH KOHTPOJHDPYETCA Tou-
HocTe Tabuuu. JlJs 3TOro COCTaBJSIOT TaGHLB - pasfeeHHbIX
pasHocTedl pas/UYHBIX IOPSAKOB MJSA COCEIHMX Y3JIOB H aHaJH-
3UPYIOT UX TOBEJAEHHE.

Hanpumep, B Tabjuie 3 npHBeleHa 3aBUCHMOCTb KoaddHuuneHTa
TeNJIONPOBOJHOCTH BBHICOKOTEMIIEPAaTYpPHOH (a3bl HUPKOHUS OT TeMITe-
paTypel. Tam Ke BhIUMC/IEHBl NepBasi U BTOpas KOHEUHBIE PasHOCTH.
BupHo,- uto BTOpas pasHocTh MeHAeTCs 6ecnopslouHo, TaK YTO HHTEp-
nonuposarb GoJjiee ueM o ABYM ToukKaM GeccMbicieHHo. [To Bennunne
BTOPOH pPa3HOCTH MOXHO CKa3aTb, YTO CJydalHas MOrpelIHOCTb A
COCTaBJIIeT OKOJIO e[UHHIBI TpeThbero 3HaKa B GOJIBLIHHCTBE TOYEK,
HO B JBYX MEpPBbIX OHa MOXKET NOXONHTb A0 €IMHHMIBI BTOPOI'O 3HAKa
(mnst cucTeMaTHYeCKOH TOTPEIIHOCTH H3MepeHHH 3TH CoOoGpaXKeHHs
HellpHUMEHHMBI).

Ta6nuna3
Tens0npoBOAHOCTh HHPKOHHA

7°, K canjonrcex | Ak100 AdA-108

1200 561
79

1300 640 -—24
55

1400 695 —34
21

1500 716 , —2
19

1600 735 —2
17

1700 752 +2
19

1800 771 —2
17

1900 788 —3
14

2000 802 +5
19

2100 821

TTogo6HbIf KOHTPOJIb MOJIE3eH NPH aHalU3e Pe3yabTaToB H3Mepe-
HUH B (U3MKe U TEXHHKE. ’

MHTepnoninyio TNpUMEHSIOT I CcybmabyAuposanus — CryuieHus
TabJHuL. AJrOpUTMBI HENOCPEJCTBEHHOTO BBIYHC/IEHHA MHOTHX (YHK-
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UHH oueHb CJOXKHBEL. [losToMy NpH MaTeMaTHueCKOM TalyJHpPOBaHHU
06bIYHO (PYHKIHIO HENOCPEJCTBEHHO BBIYHCJAIOT B HEGOJBLIOM YHCIHE
y370B, T. €. TaGJMUBl HMEOT KpPYNHBIH Iiar. 3aTeM IpH MOMOLIX
HHTEPINOJISUUHA BBICOKOTO TOPSAJKa TOUYHOCTH CETKY Y3JO0B CryIaloT
U cocTaBisioT ToApoGHYr Tabauny. Iar stofi TaGmuupl BEIGHPAIOT
TakuM, uyToObl mpocTrefilias WHTeprnoJAuMd (JByXToueyHas) obecmeyH-
Baja Tpe6yeMyK TOUHOCTb.

B cBfi3M ¢ 3THM OTMeTHM, UYTO IHpPH pPYYHBIX pacueTax BbIOJAHBI
nofipoGHble TabaHIB, HMG0 OHM JONYCKalOT NpHMeHeHHe NPOCTEHIINX
CIOCOGOB HHTEPNOJSINY, JerKo BBHINOJHAEMBIX Ha Gymare HJM KJa-
BUIIHBIX MAallHHaX, a BpPeMs IOHCKAa HYXKHBIX Y3JIOB HHTEpPHOJALIMH
HEBEJMKO II0 CPaBHEHHIO CO BpeMEHEeM BBLINOJHEHHS ajredpanyecKUX
gedictBuil. Haofopor, mpu pacuerax Ha DBM 3ananue moapoGHBIX
TaGJIAL HEBLITOJHO, IOCKOJbKY OHHM 3aHHMAIOT MHOrO MecTa B omnepa-
THBHOH NaMsTH, a BpeMs IIOHCKA CTAHOBHUTCS MHOroO GOJbllie BpeMeHH
BBINIOJIHEHHUST aJareGpauuecKux JAefCTBUH; BbirojHee TabJauubl ¢ GoJb-
UMM IIaroM, XOoTs NPH 3TOM TpeOyloTcs Gojee CIOXKHBIE M TOYHbIE
cnocobbl MHTEPTOMANUH.

3ajaueli 00pamroz0 UKMEPNOAUPOBAKUS HA3BIBAIOT HAXOXAEHHE X
IJ1s1 TPOWU3BOJIBHOTO Y, €CNH 3ajaHa Tabauna y; =y (x;). dasg moHo-
TOHHBIX (YHKIHH MeXIy NpSMBIM H O0paTHBIM HHTEPIONHPOBAHHUEM
HeT pasHHUBI: MOXKHO 4YHTaTb TabJHuOy Hao6OpoT, KakK 3ajaHue
x;=x(y;). EnuncTBeHHOe oriMune Gyner B TOM, 4To «oGpaTHas» Tab-
auna x (y;) OGyldeT M¥MeTb NepeMeHHBIH Iuar, jaxe ecsad «IpaMasy
Tabauna HMena mnoctosHHbIH. Ho Bce Hamm dopMysbel pacCuHTaHBI
Ha mepeMeHHBIH miar. OTMETHM, UYTO AJS AOCTHXKEHMd 3aJaHHOH TOY-
HOCTH NpsMas W ofpaTHass HHTepPHOJALMH TpefyloT, BooOlle roBops,
pasHoro yucJja y3JjioB.

BaxHeii npumep o6GpaTHOrO HHTEPIOJHUPOBAHUS — pelleHHe YpaB-
Henusi y(x)=0. BblyHCIMM HeCKOJBKO 3HAUYeHUH (YHKIUH Y (X;),
T. €. COCTaBUM HeGoJbIIyl0 TaGauuy. 3amnuileM ee B BHAE X; =X (y;)
¥ TIDH TIOMOIIX MHTEpNOJISUNH HaijeM npubiauxeHHoe 3HaueHue x (0).
IToT croco6 HaeT XOpOIUME Pe3yJbTaThl, eCAH QYHKIHS JOCTATOUHO
r1ajkas, a KOpeHb JEXHT MEXKAY pacCUHTaHHBIMH Yy3namu. Ecau
KOpeHb paCloJIOXKeH JajJeKo OT Y3J0B, To crocol6 HeHajiexkeH, HOO
IpUMEHSeTCS] SKCTPanosANHUs.

I[Ipumep. PemuM ypaBHeHHe

y(x)=(14x)e®5*—25=0. (12)

CocraBuM Tabmuny 4 sHaueHUH QYHKIMHE; TEPBHIM 3alUIIEM CTOJGeL
3HaueHU# y, u60 B AAJbHEHUIMX BBHIYHCICHHAX 3Ta BeJHYHUHA OGyneT
aprymenToM. Haiinem [asjie/ieHHbIe pasaocm U TIpOH3BeJieM BbIYHC/Ie-
HHS N0 BepXHeH KOCOH CTpoOKe:

x(0) A~ X0+ (0 — yo) ¥ (o, 1)+ (0 —140) (0—y1) x (Yo, Y1, y2) =0,744.
Tounoe pemenue ectb x(0)=0,732, tak uyro omuGKa MOJy4YHJach
Q*
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HeGosbIIoH. JI/f MOBBIIEHHS TOYHOCTH B 3TOM CIIOCOGe 1e1eco06pasHo
B3STb HOBbI€ Y3Jbl, GJIM3KO pacHoJIOXKeHHble K rpy6o HaiJeHHOMY
KODHIO, a He YBeJIHUMBATh YHCJO Y3JIOB.

: Ta6nuna 4

i 7 W Y1) | x Wo, w1, v

—1,500 0
. 0,540
+—0,574 0,5 —0,076
0,365
0,797 1,0

B sTOoM Kypce O6yAyT pacCMOTpeHBl U Ipyrue INpHMepH NpHMeHe-
HHUSA MHTEpPHOJHPOBAHHUS.

6. MHTepnonsiunonnbiii MHorounen Jpmuta. Ilycth Ta6GynupoBaHa
He TOJbKO (YHKLHS, HO M ee NpPOM3BOAHBIE BIVIOTb 0 HEKOTOPOro
nopsifika. Torga MOXHO moTpe0oBaTh, YTOOBL B y3JaX HHTEPTIOJSIIHH
COBMajiajJl He TOJNbKO 3HAUEHHS HCKOMOH (YHKUMH Y (X) U HHTepIO-
JAUUOHHOH (YHKIHH ¢ (X), HO M 3HAYeHHS HX INPOHU3BOIHBEIX BILIOTH
JI0 HEKOTOpOoro mopsjaka. Takyl HHTeprnoasuuio GyieM Has3bBaTh
apmumosol; ecnan @ (x) — anreGpanyecKui MHOroujeH n-#i CremeHH,
TO OH HasblBaeTcs HHTEPNOJSLHOHHBIM MHOIOYJEHOM JpMHTA U 060-
sHavaetcsa o , (x).

ITokaxxeM, kKak nocTpouTh 31oT MHOrouaeH. Ilon -+ 1 yany mocrpoum
MHTepIOJAUHOHHEIA MHorouneH HeioToHa &, (x; X4, Xy, ..., X,).
ITockonbKy 3HaueHHs (YHKUMH y(x¥) M MHOrou/JeHa B y3jaX COBMNa-
JIAl0T, TO HX CpelHHE HAKJOHBl Ha y4acTKaX MeX1y Yy3/JaMH PaBHHI.
Meicnenno 6yneM npubauXKaTh y3ed X, K Y31y X,-;; TPH 3TOM Cpel-
HHUH HaKJOH OyJAeT CTPeMHUThCS K IPOH3BOJAHOM. 3HAYHT, MOCJe COBIa-
JIeHHS Y3JI0B TOJNYYHM MHOIOUJEH, KOTOPbIH B Y3Je X, , NpaBHJBHO
nepejaeT He TOJbKO 3HaueHHe (YHKIWH, HO M 3HayeHHe MepBOH mpo-
usBogHoli. CHUMBOJIMUECKH 0GO3HauWM ero Kak &, (x; xo, X, ...
coes Xnoys Xnoq) F).

CnusiHHe Tpex y3/JoB B OAHH ofeclieunBaeT Inepejauy He TOJNBKO
HaKJOHA, HO W KPUBHU3HEHI, T. €. IEPBOH U BTOPOH IPOHU3BOJHBIX U T. .
Takum o6pasoM, MHOrouJeH

I (%) =P (X; X0y Xgy v vy Koy Xpa Xpy oo Xq, Xpy Xpy «ovs Xp),  (13)
mo m1 mp
p
D mp=n+1,
E=0

*) Uro6kl OT/MIHYATL ero 0Go3HaueHWe OT pasjeseHHOM Da3sHOCTH, MBI OTAe/sieM
apryMeHT OT y3JoB, IO KOTOPHIM COCTaBJIEH MHOrOuYJIeH, TOYKCH C 3aIrsroil.
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B y3le X, NPaBUJbHO TNepeiaeT 3HaueHHe (QYHKUHH H €€ MPOU3BOJ-
HBIX BILJIOTH N0 TOPsiika m,—1 ¥ HMEeeT MHHHMAIbHO HEOGXOIUMYIO
Inst atoro crenedb. OleHka morpemHoctd MeroAa (10) B aToM ciyuae
NpUHUMAeT CJAefYIOMUH BHA:

Mll+1

Iy ()C) _Q%‘n ()C) |<m I Qn (X) I: Qu ()C) = H (x""xk)mk. (14)
k=0

OueBuIHO, €CIM CeTKa HMeeT mar A, a TOYKa X JIeXHT MeXJy Kpai-
HUMH Y3JaMH HHTepmoJfauuu, 10 L, (x) =0 (A**'); crenoBatensHo,
NOPSANOK TOYHOCTH 3PMHTOBOH MHTEDPNOJALMH paBeH n+- 1, T. e. uncay
KO3(hHIMEHTOB MHTEPNOMALHNOHHOIO MHOrOYJIEeHa. ‘

3aMeTHM, yTo OOBIYHBIH MHoroujeH HpbloToOHA ¢ TakKHM Ke 4HCJIOM
KO3()(ULHEHTOB (T. €. TOH XKe CTENeHH) TaKXKe MMeeT NOrPelIHOCTh
O (h*~'). OnHako Ha OJHOM M TOH e CeTKe UYHCJIeHHass BeJHYHHA
norpeliHocTd MHorouleHa HbioTona 6yser Gosblne, yeM Yy MHOro-
yjeHa OPMHTa: €ro BCIIOMOTaTeNbHBIH MHOTOUNEH O, (X) COLEPIKUT
Gosbllie Y3J0B, 4eM £2, (), W IOITOMY B HEro BXOAAT GOJbIINHE COMHO-
xuTesd. OueBHIHO TakXke, 4YTO ueM GoJiee BRICOKHE TPOH3BOJHLIE
HCTIONb3YIOTCS  NIPH  MOCTPOEHHH HHTEPIOJANHOHHOrO MHOrOuJeHa
OpMuTa 3aJaHHOHM CTeNeHH, TEeM MeHblle TpefyeMoe YMCJIO Y3JIOB,
U TeM MeHblle GyZeT 4YHCIeHHas BEJHYHHA ero NOTPEelIHOCTH (XOTs
NOPSANOK TOYHOCTH OCTAeTCA OJHHM M TeM XKe).

Beipaxenuem (13) Hesnb3sa mnosb3oBaThcs GyKBajibHO. Ecan ¢op-
MaJbHO mOJACTaBHTb B dopmyny Hrelotona (8) coBmapawomme y3isl,
TO ToTpeGyercs BBIUMCIHMTH Da3jieJeHHbIe Pa3HOCTH, Y KOTOPHIX HEKO-
TOpBIE Y3JbI SIBJSIOTCH KpaTHbIMH. Bripaxenus (6) aqs Takux pas-
HocTell comepkar HeompeneneHHocTb Tuna 0/0. Ecau kpatHocTh Kax-
Joro ysaa He GoJblie yeM JBOHHAsf, TO 3Ty HEONpPeeJeHHOCTb MOXKHO
PacKpeITh C TOMOLIBIO NPEeJbHOro Iepexojia, Hampumep,

y (xg) —y (%) -

y (xo, xO) - xli-{»nx Xo— X1 = _l/' (xO),
1 ’
Y (%o Xo» X1) i [v" (x0) —y (%0, %], _(15)
1 , ,
Y (Xoy Xor X1, X1) =3[y (%) — 2y (%, %)) 4y (x)]

(xxo— x1)?

Ecan ysael uMeloT GoJjiee BBICOKYIO KPAaTHOCTb, TO yaoOHee audbeper-
uuposarb ¢opmyay Heiorona (8). Hampumep, ecnu ee nponuddepen-
uxpoBath m— 1 pas, To o6paTATCA B HYJb BCE WIEHBI, COlepKaliie
pasjie/ieHHble PAsHOCTH NopAAKa MeHblie m—1. 3areM nogoXHM
X=Xy=X,=...; TOorja obpaTaATca B HYJb MHOXKHTEJH Nepei pasje-
JIEHHBIMH Pa3HOCTSMH NOpAAKa GoJblie m— 1, ¥ Mbl NOJYYHM

1
Y X, Xos eos x3)=(—m:T)Ty('""1)(xo)- (16)
m
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Ho yane Gonee uem JBONHON KpaTHOCTH IOYTH He BCTPEYAIOTCS
B NpaKTHKE BHIYUC/IECHHH, W60 BTOpHE ¥ GOJiee BHICOKHE ITPOU3BOAHLIE
HCKOMOH (DYHKUMH pelKo TabyJHpYIOTCS.

PaccmoTpuM HauGojiee ynoTpeOUTE/bHBIE YACTHBIE CAYyYal HHTep-
MO SILMOHHOrO MHOroujeHa DpMHUTa.

IlepBrIft cay4yalt — MHOrO4JIEH, KOTOPHIH B OAHOM Y3J]e X, COBIIafaeT
¢ dbyHKLHeA U BceMH ee 3aJaHHBIMHU NPOHU3BOJHBIMHU:

P (1, X9y Xgy ..)=
=y () + (r—x0) ' (1) + 5 (£ — %02 4" (x0) .. (17)

OueBHIHO, 3TO OTpe3oK psana Teiimopa; B 3TOM ciaydae R, (x) =
= (x— %o)"*, u ouenka (11) mepexoAUT B H3BECTHYIO OLEHKY TOY-
HoctH psafa Tedlsopa.

Bropoii cnyuaii —MHOrouneH, nepejammuil B JByX ysnax 3Haue-
HUsl DYHKIUM U ee nepBoi NPOHU3BOJHOM:

P (X Xos Xo» X1 X1) =Y (%) + (x — Xo) {y” (x0) +
+ (x— %) [y (%0, %o, X)) 4+ (x— %)) Y (X0, %o, %1, X1} (18)

pasjeseHHble Pa3sHOCTH CIOAa Hajo MOACTAaBHTb M3 cooTHoweHHus (15).
dyukuua Q, (X) = (¥ — xp)® (x — x;)® BHYTPH HHTepBaja HHTEPIOJH-
poBaHUA He mpeBbiuaer (h/2)%, Tak yTO nOrpemHocTb dopmyst (18)
He Gosnee 0,026 M,h%; sta dopMyna HMeeT 4YeTBEPTHIH MOPAJOK TOU-
HOCTH.

Ins cpaBHeHHsi mpuBefieM Ge3 BhIBoAa ofllee BhIpaXKeHHe HHTcprIOJIaU.HOHHoro
MHOTrou/JleHa DpMuTa

p Op—loay—1l—m

Ha= N ) ﬂ;,',;f—”){(x—kaqx

X H (e— xi)mi} {% H (x—xi)—ai}
X == xk,

k=0m=20 g=20

itk TE]
OHO HAacToNbKO TIPOMO3AKO, YTO MOJNb30BATHCS MM JUIS BHIYMCJACHHH INPaKTHYECKH
HeBO3MOXHO. Ecam Bce o;=1, To 06e BHyTpeHHHEe CyMMbl MpPeBPaILAOTCS B OJHO
cnaraemoe ¢ m=¢g==0, U MHorouleH JPMHTA NepeXoguT B MHorowieH HeioToHa
B ¢opme Jlarpamxa. Ecmx BCE @;=2, TO NOJY4YHM

p

P [ x—x;\2
Hnt= X fe—x yi+[1-2 2,";_’;’; ol T (=2)'s
,'_

Xp—X;
k=o * ]

L¢k £k

MOXHO TNpPOBEPUTH, YTO B Ciyyae JIBYX Y3JOB TOCJeJHEe BLIPaKeHHEe COBNAajaeT
¢ (18) c ToyHocTnio mO ¢opmbl 3amucH. Ho Jaxe M 3TO BEIpaxKeHHe OKasblBaeTcs
OYeHb I'DOMO3JKHM.

Takas cuTyauuss JOBOMBHO 4YacTO BCTpEuYaercs B MNPHKJaLHOH
MaremaTHKe. OG6mwue GopMyJbsl, PacCUHTaHHbIE Ha BCE C/IyYaH JXHM3HH,
HEPEe[IKO OKa3hlBAIOTCS HACTOJILKO C/OMKHBIMH, UTO HX HE NPHMEHSIOT
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HY B OJHOM KOHKpeTHOM cJjydae. K ToMy e, B IpakTHYeCKHX
pacueTax, KakK Mbel YBHAHM Jajee, HeleJecoo6pPa3HO HCIOJb-
30BaTb MHOTOUJIEHE! BBICOKHX CTeleHell, mosToMy B oOwuXx ¢opmyaax
HEeT cepbe3HOH HeoGXoAMMOcTH. TPYNOEeMKOCTh Ke BHIUMCJEHHE YacTo
OKa3kIBaeTcsl CYIIECTBEHHO MeHblIeH NpH NPHMEHEHUH PeKYPpPEHTHHIX
npoueAyp Tuna ¢opMyJsl pasfiesieHHBIX pasHoctedl (6).

7. Cxopumoctb uHTepnoasiuum. IIpyu KakuX ycJIOBUSAX MOrpeIHOCTD
MeTofla CTPEMHTCS K HYJIIO, T. €. KOrja M Kak HHTepIOJSIUOHHBIH
MHOrouJIeH cxoautcsi K y (x)? Ha npaktuke Mbl MMeeM JBa cmocofa
nepexoja K npeneay. IlepBolii COCTOMT B TOM, YTOGHI, COXpaHsSs CTe-
NeHb HHTEPMOJISILIHOHHOIO MHOTOYJIEHA, YMEHBIIHTb LIAr CeTKH, .T. €.
BOCHOJ/Ib30BaTbCA GoJiee MOAPOOHBIMH TabaHuaMu. Bropoit — coxpa-
Hfs LIar CeTKH, YBeJHYMBATh HHCJO HCIOJb3yeMbIX Y3JIOB, T. €. yBe-
JMYHBATh CTENeHb MHOrOYJeHa.

Ymenbmenue mara. Ecnmu y(x) uMeer HenpepolBHbIE MPOH3-
BOZHBIE BIJIOTH JI0 7+ 1-H, To NpH UHTEPNOJSALUU MHOrouseHoM &, (x)
CTeneHd m<<n norpemHocTb Meroida ectb O (A™1). B stoM cayuae
npu (HKCUPOBAHHOW CTENEeHH MHOrOYJeHa M YMEHbBIIeHWH IHara CeTKH
norpemHocts |y (x) — &, (x) | HeorpanuueHHo yG6eiBaer. Ecau orpanu-
UeHa MPOU3BOAHAS, BXOAAIIAS. B OLUEHKY OUIHOKH, TO HHTEP NOJISALHOH-
HBIA MHOTOYJIeH paBHOMEPHO CXOJUTCAK y(X) Ha OrPaHHYEHHOM -
oTpeske a<<x<<b.

Crporo roBopsl, ANl KaXIOro 3Ha4YeHHS X BBHIOHPAIOT CBOHM Y3JbI
HHTEpPTIOIANMH, Onamkaimyie (Ha AaHHOU ~céTKe) K TOuKe X, T. €.
COCTaBJISIIOT CBOM MHorouwneH &, (x). Ilpu sToM Touka X 3aBegoMo
. JIEXHT MeXIY KpaiHUMH Y3JaMH HHTEPIOJSINH, HCIOJb3yEMBIMH
B AaHHOM MHorouseHe. [TosatoMy Bxogasmuii B oeHKy norpeusoctd (10)
MOJMIMHOM @, (¥) OrpaHHYEH  PaBHOMEPHO MO X! |@n, (¥) | <
<ma:x|x—-x,- |m+1 < (mh)™+t, rme h—mar ceTKH (mJsi HepaBHOMeEp-

HBIX CEeTOK — MaKCHMasbHbfl war). [las 3aJaHHOM TOYHOCTH € ompe-

JeMHM 1Iar CeTKH U3 YCIOBHA My, (Mh)™1<<e-(m+-1)!, rme

M,y =max |y'™V) (x)|. Torma AnA BCeX CETOK C JAHHBIM H GoJee
[a, 6]

a,

MEJKHM LIaroM M moGoH TOYKH OTpe3ka a<<x¥<<b morpeumHocTb
HHTEPMOJISILHOHHOTO MHorouseHa &, (x), y3/lb KOTOPOrO BEIGPaHHI
YKa3aHHBIM Bbillle o6pasoM, OyaeT He 6oJiee €.

AnanoruuHele yTBepKAeHUS CIPaBeNHBEI JJ/I51 HHTEPIOSALHOHHOTO
MHOroujseHa DpMHuTa.

YBenuueHUe YHCJTA Y3J0B. YBeJHUHBATH CTeNeHb WHTEp-
TIOJIAILMOHHOTO MHOro4JIeHa JaJieKo He Bcerja Liesiecoo6pas3Ho. Bo-mep-
BbIX, HEH3BECTHO, KaK OBICTPO pacTeT MakCHMyM MNPOHM3BOAHOH M,
C YBeJHUEHHEM ee TOpsiiKa. Bo-BTOphIX, y GYHKIHH MOXKET 6bITb
JHIIE KOHEYHOE YHCJIO IPOH3BOAHBIX. PacCMOTPHM HHTEpPHOJSIIUIO
Ha oTpeske a<<x<<b, Koria UYHCJO Y3J0B, HCHOJb3YEMBIX AJIS
TIOCTPOEHHA HHTEPNOJIALIMOHHOTO MHOro4YJIeHa, HEOrPaHH4YeHHO BO3pa-
cTaet.
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HsBecTHO, uro ecau y (x)—uenas ¢yHKIHS, TO IPH TPOH3BOJLHOM PacmoJo-
JKEHHH y3/10B HA [a, b] MHorouwneH &, (x) PaBHOMEPHO CXOLMTCA K ¥ (X) MPH n— co.
Ho uenas ¢yskums —ato QyHKIHS, Pa3OKHMasg B CTeNEHHOH Psj C GeCKOHEYHBIM
pazguycoM cxopumoctH. I'opasfo vaile NPHXOAMTCS HMIOHHPOBATh He Iejble (YHK-
IlHH, TaK YTO NMpakKTHUeCKas IIEHHOCTb 3TOrO YTBePXKJeHHS HeBeNHKa.

Ecnn xe Ha [a, b] GyHKIHS HMEET HempepLIBHbIC NMPOM3BOIHBIE CKOJb YTOAHO
BBICOKHX NMOPSIKOB, TO 3TO He FaPaHTHPYeT CXOAYMOCTH IIPH NPOH3BOJBHOM Dacro-
JoKeHnu yanosB. Hanpumep, BosbMeM (pyHKIIHIO

y)=0mpu —1<x<0, y(x)=e '/*

npu 0<x<<l.
Ee rpa¢ux npuBenex Ha puc. 3. Bce npoussomubie 310l dyHkmum Ha [—1, 1]
HenpepuiBHEL. Ho ecni pasmecTuTb BCE Y3/ILI HHTEPNONSILUHM JeBee TOYKH x=0,
T0, OuYeBHAHO, &, (x)==0, u Hu-
KaKo# CXONHUMOCTH OLITb He MOXKeET.
IlpaBga, B 3TOM InpuMepe
pacrnojioxeHne y3joB OwuI0 rpy6o
HepaBHoMePHEIM. Ho paBHomepHOE

q

Puc. 3.

pacnonoxenne He Beerga cnacaet, C. H. Bepuwrefin B 1916 r. goxasan, uro s
¢bynkuun y(x)=|x| Ha orpeske [—I, 1], MOKpHITOM paBHOMEPHOH ceTKOMH
y3710B, 3HAYeHHS &, (¥) MexAy Y31aMH HHTePNONSAIHMM HEOrPaHHYeHHO Bo3pa-
CTalOT NPH 7 —-co. D10 WIIOCTPUPYeTcss puc. 4, The AaHel rpaduxu OYHKIHH
H JBYyX MHOTOYJIEHOB Da3HHIX CTENeHeH.

Bonee Toro, gnsa mo6oit Hanepen 3ajaHHOH CHCTEMBl Y3JI0B MOXHO HaHTH Ta-
KYI0 HelpephIBHYI0 (hyHKLHIO, 4r0 NMOCTPOEHHBIE MO 3THM y3JaM ¥ (YHKIHMHM MHOrO-
ujensl HbloToHa He OGygyT paBHOMEpHO CXOHTHCS.

Ho cxomumocty B cpenteM [is MHorouseHoB HbloTOHa Beera MOXHO JOGHThCS
CJIeAYIOIMM HEeCHOXKHBIM BbiGopoM yaloB. Ilycte @, (X) —cCucTeMa MHOrO4JIeHOB,
OPTOTOHANBHEIX C BecoM P (x) Ha orpeske [a, b], u xﬁg)—ﬁyﬂﬂ 9THX MHOTOYJIEHOB.

Hcnosb3yeM aTH TOYKH B KayecTBe Y3JI0B MHTepHONSUHH; Torja
. ) 4
§ (&0 () —y ()12 p (x) dx =0

a

0pu n—co AN Jo60H HenpepelBHOH (YHKIHH.

Ilnsi MHOrOuJIEHOB DPMHTA MOJyYeHE! GoJiee CHJbHblE pe3yJbTarThl. I1ycrs dyHK-
uus y(x) HempephiBHA Ha [— 1, -+ 1]; Bo3bMeM B KauyecTBe Yy3JOB HYJH MHOrouie-
HoB YeOhileBa nepsoro poid T, (x) (cM. [IpunoxkeHune); pUKCHpYEM B 3THX Yy3jax
3HaueHHs (QYHKIHH, a BMECTO ee NPOH3BOAHOH BO3bMeM JIOGble UHCIA Cj,, YAOBJET-
BOpsliOKHE YCMOBHIO lim max | ¢, Inn/n|=0. [TocTpoeHHbIH MO BCEM STHM B3Ha-

noo i
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YEHHSM MHOTOYJeH o7 an_1i(X¥) paBHOMEPHO CcXOmuTCE K y(X) TNpH £ —>co.
OueBHIHO, €CIH Y (X¥) HMeeT OrpaHHuUeHHYIO NMPOHM2BOAHYIO, TO B KAYeCTBE C;, MOKHO
Gparb 3HayeHHe NPOM3BOJHON B ys3niax.

Ho u jgnis MHOrou/leHOB DPMHTA HeyAAauHBIH BHIGOD Y3/10B MOXKET HCIOPTHTH
cxomumoctb., Hanpumepy-psag Teiinopa (17) pacxomutes, ecnu | x—x, | GoJblle pac-
CTOSIHHSL OT X, Ao Gaukaiiieil 0co60il TOYKM B KOMILIEKCHOH MJIOCKOCTH.

BoiBoabl. Ha npakTuke HHTEPNOJMPOBATb MHOTOUNEHOM BBICOKOH
creneHy HexenatenbHO. Ecinm 3 —5 ysnoB (TouHee, CBOGOJAHBIX napa-
MEeTpOB) He ofecneyHBalOT TpeGyeMo# TOYHOCTH, TO OOBIYHO HaAO
He YBEJIHYMBATh YHCJIO Y3J0B, a yMEHbIUATb IUAar TaGJHLbI.

8. Heanneiinag nurtepnoasiuus. [TosuHOMHAMBHASL HMHTEP OJSIHSA
no ouenke (11) umeer norpemHocts ~ M, (h/2)"*!, u npu no.sllle-
HHM TOpPSiKa TOYHOCTH (opMyJ/bl HA eAHHHIY NOIPELIHOCTb MeHseTcs
npuMepHO B hMp49/2M, ., pa3. Ecaum mwar gocratoyso masd, TO MO-
TPEIHOCTh NPH 3TOM yMeHbllaercsi. Ho ecu wiar BeHK, H/IM NPOM3-
BOJHHE OBICTPO pAacTyT C yBeJHYeHMeM MOPSAKa, TO MOTPELIHOCTb
MOXeT yBEeJHYMBATbCS NPH yBeJHYEHHH NOPAAKA TOYHOCTH QOPMYJIBI.
C 3TUM YacTo NPHXOAUTCS
CTaJKHBaThCsl INpH paboTe TaGauuab
¢ OHICTPO  MEHSIOLIUMHCSA
prHKI.[HHMH- i l y(xi) |y (xi’ Jci+1)

IMpumep 1. Ilycrs
TpeGyeTcss HaliTH 3HaueHHe 0 ! 0
4(0,5), eciu GyHKUHS 3a- 1 i1 50
Jana Tabauueit 5 (B Hel 110 170
BBHIMMCAHBl He TOJbKO 3Ha- 2 121 560
ueHHst QYHKIHMH, HO H pas- 1351 1230
JeneHHele pasHocru). Hec-

HOJb3ysl  MHTEPNOJALHOH-
Hblfi MHorouseH HplOToHa M Beisl BHIUHC/IEHHSI O BepXHeH CTpoOKe
TabJauLBl 5, 3amuilieM MOCAeNOBAaTeTbHO UJeHbl Bce 6ojiee BBICOKHX

HOPSAKOB:
©(0,5)=1+5—12,5-+63,75—...

’.‘

w

10T Psifl COTEPKHUT OBICTPO BO3pPaCTalOLMe UEHBl M COBCEM He MOXOX
Ha CXOAAIIMHACS; [O3TOMY BBIYHC/IHTL (YHKLIHIO C €ro IOMOILbIO
He yaaercsi. OYHKIUA CIHIIKOM OBICTPO MEHSIETCSl MJIM, UYTO TO 2Ke
caMoe, IIar CeTKM CJHMLIKOM BeJMK JJIsi JaHHOH ¢yHKuuu (puc. 5, a).

Kak uHTeprnoiupoBaTh Takue (YHKLUHH, ecld Gojiee MOAPOGHBIX
TaGJuL HeT? YHHBEpPCaJbHOIO pelenTa, NPUToJHOro AAs JoGod ¢yHK-
uuH, He cymectByeT. OnHAaKo A/ KOHKPETHOH (YHKUHMH Hepeako
yaaeTcs HaHTH CBOH CNOCOG MHTEPNOJISUMH, AAlOmed PasyMHYI Tod-
HocTb. Takasi MHTEPIOJIALHSA OObIYHO HeJHHeHHa.

JIis1 5TOro HYXHO pacnoJjaraTb JHONOJHHTeNbHOH HHpOpMalHel
0 KauecTBEHHOM MNoBeleHHH (YHKIMH. UYacTo ee MOXHO NOJYYHTb,
3nas ¢usnueckuit cMeica y(x). Hanpumep, npoxoisiuuil yepes morJo-
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LIAIOLIYI0 CPefy CBET 0cabiseTcss MPUMEPHO MO 3KCMOHEHIHAIbHOMY
33aKOHY; COMPOTHBJEHHE JIBHXXEHHIO B ra3e 3aBHCHT OT CKOPOCTH NpH-
MepHO KaK u™, rfiie ma< 1 Jnf JTaMHHApHOrO NBWXKEHHs, MA~<2 IJs
Typ6Yy/IeHTHOTO W m>>2 BGJIH3H 3BYKoBoro Gapnepa. Hepemxo momo-
raoT (opMasbHble MaTeMaTHUeCKHe cooOpaXeHus — H3yueHHe Trpabuka

GYHKOMM M CDaBHEHHE €ro ¢
y rpauKamMi XOpOLIO H3yYeHHBIX
[ ¢yHKUHMI (B TepBYIO ouepenb
X 3/JeMeHTapHbIX).

BuisicHUB KayeCTBeHHOe Mo-
BeleHHe (GYHKLMM, CTaparoTcs
nofo6paTk Takoe mpeobpaso-
BaHHe TMepeMeHHbIX M =1 (y),
E=E(x), uTo6bl B HOBBIX Te-
pemeHHBIX rpapuk 1 (§) mamo

g OTIMYaICA OT MPAMOH Ha mpo-

TSKEHHH HECKOJbKHX I1aroB
z 7 2 3  rtabmuupl. Torma B mepemeH-
7) HbiX M (E) HHTEPHOMSLHSA" MHO-

TOY/IEHOM HEBBICOKOH CTEeleHH

6yleT JaBaTb XOpOLIYIO TOY-

HOCTb. BrluncieHuss 3akJio-

YalTcd B COCTaBJEeHUH Ta6-
JUIOE AJs HOBBIX MepeMeHHHIX 1; =1 (§;), HHTepNONSALUM NO HeH H
HaXoXIeHHH y=y(n) o6paTHEIM Npeo6pas3oBaHHeM. ITOT crocob
Ha3bIBAIOT MemoOOM 6bLPABHUBAHUS.

IMpumep 2. IpousnmioctpupyeM MeTOA BbIpaBHHBaHHUA Ha IpHU-
Mepe (YHKIHH, 3afaHHOf Tabauueii 5. HeTpyAHO 3amMeTHTb, YTO 3aBH-
CUMOCTb 6/IM3Ka K TOKasaTeabHOM, y(x) ~~ 10%; 3Hauut, B mepemeH-
HBX E=x, n=Igy rpadux Gyner mouts mnpsMbIM (puc. 5, -6). Co-
CTaBUM HOBYIO Tabmuny 6 U 1poBefeM HHTEPHOJNSALHIO MO dopmyJe
Heiotona

n* =0 (0,5) = 00,5207 4 0 — 0,0004 ~ 0,5203.

Tenepb useHH psifia GHICTPO YOBIBAIOT, 06eCNeYrBast XOPOIIYIO TOYHOCTE;
cyMTas, YTO TOYHOCTb M* NPHMEPHO paBHA MNOC/JENHEMY WIEHY psiia,
o6paTHbIM npeoOpasoBaHHEM MNONY4YHM, 4To Yy (Nn*)~=3,31430,1%.
OueBHAHO, YTO YJAa4yHO NOAOGPaHHOE BHPABHHBAHHE TO3BOJHJO MOJY-
YUTh BBICOKYIO TOYHOCTb HHTEPIOJISALHH.

Sameuanue 1. Jaa Kaxao# KOHKPeTHOH (YHKUHH MOAGHPAIOT
CBOH BHJ HeJTHHeHHOH uHTepmoJsAuuH. [lns Jpyrux QyHKIHH 3TOT
BHJ, KaK npaBuso, OyZeT JaBaTb IJIOXYKO TOYHOCTb.

3ameuaHue 2. OueHKa MOTPEIIHOCTH TaKOH HHTEPNOJSIIYH
COZIepXKHT cTapiine npousBofHble 1 (E). MIx TpyaHOo HaliTH, nosromy
Ha -TIpaKTHKe yJo0Hee OLEHHBATb TOYHOCTb IO CKOPOCTH YObIBAHHS
yneHoB B ¢opmysne HbloToHa, Kak OblJIO CHeJaHO Bhille, ¥ noTpeGu-

7000

T
~

500 v

QNN W

100 ;
0 1 2 3

Puc. 5.
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Te/IeH TaKike C/CNYIOUHH MPHEM: ISl ONHOTO H3 Y3/IOB X; BEIYHC/SIOT
y (x;) MHTEpTO/IANKEH NIO COCCNHHM Y37aM H CPaBHHMBAlOT C TaG/IHY-

HBIM 3HaYeHHeM y;.
TaG6anuua 6

1] n &y Eryq)
0 0,0000

1,0414
1 1,0414 0,0000

- 1,0414 0,0011

2 2,0828 0,0032

1,0478
3 3,1306

Mpumep 3. Ot6pocum B tabauue 6 ysen E=1 u cBA3aHHBE
C HUM pasje/ieHHble pasHOCTH. Ilo ocTaBummMcs TpeM y3/aaM npHGIH-
AEHHO BBIUMCIMM OTOpolleHHoe 3HaueHue M (1) ~~1,0382 uiu y (1) ~
~10,92. Tlocnennsis BeJHYMHA OTIMYAETCH OT TAaGJMYHOrO 3HAaYe-
Hust Ha 0,8%. ITo BbIYHC/IEHHE Besoch (PAaKTHYECKH C waroM Ay, =2
MHOrOUJIEHOM BTOpOH cTemeHH, uMmetomuM norpemHocTs O (h%). 3Ha-
UMT, TMPH BBIYMCJEHHSAX C LaroM A =1 NOrpelHOCTb JAO/MXKHA yMeHb-
wuThesi B (Ay/h)3=8 pas u cocrasutb 0,1%. 310 XOpOILO COrJIacyeTcs
C OLEHKOH 10 mocjeHeMY Y/JeHYy psifia, CAeNaHHOH Bhllle.

3ameuanune 3. O6a npsameix npeoGpasoBaHus 1 (y), E(x) H
o6paTtHoe mnpeoGpasoBaHHe Y (1) AOMKHBI BHIPAXKATHCA HECJOXKHBIMH
GdopmysnaMu, HHaue MeTOA BbIpaBHMBaHHS OyJeT MaJONPHUTOAHBIM
Ha TpakTHKe. YAOOHH 1npeoOpa3oBaHUs THUNA JOrapHuhMHPOBaHHUA,
BLIYHCJ/IEHU ST SKCTIOHEHT, TPUIOHOMETPHUECKHX QYHKUMEA U JIpyrue, uMe-
olmyecss B 6UGMHOTEKaX CTaHAAPTHHIX HPOrpaMM coBpeMeHHHX DBM
(Wi JIErKO BBINOJIHHMBIE Ha JOrapHQMHYecKoH JHHeHKe).

3ameuanue 4. B HCXOAHBIX NMepeMeHHBIX HHTEPNOJALHA HENH-
HeiiHa omocmenbno napameTpoB; B JJaHHOM NIpHMepe OHA HMeJa BHJ

(x)_exp< Z akxk) OznHako B nepeMeHHHIX 1, § OHa JHHeHiHA MO

napamerpam. TaKaﬂ HeTHHEHHOCTp Majlo OC/OXKHAET PaGoTy, MOSTOMY
HHTEPIOJISILUIO NMOJAOGHOr0 BHAa OyJeM HasblBaTh KEA3UAUHELHOL.

Berpeuatotest cayuad, Korja MeTOJ BbIPaBHHBAHHS HeNPHMEHHM.
Hanpuwmep, ecn y (x) ~a (x4 b)°; To He yhaercs HaliTH TaKHe KOOp-
IMHAThl, KOTOpBIE NpeBpamiany Gbl rpaguk B NPAMYIO H He COzep-
XKanu Obl sBHO NMAapaMeTpoB a, b, c. Torma 3aBHCHMOCTb OT MapaMer-
pOB He CBOAMTCS K JMHEHHOH M OTHICKATb IapamMeTphl M  BBINOJHHTD
HHTEPNOJSALHI0 Helerko. Takylo HHTeprmosnsuuio O6yjeM HasbBaTh
CY4ecmeeHHO HeJUHEHHON; Ha INpPAaKTHKE OHA HCHOJb3yeTcsl KpaiiHe
penko.

Sameuanue 5. Ecau BblpaBHHBawoLMe NpeoGpasoBaHUs Iepe-
MEHHBIX TPOCTHl, TO MHOIAAa YAAeTcsi fBHO BbIPA3UTb @ (x) uepes



44 ATITIPOKCHUMALIUS ®YHKUUM [TJ1. 11

Ta6aMuHble 3HaueHHs (QYHKIHHM B HCXOIHBIX nepemeHHHIX. Hanpumep,
IBYXTOueUHast HHTepIOJsLHs MHOrowieHoM HbioToHa B BbIpaBHHBA-
JOIUX NePeMeHHbIX HMeeT CJAeYHUH BHI:

nane+ My —n) E—8)/E1—E), B<<E<E;.

Ecan npu BblpaBHHBAaHHH MCHOJIb3yeTcsl mnpeofpasoBaHue E=X,
n=Iny, T0, BO3BPaWasACh K HCXOLAHBLIM NEPEMEHHbIM, NOJYYHM

Y (X) A go (ta/yo) >~/ =%, o <x<x;. (19)

Ho npu GoJblueM YHCJIE Y3J0B HHTepNOJSLUHH MOLOGHBIE (OPMYJIBI
CTAHOBSITCS HACTOJbKO TPOMO3JKHMH, YTO GOJiee BBHITOJHO He IOJb-
30BaTbCS HMH, a NPOBOAMTH BHIYMC/IEHHsI B BbIpaBHHBAIOWHX Mepe-
MEHHbBIX.
9. UnTtepnonsuus crniaiiHamu. Korma Hajzo nposectd rpaduk
YHKIUH 1O H3BECTHHIM TOuKaM ¥ (x;), 0<<i<< N, TO OGBIYHO HOMb- )
3ytorcsl JekanoM. OJIHaKo ecad Toy-
N KH pacroJ/IoXeHbl PefKo, TO HeJerko
! / ObiBaeT MOAOOPATh YYaCTOK JieKana,
NPOXONSIUA Ccpa3y uepes MHOro
toyek. Tora onbiTHEE HHKEeHephl 6e-
pyT ruGKoe JIeKaJ0 —MeTalIHIeCK Yo
JUHEAKY, CTaBAT ee Ha pebpo H
u3ru6aroT, NpuiepKuBasg B HECKOJNb-
KHX MecTax Ma/blaMM TaK, 4ToObl
ee pebpo INPOXOJMJO Cpasy uepes
Bce TOukH (pHuc. 6).
Aror crnocob HHTEPHOMALHH MOX-
HO omucaThb MaTeMaTHuecKH. ['H6-
=  Kasi JuHeliKa —3To ynpyrusi 6py-
. %  COK; U3 Kypca CONPOTHB/ICHHS Mare-
Puc. 6. pHajJoB H3BECTHO, 4YTO YpaBHEHHE
ero CBOGOJHOrO PaBHOBECHSI €CTb
¢!V (x) =0. 3uauur, B npome}xyTxe MeX1y KaxJoH nmapod COCelHHX
y3/I0B HHTEDIO/IAUHOHHAS (YHKIHSA SBJASETCS MHOMOUICHOM TpeTbel
CTeNeHH, KOTOpbIf yAoO6HO 3anucaTh B TaKOM BHJe:

@ (x) =a;+b; (x — Xig) € (x — Xig)? + d; (x — x4)3,

X< x<<x (20)

KoshduuuenTsl MHOrouw/JeHa Ha Kax[IOM HHTEpBaje ONpeAessioT
H3 ycJaoBHH B yajax. OueBHUAHO, B y3/Jax MHOrOY/IeH JOJKeH NpH-
HUMaTh TaG/JHuHble 3HAUeHUSA (GYHKIMH:

yi—1=(p(xi—1)=ab léléN, (21)
= (Xi) =ai—l—b,-hi+c,- ‘f—l—dlh%, hi=xi—-xi_1. (22)
YN0 5THX ypaBHEHHH BJBOE MEHbIIE UHCTA HEH3BECTHHIX KOs(du-
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IIMEHTOB, MO3TOMY AJIS ONPENEIEHHOCTH 3aJaud HYXKHbl JOMOJHHUTE/b-
Hple ycjaoBus. [l MX NOJMyuyeHHs BBIYHC/IHM TEpBYIO H BTOPYIO
npousBogHble MHorouneHa (20):

@' (6) = bi+2¢; (x — xiy) +3d; (x — x.0)?,
Q"' (x) =2c;+6d; (x — x;-4) mpU X < x <X,

¥ NMOTpe6yeM HENpepbiBHOCTH 3THX MPOM3BOAHBIX (T. €. TVIafKOCTH
JIMHEHKH) BO BCeX TOYKaX, BK/AOYas y3ael. [lpupaBHuUBasg Bo BHY-
TpeHHeM y3J/e X; TpaBble M JIeBble Npele/bl NPOM3BOAHBIX, MOJYYHM

by = b; -+ 2¢;h; + 3d;h3, l<iN-1, (23)
c[+1=ci+3dih‘i’ l$i<N—1. (24)

Hepocratomue nBa yCJ/0BU A 06BIUHO IoJ1yqyaroT H3 €eCTeCTBEHHOro
NPEATNIoNOKEHHSA O HyJIeBOﬁ KpHUBHU3HE I‘paq)HKa Ha KOHIaX:

1o@" (Xo) =01 =0, 150" (xn) =cn+ 3dyhn =0, (25)

4TO COOTBETCTBYET CBOGOAHO OTHYLIEHHBIM KOHIaM jauHeiiku. Ho ecau
€CTb JOTOJHUTENbHbIE CBeJeHHs. 06 aCHMNTOTHKE (QYHKIMH, TO MOXK-
HO 3amucaTb ApYyrue KpaeBble YCJIOBHS.

YpaBHenusi (21) — (25) o6pasyloT cucTeMy JHHEHHBIX YypaBHEHHH
Ijsi onpeneseHdus: 4N HeH3BeCTHbIX KO3(PGHUHEHTOB. Ty CHCTEMY
MOXKHO PeLIHTB MeTOAOM.HCK/oueHus ['aycca, onucaHHbIM B TJaBe V.
Ho ropaspo BbiroaHee CHayaja NPHBECTH ee K CIeHaJbHOMY BHAY.
¥YpaBuenue (21) cpasy naeT Ham Bce KoabbuuueHtsl a;. M3 ypas-
HeHH#l (24) u (25) cienpyer

di=(cisy—1)/3h; mpu 1 <i<<N —1,

26
dN= —CN/ShN. ( )

[MoncraBum cooTHouwleHne (26) B (22), ONHOBPEMEHHO HCKJIOYas
OTTYya @; = Y;—y; TOTAA MOJYYHM

by =[(4: — Yi-1) /1] = shi (i +20), 1<<i<<N -1,
by =[(yn — Yn-1)/hn] —3/shnecy.

Hckmounum tenepb u3 (23) Beauuusbl b; u by, mpu nomowH (27),
COOTBETCTBEHHO YyBE/JHYMBAs BO BTOPOM C/ydae MHIEKC Ha EIHHHLY,
a BeJIMUHHY d;— Ha OCHOBaHMH (26). OcTaHeTcsi cUCTEMa JIMHEHHBIX
ypaBHeHHH I/ KO3((HIMEHTOB C;, JIETKO NPHBOAALIASCH K CJAeaYIo-
eMy BHAY:

(27

¢, =0,
hiaCiy+2 (g + 1) €+ hicivy =
=3[ — Yi- )1 — (i1 — Yi-2)/hia] mpU 2<<i<<N,
cvir =0, (28)
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Matpuna sTofi cHCTeMBl TpexJAHaroHa/ibHa, T. €. HEHYJEBBIMH B Heil
SIBJISIOTCA TOJBbKO 3/J€MEHTHl TIJIaBHOH JIHAaroHa/l i M IBYX COCEJHHX.
Takne cuCTeMbl 3KOHOMHO PeLIAIOTCS METOAOM HPOTOHKH, H3JIOXKeH-
HpiM B raBe V. Ilocse HaxoxneHHst KO3(hGHUIHEHTOB ¢; OCTa/bHbIE
Ko3(uIeHTl HeTPYAHO BHIYHCAHTB Mo dopmyaam (21), (26) u (27).
+ MoxHO paccmoTpeTs Gosee oOuIYIO 3afiauy HHTEPHOJALUH ¢yHK-
LUMH CNAQUHOM — MHOTOY/IEHOM n-H CTeNeHH:

n
S = Z apxt,  xa<x<x,
k=0

K03(pHIHEHTE! KOTOPOr0 KYCOYHO-NOCTOSIHHBI M KOTOPBIE B y3/ax
HHTEPNOJISIMH NPUHUMaeT 3aJlaHHble 3HAUEHHUS] M HempepblBeH BMecTe
co cBoumMi n— | mpousBonHbiMu. Ilpu HeueTHO# cTemeHH MHOrouseHa
n=2p—1 MOXHO paccMaTpUBaTb CIIJJAHHOBYIO HHTepIOJALMIO Kak
pelleHHe 3ajau#l JAaHTPAHXKEeBOH HHTEPNOJISIHN IIPH JIONONHHTEIbHOM

YCJIOBHH
b

§[S® (x)]? dx = min.

a

M3 sToro ycsoBusi cienyeT ypashenue S®P) (x) =0 nJsi HHTepIOJIH-
pywomeit (YHKIHH, YCIOBHS HENpPepbIBHOCTH 2p—2 MPOM3BOAHBIX
BO BHYTpEHHHX Yy3JaX H eCTeCTBeHHbE OrPaHHYeHHMS Ha NPOU3BOJ-
Hble B KpaHHHX y3jaX.

Ha mnpakrtuke ynorpe6utenbHbl jABa ciayyass. OnuH — MoApoGHO
paccMOTpeHHBIH 37ech cayuait n=3. Bropoli —n=1, Koria cnuaiu
COBHaaeT ¢ MHOrodJeHoM HblOTOHA nepBoH CTENeHH H COOTBETCTBYET
annmpoKCHMauuHu rpadguka JOMaHOH, MOCTPOEHHOH MO y3/aM; onpene-
JeHde Ko3((pHIHEHTOB NMpPH 3TOM OYEBHJHO.

CniaiiHoBast HHTepHoJIfilUs HANOMHUHAeT JarpaHXeBy TeM, 4TO
oHa TpefyeT 3HaHUA B y3JiaX TOJIbKO 3HaueHHH (yHKIHH, HO He ee
npousBogHbiX. Ilo o6sacTH mpHMeHeHHS OHa 3aHHMaeT IIPOMEXYTOY-
HOe TOoJIOXKeHHe MeXIY JHHeHHOH ¥ HeJMHeHHOH JarpaH:xeBoH HHTEp-
nossuveli. Ee menecoo6pa3Ho NMpHMeHATb TOr4a, KOrja CeTKa HEeLo-
CTaTOYHO NoJApoGHa AJS HHTepnoJsAnHH MHorodaeHom HelotoHa, HO
elle He HaCTOJbKO pelika, 4ToObl HeoGXoAMMO OblIo mpuberaTh K HeslH-
HedHOH WHTepnoJsAuuu. Eciau GQyHKLIHA TakK Ke Pe3Ko MeHsercs 3a
OJAMH MLIar CeTKH, KaK B Tabauue 5, TO CrnjaiiHOBasf HHTEPNOJSLHUSA
He rapaHTHpyeT Xopoiefl TOYHOCTH.

HanG6osiee ycneliHo npUMeHSIOT CIJIaHHOBbIE HHTEPMOJISLHH IPH
Pa3HOCTHOM pellleHHH KpaeBbIX 3ajau AJIS AJMJIHNTHYECKHX YDPaBHEHHH
B YaCTHbIX NPOM3BOJHBIX C IVIaJKMMH KO3(Q(pHLHEHTaAMH.

10. MoHoToHHas HHTepnojsuus. MOHOTOHHOCTb — Bax<HOe CBOHCTBO QYHKIHI,
Hanpumep, Bo3bmeM TaGIHubl cHHYCOB ¢ LIAaroM aprymeHTta 1°; Torja Ha Kaxjsle
89 uHTepBa/OB, B KOTOPHIX (GyHKLHs GyAeT MOHOTOHHA, NMpHAeTcs Bcero 1 HHTEp-
Baji, cojepxamuii skcTpemyM. [T03TOMYy NpH HHTEPNOJSOHH HEPEAKO XKeJaTeIbHO
COXPaHATb MOHOTOHHOCTb (PYyHKIHH,
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- Eciiu  MHTepnONAUMOHHAs (YHKIHS ¢ (X¥; @) MOHOTOHHA IO X, TO MHTEPHOJs-
uust Gyger MoHOTOHWHOH. KiaccHyeckuH mpuMep — IByXToueuHas HHTepHOJALMS
MHorouneHoM HbiotoHa &) (¥)=ay~+a;x. JIpyruM TpHMEpOM MOMKET CJIYKHTh
JIByXTOYeuHasi KBasHIHHeHHas WHTepmosauus (19). OueBHIHO, eCIH HHTepNOJSALHS
KBasuJHHeliHas JByXToueuHas, a mpeo6GpasoBaHHs 1) (y), & (¥) MOHOTOHHH, TO
HHTepronsiuust GyaeT MOHOTOHHOH.

TIpu TpexTOueuHON HHTEPNOJSIIHH MOHOTOHHOCTb MOXET HapylHThcs. B Ta6-
aune 5 (m. 8) ¢dyHKUHSA, NO-BHIHMOMY, MOHOTOHHa. HO ec/iM HCNO/MB30BaTBE MHO-
rouneH HebloToHa ¢ TpeMs y3jiaMH, T. e. ocTaBuTb B ¢opmyse HbioToHa To/bKO
TpH uieHa, To monyuum y (1/,) = —6,5, uTo HapymaeT MOHOTOHHOCTh. OueBHAHO,
910 pe3yJLTaT HCNOJL30BAHHS HEMOHOTOHHON HHTepNoJ AHOHHOM (yHKUHH — napa-
Gonbl Py (X) =ag—+ arx - axx2.

JlsyXToueyHass HMHTepNOisNMs HMeeT norpemHocTs O (A2?), H ee TOYHOCTH He
BCcerja JOCTaTOYHA; a yBeJHYEHHE YHCJA Y3J0B MOXKET BHECTH HEMOHOTOHHOCTB.
KoneuHo, ecnu uHTepnonsunoHHwll psx Heiorona (8) xopolllo cxopurcsi, a MOHO-
TOHHOCTb Bce-TaKH HapylleHa, TO 3TO O3HaiyaeT, YTO (YHKLHS Ha CaMOM jelie
HeMOHOTOHHa. Ho HepegKo MBI BhIHYXKJEHHl OrPaHHYHMBATLCH 3aJlaHHBIM B (hopMyJe
(u1u nporpamme ias DBM) uncnoM ysnoB. Eciu npH 3TOM Hajo COXPaHHTb MOHO-
TOHHOCTb, TO MOXHO TNOCTYHAaTh CJIEIYIOLIHM 0GpasoM.

Halizem Takde cocefHHE TOYKH CeTKH, 4YTOOBI BHIMOJHANOCH Xj << X << X,i.
IposeseM BHIUMC/IEHHS MO 3aJaHHOH MHOTOTOYeYHOH HHTepHOJALHOHHOH dopmylne
H monyyuMm y*=¢ (¥). Ecan 370 3HaueHHe JeXHT MeXAY 3HAUCHHSAIMH Yj, Yi.1,
TO CUHTaeM OTBeT NpPAaBWJIbHBIM. EC/H OHO BEIXOJHWT 3a Npejieikl HHTEpBaJa, ONpe-
HelISIEMOr0 BHAUEHHAMH Yy, Y, i, TO BMECTO y* B KauecTBe OTBeTa Gepem Gnmkai-
Ilee M3 5THX IBYX 3HaueHHil, T. e. ToJjaraem

YR =y*=0 () OpH  min (Y, Y1) < y* <max (i, Yigq),
y (¥)=min (y;, ys41) 1pH y* <min(y;, yiz1), (29
Yy ()=max (i Y1) TPH y* >max (yi, Vi)

dra MOHOMOHHAA WHTepNoiALHS ObBaeT NoJe3Ha, HampHMep, IPH COCTaBJeHHH
Pa3HOCTHEIX CXeM /1Sl YDPaBHEHHH B YacTHBIX NMpPOM3BOAHHIX (rnaBa X, § 1, m. 6).

11. MuoromepHass HHTeprmoasiuus. JIByMepHble TaGJHUB IIHPOKO
pacrpocTpaHeHHl B QU3HKe U TeXHHKe; HapHMep, TAKOBBIMU SIBJISIOTCA
TaGMIbl TepMOIMHAMHMUECKHX GYHKUMH ras3oB, rfie He3aBUCHMBIMH
NepeMeHHbHIMH OOBIYHO SIBJISIOTCA TeMrepaTypa H IJIOTHOCTb. Tpex-
MepHBle TabJHIbl COCTABJAAIOT M HCMNOJNb3YIOT 3HAYHTENBHO pEXKE,
HO He TIOTOMY, Y4TO TaKHX 3aBHCHMOCTell HeT, a NOTOMY, Y4TO TaGJIHIbL
CJIMIIKOM TPOMO3IKH. UeTbipeXMepHHIX TaOJUl, NPAaKTHUECKH HET,
XoTs1 B (u3MKe HeMaso 3afau ¢ GO/IBIIMM YHCJOM HapaMeTpoB; TakK,
nposofumocts miasmbl o (T, p, E, H) 3aBHCHT OT ee TeMmepatyphl
H IJIOTHOCTH, M Hanpsi:eHHOCTeH 3/IEKTPUYECKOrO (EC/H CKA3bIBAIOTCA
HeJMHelHble 3(deKThl) ¥ MarHHUTHOTrO MNoJeH.

OrmeTuM HEeKOTOpHIe CYIeCTBEHHble CTOPOHbI MHOrOMEpHO#M HHTEp-
nonstuud. [ OpoCTOTHI OrpaHHYMMCH JBYMEpHBIMH TabauIaMu
2 (x, y); 06o6WHUTb BCe pe3y/abTaThl Ha GOJIbIUEE YHCIO H3MepeHHH
HeTpYyLHO.

1) Uro6ul obbem Tabaul OBl NMpHeMseM, NPUXOAMTCH IUArd Imo
aprymeHTaM GpaTb AOBOJIbHO GOJbLIMMH. DTO NpPeLbABJAET KeCTKHE
TpeGoBaHHA K crmocoby HHTeprnoasuuu. Hacro mpUXONHTCHA MOJb30-
BaThCsl METOAOM BLIDABHHBAHHSA, T. €. NOAOHpaTh 3aMeHY NEPEMEH-
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HHIX §(2), E(x), m(y), mpeobpasyomyr ONUCHBaeMyl0 GyHKnueH
HOBEPXHOCTb B MJOCKOCTD.

Hanpumep, 3aKoHBI 3aBHCHMOCTH JAaBJeHHsI TFOPSAYMX T[asoB OT
Temnepatypel U miotHoctd P (T, p) GnuskH K creneHHbM. IToatomy
Ipy COCTAaBJEHHH TabJUI CBOACTB ras30B BBIFOAHO TabyJaHPOBaTh
{=Ig P npu aprymenrax E=1g T, n=I1gp U CeTKH IO HOBBIM apry-
MeHTaM 6paTb pPaBHOMEpPHBIMH (K COXaJIeHHIO, (GH3MKM peIKo 3TO
nenator). CxoiHble 3aKOHOMEPHOCTH CNpaBeNJIUBhl /151 APYTHX TEPMO-
JHHAMUYeCKHX (YHKUUH, KO3(hHUIHNEHTOB TENJONPOBOAHOCTH H 3J€EK-
TPONPOBOJHOCTH M €Ie MHOIMX CBOHCTB BEIIECTB.

B nanbrefinleM Mbl GyneM mpeamnoJaraTh, 4TO BblpaBHHBAIOIHE
nepeMeHHBle YyxkKe NojoOpaHbl, H TabGJHUbl COCTABJEHH B HOBBIX Iepe-
MeHHbIX. Torzia B KauecTBe HHTepNOJHPYIOMEH (QYHKIHH MOXKHO
HCII0/Ib30BaTh MHOIOYJ/EH HEBBICOKOH CTENEHH.

2) He umo6oe wyucio Y3/0B HHTepNoJsALHH BHrofHO. Ecam mas
OIHOH IepeMeHHOH CTemeHb MHOTOWJeHa Oblla B3aMMHO OLHO3HAuYHO
CBfI3aHA C YHCJIOM Y3J/0B, TO IJIsi IBYX NEpeMEeHHBIX MHOTOY/IEH 71-0H

n

crenenn &, (x, y)= Y, Gnx'y™ umeer (n+1) (n+42)/2 yanos.
k+m=0

Ecau 4ucio y3/10B He cooTBeTcTBYeT 3Tol (opMmyse, TO yacTb KO-

GUIMEHTOB TNPM BBHICIIMX CTENeHsX [OJXKHA 3alaBaTbC NPHHYIH-

TeJbHO (B YacTHOCTH, HYJSMH); A1s1 BblGopa

° 3TUX KO3(h(HUIHEHTOB pelKo eCTb pa3yMHble

#‘\ OCHOBaHHA.
v 3) B mHoroMepHoM cJ/ayyae HHaue ompene-
\ JIileTcs  TNOHSITHe  3KCTpamoJsuuH. Bo3bmem
\ y3Jbl HHTEPNOJALHH W COEIHHUM HMX IONapHO
A OpsiMBIMH (B cJyyae GoJsbIIEro 4Hc/Ia H3Mepe-
HUH — runepmyockocTaAMH). KpaiiHue orpesku
Puc. 7. OTpPaHHYMBAIOT BBHINYKJAYI0 o6sacTb (puc. 7).
Ecmu uckomas TodKa TnonagaeT B 3Ty 00-
JacTb, TO UMEET MeCTO HHTEpNOJALHSA; €eClIH He IOoNajaer, To

9KCTPaNOJIALLHS.

4) He Bcsikoe pacnosiokeHHe Y3JoB AONycTHMO. B oxHoMepHOM
clyyae y3abl He NOJ/UKHBL OBIIH COBHajaTh. Temepb ke 1Js HHTep-
NOJAUMHE MHOrouseHoM &, (x, y) HeoOXOLHUMO, 4TOOBI Y3JIbl HE JiexKasu
Ha OfHOH mpsiMofi B mJOCKoCTH (¥, y). B camom nese, cucrema Tpex
ypaBHeHH# a- bx; -+ cy;=z; UMeeT onpeneuTe/ b

1 % o
A7y, 7y, 73)= i Yo s | =% (Yo — Ys) + X2 (Y5 — Y1) + X5 (%1 — 2), (30)

X3 Ys

KOTOpHIH ofpaiiaeTcs B HYJb, €CJH Yy3Jbl JeXKaT Ha OJHOH NpsIMOH.
Ilpu wmHTepmossimuu MHorouneHoM &, (x, y) TpeGyercsi, 4TOObI Y3JIbl
HE JieXkaJd Ha KPHBOH BTOpOro Nopsiika M T. I.
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Takue ycCJOBHSI, @ TakKxe YCJOBHE OTCYTCTBHSA 3KCTPAanoJALHH
npoBepsATb B obleM caydyae cjaoxHo. Ilosromy A/1s Xoporued HHTEp-
HOJISIIMH CeTKa JOJXKHA OBITb peryssipHO NMOCTPOEHHOH, a He Tpel-
CTaBJATh COOOH COBOKYMHOCTb OECIOPSA0YHO PAaCHOJOXKEHHBIX TOUYeK;
y3Jbl M3 Hee cJefyeT BbIOHpaTh oOmpefeneHHbIM ob6pasoMm. B pasns-
HelillleM OTpaHHYHMCs HauGoJiee YIOOHOH MPSIMOYTOJBHOH CeTKoMH
(puc. 8, 9); xesaTesnbHO, yTOOB OHA OBl1a paBHOMEPHOH.

Ha mnpsamoyroJpHOH ceTke yHoGHa nocaedosamenrbHas UHTEPTIONS-
uug. Ilyctb samamel 2;=2z(x;, y;) u Tpebyercsa HalTH z(x Y).
BriGepeM Ha ceTke NPsSIMOYTOJNbHUK M3 Rm Y3JOB, B KOTOpHI Moma-
naer Hckomas Touka (puc. 8). CHauasna npoBeneM JMarpaHKesy
HHTEPTOJIANHMIO 0 CTPOKAM, T. €. MpPH KaXJoM (buKCHPOBaHHOM j,
HaiijeM 3HaueHHe 2z (X, y;,) MO 3HAUEHHSIM Z;,. 3aTeM NPOBeJeM Jar-

O-X
(o]

Puc. 8. Puc. 9.

paHkKeBy HHTEpNOJALMIO 1O cTosibuy, T. €. 1O 3HAYEHHAM 2 (X, yj)
HafJeM HCKOMOe 3HauyeHHe Z (X, Y).

INocnrenoBatenibHast HHTEpPNOJANUSA HMeeT psl Npeumymect. OHa
no3BoJisieT GpaTh MO Kax[IOH NepeMeHHOH CBOe YHCJIO Yy3J0B. JIerko
Hanucatb ee 06wy (opMyJay, aHAJOrHYHYIO OfHOMepHO# ¢opMmyse
Jlarpanxa:

. _ (x—=x) W—y))
Pem (%, Y) ;0; z,,[[ﬂ( Xp—x)Ug—y)’ 31
p;tt a;ﬁf

XOTSl BBIYHCJIEHHS] yIOOHee NMPOM3BOAUTH, NMOC/IENOBATENbHO NPUMEHSS
onHoMepHbele (opmyabl HetoroHa. Popmyay (31) MoxHO 0606IIHTD,
HCIIONB3Y S [/ KaX[Oro apryMeHTa CBOIO KBasHJIHMHEHHYIO HHTepIo-
JSAOUIO, T. €. 10 CTpoKaM Jenaas 3ameHy E(x), {; (2), a mo cron6-
uam —n (y), &, (2); Takue BblpaBHHBAIOLIME 3aMeHbI MOAOGPATh MPOIIE,
yeM efuHyI0 3ameHy. OjHaKo moc/efoBaTeJbHasi HHTEPIOMANUSA
3aBbllIaeT CTeneHb MHTEPNONHPYIOUEr0 MHOTOY/IeHa; HampuMep,
ec/Ii 10 0GOMM HanpaBJeHHsAM 6epeTcst JBYXTOYeuHasi HHTEpPOJSILHUA,
T. €. MHOTOYWJEH IIepBOH CTeMNeHH, TO Pe3y/bTHPYIOUUH MHOrOYJIEH
GyLeT KBaApaTHYHbIM MHOrOUJIEeHOM BHAA &y 5 (X, Y) = ot +Px+yy--Oxy.

MtHorou/leH MHHHUMAJbHOH CTeNeHH MOJYy4YaeTCsi NPH Mpey20ibHOLL
uHTepnossuud. Ecau B3ATb TPEYrosbHYI0 KOHODUTYpPAUMIO Y3J0B
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HHTEPTIONALMH, H300paXkeHHYIO HA PHC. 9 HJIH NOBEPHYTYIO Ha yrod,
,Kparueiit 90°, TO uyuci0 y370B OymeT paBHO (n—l—l) (n+2)/2. 3o
YHC/JI0 OJHO3HAYHO OmpejessieT MHOrOuJeH n-f CTelneHH, KOTOPHIH
yao6Ho 3anucaTb B ¢opme HbloToHa, BBOAS pasje/ieHHbiE Pa3HOCTH
GYHKUOMH JBYX IlepeMeHHbIX:

2 (% x5 Y)=[2 (x0» ¥) —2 (x1, Y/(Xo—X1), (32)
z2(x; Yo Y1) =[2 (%, Yo) —2 (%, y)1/ (Yo — 1)
U T. 1. TakuMmH ke pacCyKAeHUSMH, Kak B OJHOMEPHOM C/yuae,

MOXKHO I10Ka3aTb, YTO HHTePINOJSUHOHHBHIH MHOrOYJIEH JarpaHxeBa
THUIAa UMEeT CJeNyIoLUH BHA:

g&n(x, y)= i
n n—i i—1 j—1
ZO Zo Z(Xoy +vos Xis Yoo ovs Yy) ]__[ (x—xp) H (y—y,). (33)
1= ]—

B opHOMepHOM ciyuae mepeMeHHas y M MHIEKCHl j, ¢ HCYE3aloT,
tTak uTo ¢opmyna (33) nepexonuT B obbiuHy0 ¢dopmyny Huiorona.

MHoromepHasi HMHTEPNOJIALHS HACTONLKO T'POMO3/IKA, YTO OGBIYHO
HCI0/Ib3YeTCs] TOJIBKO MHOrOYJIeH NepBOH WJM BTOPOi CTeleHH; YyuTa-
TeJIsIM MpeAJaraercs 3amnucaTb (OpMYJIBl (31)—(33) IJs1 3THX Cay-
uyaeB. MHorouseHsl 6oJiee BBICOKHX CTeNeHeH HCMOJb3YIOTCS MHOTO
pexke. ITo Toi ke mpUuUMHE HHTEPNOJSLHNS SPMHTOBA THMA JJsI MHO-
THX TNepeMeHHbIX NPaKTHUeCKH He ynorpebasercs. CnialiHoBas uHTeEp-
NOJISILMSA HCNOMb3yeTCss B OCHOBHOM IIPH Pa3HOCTHOM peILeHHH ypaB-
HeHHH B YaCTHBIX NPOH3BOAHBIX.

HHorna Mbel BBIHYXKAeHbl paboTaTh C GYHKIHeHd, 3alaHHOH Ha
HeperyJspHoH ceTke (Hampumep, ¢ (yHKIHeH, H3MEPeHHOH 3KcHepH-
MeHTanbHO). Toria oOOBIYHO OrpaHHYMBAIOTCA HMHTEPHOJALUHOHHBIM
MHOTOY/JIEHOM MepBOH CTeneHH; ero KO3(QQHIHMEeHTH HaXOASAT MO TPeM
BLIOpAHHBIM y3/1aM, NpHPaBHUBAss B HHX MHOrOWIeH TaGIHYHEIM
3HAUEHHSIM (PYHKLHUH: '

2~a+bx+cy, ‘

=a+bx;tcy, i=1, 2, 3. (34)
BoiuncnaTe Koadh¢uuueHTH a, b, ¢ Ha caMoM Jese He HYXKHO. 3ame-
THM, YTO PaBeHCTBa (34) O3HAyaloT, 4TO CTOJGel {2, 2;, Z5, 23} €CThb
JUHeHHass KOMOHMHAUMsl TpeX CTOJO6LOB, CTOSIMX B HPaBOH 4acTH
npu Kosdduuuenrax. CnenoBaTesbHO, COCTABJEHHBIH H3 BCEX YETHI-
pex crToJOLOB ONpenesuTeNb paBeH HY.JIIO:

z 1 x y

211 % oy =0
2 1 x5 y :
23 1 x5 ys
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PackpeiBass 3TOT omnpenenuTesp MO TNEPBOMY CTOJNOLY M BCIOMHHAst
dopmyay (30), mosyuum crenymoolee BEIpaXKEHHe AJS HHTEPTOJMSLHU-
OHHOrO MHOTOYJIeHa:

z2=[2A(r, Fy, 3)+2A (ry, 7, 73) +
+2A 7y, 75, 7)) S A(Fy, Py 7). (35)

Sty npoueaypy BbiBoia (OPMYJbl HETPYAHO OGOOIHTL HAa MHOTOYJIEH
JIIOGOM CTEreHH MpH MPOM3BOJNBHO:.I PACMONOXKEHHH Y3JI0B, HO CaMH
¢dopMysBl IS MHOTOYJIEHOB BBICOKOH CTENEHH MOJy4aloTcs I'POMO3I-
KHMH M HeyJOGHBIMH [Jis BBIYHCJEHHH.

§ 2. CpenHexkBajpaTHuHOE NPHUOJHKEHHE

-1. Hamayuwee npuGanxenne. MHTepmossiuus TNO3BOJISET JIETKO
annpoKCHMUPOBaTh GYHKIHIO y(X). ONHAKO TOYHOCTb TAKOH ammpox-
CHMalli¥ TrapaHTHpOBaHa JHIUb B HEGOJBIIOM HHTEpBajie NOpAnKa
HeCKOJIbKHUX 1IaroB ceTKd. g jApyroro HHTepBajia TPUXONUTCH
33HOBO BHIYHCJAATHL KO3(MOHUHEHTH HHTEPNOJNSLUOHHOA (QOPMYJIEL.
Hawm xe Bcerna >xkenaTesbHO MMETb €MHYIO NPUOGJNNKEHHYIO QOpPMYJTY
Y~< ¢ (x), npurogHyno A1s Gosbmoro orpeska a << x<<b. Ilosatomy
Jajnee 6yneM CpaBHHBATb 3aJaHHYIO H anmpOKCUMHPYIOULYI0 PYHKIUH
Ha 60JIBLIOM OTpe3Ke.

Ilpn uHTepmosfiuMH Mbl TpUpaBHHBaeM 3HaueHHA y(X) u ¢ (x)
B y3Jjax. Ecau y(x;) ompeneneHbl HeTOYHO — HampHUMep, H3 SKCHEpH-
MeHTa, — TO TOYHOe INpHpaBHHBaHHe Hepa3ymHO. IloaTomy Hepenko
uesecoobpa3Hell NpUOGAHKaATh PYHKIHIO HE 1O TOYKAM, a B CPEIHEM,
T. €. B HOpMe L,.

ITycTe 3ananbl GYHKUHS y(X) H MHOXKeCTBO GYHKIHH ¢ (X), mpH-
HajJiexkale JHHEHHOMY HOPMHPOBAHHOMY TPOCTPAHCTBY (YHKUHH.
Hac untepecyior npe sanauu. IlepBas — annmpokcumanus ¢ 3anaHHOM
TOYHOCTBIO: TIO 3aJaHHOMY & HaHTH Takyio ¢ (X), YTOOB BEHITIOJIHANOCH
HepaBeHCTBO ||y (x) — @ (x)|/|<<e. Bropoe — HaxoxneHue Hauay4ueeo
npubausicerus, T. e. QyHKIUH § (X), yIOBJETBOpPSIOLIEH COOTHOLIEHHIO

ly (x) — 3 ()l =inf lly (x) — @ (%)l =¥v. (36)

CyiecTByeTr /i Haujyuylilee npUOJHIKEHHE H €IHHCTBEHHO JIH OHO
(ansi maHHBIX (YHKUMH M MHOXeCTBa)? DTO HMeET MeCTO He MNpH
JI060M BEIGOpe TPOCTPAaHCTBA M ‘MHOXKecTBa. Hanpumep, B mpocTpas-
ctBe L,, —1<<x<<+1, BoiGepeM QYyHKUHIO y(X)=1 H MHOXECTBO
¢ (x) =cx; Torna

+1 2 npu |c[<1,
—@lle, =\ |1 —ex|dx={ 241
ly— iz, _Slt | %>2 npu | > 1.
B camom nene, mpu |c|<C1 3Ta HOpmMa paBHa IJOWIAAH 3aIUTPHXO-
BaHHOH TpameuuH Ha puc. 10, a, T. e. mByM. Ilpu |¢|>1 31a
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Hopma, cornacHo puc. 10, 6, paBHa IJOWANM 3aIUTPUXOBAHHOH Tpa-
nenuu (KoTopas ONATb paBHA JBYM) IIIOC IIOUIANH 3alITPHXOBaH-
HBIX TPEeYrOJbHHKOB. 3HAyHT, AJIS JIOGOro ¢, MO MOAYJIO MEHBLIEro
€IMHHIbl, @ =CX MHHHUMH3HMDYET HOPMY OTKJOHEHUS, T. €. HaWjyy-
mee NpUO/HIKEHHEe 31eChb CYUIECTBYET, HO OHO He eIUHCTBEHHO.

I~z T
% 2
o<l ‘ c>7
1-cz, /
7 7
z z
=7 7 <71 -7 a %7
a) 7)
Puc. 10.

BriBeneM noCTaTOYHOE YCJIOBHE CYIIECTBOBAHUS HAWJYUILero Mpu-
6amxenusa. [lycte B JnHefiHOM TIpocTpaHcTBe (YHKUUE BEIGpaHO
MHOKECTBO, O00pa3oBaHHOe (QYHKUHAMH BHIA

)= D @ (¥), (37)

k=1

rie GQYHKLUHM @ (X) MOXKHO CYHTaTb JHMHEHHO-HE3aBHCHMBIMH. ITO
MHOKECTBO €CTb JHHeHHOe MOANPOCTPAHCTBO HAIEro NPOCTPAHCTBA.
Hamennm onue u3 KosqduuueHTOB cyMMmbl (37) Ha BeauuuHy Oag;
H3 HepaBeHCTBa TpeyroJbHUKa (1.3) caenyer

Ny — (4 6@)ll — lly — @ll] < I8¢l =] 8a | - llpell,

T. €. HopMa |[ly— || HempephiBHO 3aBHCHT OT a;. OueBugxo, ||q||
TaKXe eCTb HelnpepbiBHas (QYHKLUUSA KO3(PHULHEHTOB a.
PaccmoTpuM HOpPMBI Kak QYHKLUHH KoopauHar a,. Cdepa

n
D ap=1
k=1

€CThb 3aMKHYTOE€ OrPaHHYEHHOE MHOXKEeCTBO, mo3ToMy |[l¢|| Ha 3To#
cdepe ¥MeeT TOYHYIO HHIKHIOIO IpaHb W H B CHJIY HENPEPHIBHOCTH
JlOCTHraeT ee npH HekoropoM @ (x). OueBmano, W >>0; B NpPOTHBHOM
cnyyae @ (x) =0, YTO NPOTHBOPEYHT JIMHEHHOH HE3aBHCHMOCTH @ (X).
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n
Bosemem map 3, ai<<R®*=|v+I|yll+&[* / u? rue e — kakoe-To
k=1

NOJIOKHUTENbHOE YHCI0. B cusly onHOPOXHOCTH HOpMBI (YHKIHH BHE
storo mapa |l¢ll=pR=v+llyl+& u, crenoBarenvHo, |ly— ¢l|=
=|p| — lly!l=v-+¢&. 3HauuT, BHe STOr0 Ilapa HOpPMa MOT'PELIHOCTH
3aBeJIOMO JaJieKa OT HHXKHeH rpaHu. TospKO BHYTpH wapa y(x) H
@ (x) nocratoyHo 6nu3kH no Hopme. Ho wap —orpannyennoe u
3aMKHYTOE MHOXKECTBO 3HAYeHHH KOOPIMHAT @, TMO3TOMY HENpephB-
Hasd (PYHKUUS KOOPAHHAT |ly — @l| MOCTHraeT Ha HEM TOYHOH HHUXKHEH
rpaHy.

CnenoBaTe/ibHO, B JIIOGOM JIHHEHHOM HOPMHPOBAHHOM IpPOCTpaH-
cTBe NpH JHHEHHOH ammpokcumauuu (37) HauJyullee NpuUOTHKEHHE
CYILIECTBYET, XOTfl HE BO BCAKOM JIMHEHHOM NpPOCTPaHCTBE OHO €IHH-
CTBEHHO.

Ha mnpakTHKe HCmosb3yloTca mnpocTpadctBa L, u C. B atom
naparpage paccMOTpUM TpHOJHMKEHHst B TpPOCTpaHcTBe Ly, T. e.
CpelHEKBAIPaTHIHYIO aMMpOKCHMALHIO.

2. Jluneiinag annpokcumauusa. PaccMoTpuM THJIb6€pTOBO IIPO-
CTPaHCTBO L, (p) NeHCTBHTENbHEIX (YHKINHA, HHTETPUPYEMBIX C KBajpa-
ToM ¢ Becom p (x) >0 Ha [a, b]. Hopma B nem paBna || f ., =V (, f),
rie CKa/JsipHOe NPOU3BENEHHE ONMPENENEHO CJIENYIOUHM 00pasoM:

b

¢ =50 ®F® e dx.

a

dusnyeckuil CMBICA BecoBoit (QyHKuWHM GynerT moscHen B 1. 4. BriGe-
peM B KauecTBe annpOKCHMHpYHOmed QYHKUHH JHHEHHYIO KOMGHHA-
uuio (37). IMoxcraBasia ee B ycjoBHe HaWMy4yllero npubauxenus (36),
HOJTY4HM <

ly—eli, =, y)—2kZ]l % (Y P+ D) %am (Pr, Pm)=min.

kyom=1

[MpupaBHuUBass HY/MO NPOM3BOAHBEIE MO KO3(ppUUHEHTaM, MOJYYHM
CHCTEMY JIHHEHHBIX ypaBHEHHH

3 (P Pm)am=1(y, @), 1<k<n. (38)

m=1

Ee omnpegenutenb ectb onperenutens ['pama  OGyHKuuE @ (x);
MOCKOJIbKY (QYHKUHUH JHHEHHO-HE3aBUCHMH, OH OTJIHYEH OT HYJIA.
Cuiel0BaTe/IbHO, HauyuuLlee tpeOHexsadpamudroe npubausicerue cyujecm-
eyem u eduncmeenno. IS €ro BHIYHCJIEHHS HEOOXOAHMMO peUIHThb
CHCTEMY JIMHEHHBIX ypaBHeHHH (38).

JIvHeAHO-He3aBUCUMYIO CHCTEMY (YHKIHUH MOXKHO OpPTOrOHAIH3HU-
poBatb. IlycTb @ (x) yxe o6pasyloT OPTOHOPMHPOBAHHYIO CHCTEMY,
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T. e (Qr, ©m)=0sm; Torza cdopmyas (38) pesko ympollaloTcs H
CTaHOBATCS yIOGHBIMH JIJIfi BBIYHCJIEHHH

b
o= (e ) =Fp Dy (D) P () dx TPH (Pes Pm) =bem. (39)

a

Oro kosdduuuentst Pypbe, Tak 4UTO Hauyduiee npubiudicerue ectio
ompe3ok 0606ujenHoz0 pada Dypee.

Ecau GyHKUHH @ (X) 00pasyloT IOJHYI0O OPTOHOPMHPOBAHHYIO
cHCTeMy, TO B cuay paseHcTBa Ilapcesass

ly—oli,= > a.
k=n41 "

3HauuT, TMpH A —>0O HOpMa TOrPEIIHOCTH HeOrpaHuuyeHHO yOuiBaer,
T. e. HauJyullee MpUGIHKEHHEe CPeIHEKBAAPaTHYHO CXOMMTCA K Y (x),
¥ BO3MOXHA aNMpOKCHMalHs C JI060H TOYHOCTBIO.

OTMeTHM, YTO €CJH @, (X) He OpPTOTOHA/BHBI, TO MPH H—>CO
onpeneaurens I'paMa OGBIIHO GBICTPO CTPEMHTCS K HYJIO, cucTeMa (38)
CTaHOBHTCA IJIOXO OGYCJOBJIEHHOH, T. €. e pelleHHe CBA3aHO ¢ 60Jb-
mwo# moTepedl TOYHOCTH (cM. raaBy V), H Gospme 5—6 uneHos
cymmel (37) Gparh Hemesecoo6pasHo. YHc/ieHHasi OPTOrOHA/IU3aLUA
Gasica 0OpPH STOM TOXKE TNPHUBOAUT K OOJBLIOA TMOTEPE TOYHOCTH.
[TosTomMy eciay HY:KHO O6OJIBILIOE YHMCJIO YJIEHOB, TO HaA0 WJHM MpO-
BOAHTb OPTOTOHAJIH3ALHI0 TOYHO (aHAJHTHYECKH), HJH T0Jb30BaThCH
FOTOBLIMHM CHCTEMAaMH OpPTOTOHAJBHBIX (PYHKLHH.

Tpu uHTepnOMALMKM Mbl OGHIYHO MOJaraiH @y (x) = xk. Ilas cpenne-
KBaJpaTHYHOH amnmpoKCHMalHH yloOHee B KauecTBE @ (x) 6parhb
MHOTOUJIEHBI, OPTOTOHAJbHEIE C 3alaHHBIM BecoM. HawuGosee ymorpe-
6uTe/IbHBl M3 HHX MHOTOUY/IEHBl $JKOGHM (YaCTHBIM CJyYaeM KOTOPBIX
ABJAIOTCS MHOrousieHnl Jlexannpa u UeGwiueBa), Jlareppa u Spmura.
Jlis annpoKCHMalUH NepHOAHYeCKHX DYHKLHHA HCIONb3YIOT TPHIOHO-
MeTpHYecKHil psf; oH cooTBetcTByeT p (x) = 1. CBoaka cdopmysa nis
OpTOTOHAJBbHBIX NOJMHOMOB npHBeleHa B [IpHJoxkeHHH.

Bce mnepeunc/ienHble Bhile CHCTeMbl (YHKUHMH TOJIHEIE, TaK YTO
HauJyqlide NPUGJIMKEHHS 0 HUM CpPeIHEeKBaJPaTHYHO CXOAATCS NMpPHU
n—>oco, ecad y(x) WUHTerpupyeMa C KBaJApaToM C 3aJaHHEIM BECOM.
Ilpu Gosee CHUJIBHBIX OTpaHUYEHHSX HMEET MECTO CXOIHUMOCTb BO BCeX

TOYKax H Jaxe paBHOMEpHasA CXONHUMOCTh. HpHBE}leM 6e3 noKasa-
T€JIbCTBA HEKOTOPHIE pe3yJ bTaThl.

a) Pap no MHorounenam $fko6u P",‘; B (¥) CXOmHMTCSi K HenpeprlBHOH GYHKUMH
y (x) paBHoMepro Ha [— 1, 41], ecnm cymecTByer HempepriBHaa y'P) (x) npu
HeKoTopoM p=2-2max(x, P) ® ectw max (&, f)=—1/,. B wactuocru, ana
MHorouneHoB UeGulleBa mepBoro poja HOCTaTodHO p=1, a A1 MHOrouwieHos
YebriieBa BTOpOro poja p=3. Jlas MHorouneHoB JlexaHapa JoKas3aH Gosee CHJib-
Bl Pe3ysIbTaT: PSIA CXORMTCS DPABHOMEPHO, ecJH CYIIECTBYeT OrpanuueHHas y' (x).
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6) Ecau ¢yHKuHS y(¥) KyCOYHO-HeNMpephiBHAA H KYCOUHO-IIagKas Ha [0, oo)
H CymecTsyeT

§ e/t vit |y ) [y,
0

TO pfj Mo MHorouwaeHam Jlareppa LL“) (x) cxonutcs K QYHKIMH B TOUKax ee Hempe-

BIBHOCTH H K TMOJIyCyMMe OJHOCTOPOHHHX npeenoB /s (y, ---y_) B TOukax pasprBa.
gra CXOJHMOCTb, BoOOIle roBops, He paBHOMepHas.

B) Ecim ¢yHKUMA y (¥) KycouHO-HempephiBHAas H KYCOYHO-IVIagkas Ha (— oo,
~-00) u cymecTByer

“+ oo
§ ey (0| x]dx,
—o0

TO psAA MO MHorouneHam OSpmura H, (x) CXODHTCA TaK e, Kak B IpeAbllymeM
a63aue. ‘

r) Ecniu y () nepHopnueckasi W HempepeBHAs, MPHUEM €€ MOAYJb HempepeB-
HOCTH YZI0B/eTBOpsieT yeaosuo o (8) << C6%, 0 << o << 1, To ee TpHroHOMeTpHYeCKHi
pan -dypre paBHOMEpHO “TXOIHMTCH K Helt Ha BceM mepHofe (MpH3Hak Jlummmua);
B YaCTHOCTH, 3TO YCJOBHE BBIMONHSETCH A1 (YHKUHH C OrpaHHYEHHOH MpOH3-
sonHo#. Ecim QyHKIHMS MMeeT orpaHHYeHHYIO p-I0 MPOH3BOLHYIO | yP (x) | << M,
a BCe M/ajliue NpPOH3BOJHbLIE HENpepLIBHBI, TO AJIS1 MOrPEIHOCTH TPHTOHOMETpH-
yeckoro psga Pypbe H BeJHYHH OTACHBHHX KO3((HIHEHTOB CIpaBeJHBBHl OLEHKH

Inn
© IRy <AM, o,

ay=0 (k= P +V),

rie A —xkoucranra. BupHo, 4To npH GoMblMX p psf cxofuTcs Geictpo. Ho ecin
y(x) KycouHo-HempephiBHa, TO CKOJNBLKO GBI HH ObLIO Y Hee KYCOYHO-HENpephIBHBIX
M OTPAHHUEHHBIX INPOM3BOLHHIX, €€ KoapouuueHnTrr Dypne yOHBAIOT He OBICTpeil
ap=0 (1/k), ¥ psAL CXOLUTCS MELNCHHO (MM Jaxe PacXONHTCH).

Bameuanue 1. CxomuMocTb He BO BCEX PAaCCMOTPEHHBIX CJIy-
yasx Owljia paBHOMepHOH. DBoJsiee Toro, He cyuiecTByeT Takoro Beca
p (x), 4TOGHI JIOGasi HenmpepbiBHAs GYHKIMA Y (x) pasJaraiach B paBHO-
MEPHO CXOAswMiics PAN MO IOJHHOMAaM, OpPTOTOHAJbHBIM C 3THM,
BecoM. [lio Bya-Pefimonaom u JI. DefiepoM GbliIX MOCTPOEHE! TPUMEPHI
NEPHOJHYECKHUX HENpPepHBHBIX (YHKUHH, Y KOTODBIX TPHTOHOMETPH-
yeckuil psit Pypre B OTHEJBbHBIX TOYKAX PaCXONHTCH.

-3ameuanne 2. CXonuMOCTb CpelHEKBAApPaTHYHOrO MpPUGIHIKe-
HHSI TeM Jyuile, 4YeM MeHblle y GYHKLUHH y(x) ocoGeHHOCTeH —
paspeiBOB ee caMOil HJIM ee TPOH3BOAHBIX. EciH MOXHO BBIIEIHTB
OCHOBHHIE OCOOEHHOCTH B BHJE HECJOXKHOH (YHKLHH Y, (¥) U anmpok-
CHMHpPOBaTb PasHOCTb Y (X) — Yo (X), TOYHOCTD aNNPOKCHMAIHH CYLIECT-
BEHHO yJy4Llaercs.

Hanpumep, nepHOAHYECKH MPOJONNKHM (YHKIIHIO, H306paxKeHHYIO
CILIOIIHOM JuHHeH Ha puc. 11, W anmpoKcHMHpyeM ee TpPUTOHO-
MeTpuyeckuM psagoM Pypbe. ITOT PsAL CXONHTCA B KaxIOH TOUKe,
HO HepaBHOMEpHO, HGO MEepHOJAMYECKOe MPOAOJIKEHHE Yy (X) Pas3phIBHO.
Eciu e Mbl TOJNOXKHM Y, (X) =X, T0 dyHKIUA Y (X) — Yy, (x), u306pa-
JKEHHasi TYHKTHPOM Ha puc. 11, uMeeT HenpephlBHOE NepHOXHYECKOE
nponosxkenHe, H ee pag QPyppe CXOAHTCA K HeH paBHOMEPHO.
CKOpOCTb CXOAMMOCTH psiia MNPH 3TOM TaKXKE€ BO3PacTaer.
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n
Bameuanue 3. AsnreGpauueckuii MHOTOWNeH P, (x)= Y aux*

HauJy4Ilero CPefHeKBaJApaTHYHOTO TNPUGIHKEHUs 06/afaeT CBOHCT-
BOM, HaINOMHHAIOIIUM JIarpaHXKEBY HHTEPINOJISLHIO: PasHOCTb Y (X) —
— P, (x) Ha uHTepBane (a, b) umeer He MeHee n 41 Hynsa. B camom

}V
xr y
‘s,\ -A

,\“\/a ~L | d&ﬂotp

N7 g&
4 Y
LY/ / \
ll \‘ . va , |~Z'

=T ” .\~f/}[ - V/j .71"
9o = 45
Puc. 11. Puc. 12.

Jese, TpeNIOJOXKHM O6GpaTHOe: HyJH 3TOH pPasHOCTH CYTb X;, IIe
j=1,2,..., m<n. CocraBUM MHOTOY/IEH

Qn ()= H (x— X/)— Zbkx ;

l_

Torga npousBeseHue [y (x) — P, (x)]Qm (X) HE MeHseT 3HaK, ClenOBa-
TeJIbHO,

b m n
10 W[y () —Pr (] Qn (9 dx =3, bil(¥, ) — 3+ £ @] 0.

Ho ecau B (38) moJioRUTD @, (x) = x*, TO KBafipaTHble CKOOKH B CyMMe
JIOJIKHBL 0GpaTHTbCA B HYsb. [losyyeHHOe MpPOTHBOpeuHE JOKa3biBaeT
Halle YyTBepXKJIeHHe.

3. CymmupoBanne psinoB Pypre. Haxoxnenne Hau/aydlllero npu-
GaMKeHHS] TPUBONUT K CyMMHpoBaHHIO psanoB. Kasamocw G6vl, mpo-
CyMMHpOBaTh psj HeTpyaHo. Ho, Bo-mepBBIX, OH Ja/eKo He Bceria
CXOIMTCSl. paBHOMEDHO, Jaxe INpPHU HAJIHYUH CXOAHMOCTH B Kaxmoﬁ
touke. Tak, eciu y(x)=1 Ha nepBoﬁ MOJIOBHHE TepHOna H y (X) =
Ha BTOpPOH, TO MaKCUMYyM YaCTHOH CyMMB! TPHTOHOMETPHYECKOTO pfma
®ypre crpemutca K 1,09 mpu n—co (sBnenne I'm66ea, puc. 12),
x0T B Jo60OH TOYKE, KPOMe TOYKH pasphiBa, 3TOT PAX CXOAHUTCH
K (QYyHKLHH.
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Bo-BTOpBIX, €CJH Haj0 CYMMHPOBaTb MHOrO YJEHOB psja,
TO MPOHUCXONHT GOJbIIOE HAKOMJIeHHEe NMOI'PEINHOCTH BXONHBIX AaHHBIX
H Jaxe TMOrpellHoCTH OKpyraenus. Hanpumep, pan Te#sopa pias
y(x) =sinx cxonuTcs mpH MoOHIX 3HAYeHHAX aprymenra. Beiuucaum
sin 25560°, ucnonme3ys OBM ¢ 16 3navamumu nudpamMu H nmpekpamas
BLIYHCJ/IEHH A, KOTJa OuepeNHON uJjeH psifa Gyler meHee 10-8. Tlomy-
uuM GeccMBbIC/EeHHBIH oTBeT: sin 2550° = 29,5!

[TpuyuHa COCTOMT B TOM, YTO BBIYHC/IEHHS C 3alaHHBIM KOJHYe-
CTBOM IIHpp 3KBUBAJEHTHH BHECEHHIO MOTPELIHOCTH B KO3((HIHEHTH
psina. TlorpellHoCTH BHOCATCS M B TOM CJyyae, €C/IM HaXOAHUThb
Ko3pduuneHTsr no Qopmyaam (39) He aHANMTHYECKH, A YHCJIEHHO.
A 6eckoHeuHBIE psAABI, BOOOIE IOBOPA, HEYCTOHYHBHL I0 OTHOIIEHHIO
K TOTpelIHOCTH KoahduineHToB. B camoMm jesne, H3MeHHM Bce KO3(-
(GuUMeHTH ap pAfa Pypbe Ha Majbie BeJHYHHB £y (§); TOrla cymma
pfAla H3MEHHTCA Ha

[oe]

> er (x) 9 () =8 (x—E),

k=1

T. e. npu ¥=_, U3MeHeHHe CyMMBbl GECKOHEWHO BesHKO. TakuM obpa-
30M, CyMMuposanue GecKOHeuro20 pada DPypee s6AfemCs HeKOpPeKMHOL
3adadeli, u TpeGyeTcs KaKad-TO PEryjspH3alyds CyMMHpOBaHHS.
Peryasipusaunus no 4uyucay dnaeHnoB. [lpocrefimei
peryJspusaiueii sBIAETCS HCMOJNb30BaHHE HEGOJIBLIONO OTpe3ka

afa
P N (e)

¢ (x; N)= Z arer (%),

k=1

riie BepXHHi Npefesl CyMMHPOBaHHS €CTb QYHKUHUS OIIHOOK € OTIeb-
HBIX KO3(duuueHToB. Uem MeHbIile &, Tem GoJblie nonycrumoe N (g).

OleHHM ONTHMaJbHOE YHCJIO YJIEHOB JJIs TPHTOHOMETPHYECKOTO
psna ®ypre. Omub6ka u3-3a or0pachblBaHHA [LajieKHX 4YIEHOB psja

paBHa
[ee]

61 = Z al-e(Pk (X),

k=N +1
a omubKa H3-32 NMOTPEIIHOCTH KO3((HIHEHTOB COCTaBJSET

N
8= Z 8arpr (x).
E=1

Ipu yBennuenun N Ha elMHMIY nepBas oHOKa YObIBaeT Ha BeJH-
YHHY an.1Pn+1 (%), @ BTOpas BospacraeT Ha Oay.+1Qn+p (X). Oue-
BHIHO, NpH MaJbiX N KO3(ppHLHEHTH ay BeNHKH, U npeobianaer yOul-
BaHue MepBodl OIMOKH, a NPH A0CTaTOYHO GoJabliux N mnpeoGianaer
Bo3pacranue BTOpofl. OnTHManbHOH fABJIAETCA CHUTyallHs, KOTAa
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CKOpOCTH M3MEHEHHs 3THX OWIMOOK DaBHEL, T. €. NPH ayiy~0ay.q.
TMonydaercsi €CTECTBEHHBIH BBIBOA: HA00 CYMMupoGame MOA6KO me
4aeHbl PAOQ, KOIPGUYUERMDL Gy KOMOPBLX NPEsbILULAOm YPOBerb OtULOKLL
8a;. CyMMupOBaHHE CJENYIOMMX WYJIEHOB psia TOJMBKO YXYHAIIAeT
TOYHOCTb M MOXKET IpHBECTH K OecCMBICIEHHOMY pe3yJbTaTy, Kak
BUAHO M3 TpHMepa ¢ BbluucaeHHeM sin 2550° (B KoTOpoM pOJib OIIH-
. 60K KO3()HUIMEHTOB HrPaiOT NOTPEIIHOCTH OKPYTJIEHHS NPH BHIYHC/IE-
HUH MaKCHMAJIbHBIX YJIEHOB CYMMBI).

PaHee O0TMeUYasoCh, YTO €CJAH y(X) HUMEeT OrpaHHYEHHYIO p-I0
IPOH3BOAHYIO, To ay =0 (N~(P+1). Orclona cienyer, 4o no NOPAAKY
BEJIMYHHBL ONTHMaJbHOe 4YHcao uiaeHoB N =0 (6a~1/@+D), a nocru-
raeMas OpH 3TOM morpemHoctb &;+ 8,=0 (6ar/P+D). Ina pocra-
TOYHO TVIafKMX (YHKUHE ONTHMAaJbHOE YHCJIO YJIEHOB OKasblBaeTCH
HeGOJbIIMM H TpPH YMeHBbIUEHHH 8a pacTeT, HO JOBOJIbHO MEAJIEHHO.
JlocTuraeMasi TOYHOCTb TEM BHIILE, yeM 60JI€E BLICOKHE INPOH3BOJHBIE
HMeeT (PYHKUHS.

‘Perynsapusaunus ¢dopMm—cdakTopom Onucannsii cnocob
HanoMHHaeT oGpe3aHue IIyMOB B paauoTexHHKe. Ho mogaBiasaTh mIyMmel
MOKHO H C TOMOLLBIO (opM-pakTopa, JIHIIL OCJHAGISIONEro BbICOKHE
gactotel. JIJIsi 3TOrO KaKabli useH psAna (37) HesaT Ha COOTBETCT-
BEHHO IORoGpaHHyl BeauunHy 1--b, M CyMMHPYIOT JOCTaTOYHO
6oJIbLIIOE YHCJIO YJIEHOB psAla

D) e (0/(14+be),  br=0,

=1

rie npu Majgelx HoMepax b,~~0, a mnpu Go/IBIINX HOMepax OHH
JIOCTaTOYHO OGHICTPO BO3pacTaloT, npuueM by,—-oco. Perynspusauus
MO YHCAY 4YJEHOB O3HauaeT, 4To BbIGpaHo b,=0 npu R<<N u
b,=co npu k> N. EcrectBenHnli cnoco6 BIOOpa peryJaspU3HpyIo-
mux Muoxwureneit npentoxui A. H. Tuxonos [44], nokasaBmuii, 4to
€CJIH OPTOTOHA/IbHAS CHCTEMa @ (X) €CTb CHCTEMa COOCTBEHHBIX (hyHK-
uuit 3agaun Llrypma — JlnyBuamsa:

P E]-D+a@lewm=0 ¢@=¢@®=0,

To cymmy 0606ieHHOro psita Pypbe cienyeT 3aMeHUTb Ha

O @)= Y Ty %0, >0 (40)
k=1

IMockonbky coGCTBEHHblE 3HAYEHHS A, MOJOXHTENbHEL M OBICTPO
pacTyr npH k—>oco, TO OWMOGKH Ha BHICOKHX YacTOTaX XOPOLIO
nonasasoresa. B riase XIV, § 2 Gyner nokasaHo, 4To CyMMHpOBa-
Hue psfa (40) ycroduumBo, a cymMmma @ (x; &) paBHOMEPHO CXOLHTCH
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K y(x) npu € =max|6a,|— 0, ecu napamerp — 0 mo onpeznene-
HoMmy 3akoHy. Tam ke GyleT paccMOTpeH BHIGOp Iapamerpa pery.as-
pusanuu o; cefiyac OTMETHM, YTO ONTHMalbHOE & = (€) MOHOTOHHO
cTpeMuTcss K Hymo npu e —0.

TMonbITKH YAYYIIHTE CXONMMOCTb TPHIOHOMETpHuecKMX psgos dypre mpen-
NpHHHMaNuCh JaBHO. B MeToge Pefiepa paccMaTpuBaroTCs YacTHble CYMMBI psija
Pypoe:

@ (x; n)=ao/2+ Y, (a5 cos kx+ by, sin kx),
E=1

H COCTaBJseTCH (yHKUHS
N -1
l‘ .
Yo =g Y, 90 0.
n=0

Sra ¢yukuus npu N — 0O PaBHOMEPHO CXORHTCH K y (X), €CNH ToclefHSS Hempe-
peiBHa. CKOpOCTb CXOJMMOCTH HEBe/IHKA; €CJH OrpaHMYHTHCH HEGOMBIUHM YHCIOM
YneHoB, TO BCe pe3kHe KoneGanus ¢(yHKmHE 6yAyT CHIbHO criaxeHsl. PeanbHo
Ina Xopollell mepenayn OLHOTO Pe3KOro CKauka Hajo B3ATh oKoJo 20 rapMoHuK,
a 10 rapMOHHK JalOT HEBHICOKYIO TOYHOCTb. ;

Bosee GLICTPYI0 CXONHMOCTE H MeHbllee CIVIaXXHBaHHE (QYHKUHH JaeT MeTox
o-MHOXHTene# Jlarmowa. B HeM yacTHas cymma @ (x; #) ocpelHSIeTCS NO OTPE3Ky
% = 1t/(2n), T. e. MO OJHOMY IOJNYNEPHONY HaMBbICIIeH FapMOHMKH. 3TO MPHBOAMT
K YMHOXEHHIO KaXJOIO WYJeHa YacTHoHl CyMMel Ha op= (2mt/(ntk)) sin (k/(2n)).
Meton Jlanmowa mo3sosisieT faxe mouneHHo auddepenunposats pajy Pypee, npn-
YyeM BBHINOJHEHHE BCEX BHIKJANOK NMPHBOIMT K HeCJOXHoH dopmyse

¥ o5 m=ge [p(x+2 5 n) g (x— T n)]

Ha meros Jlanuoma moxox Metoy C. H. Bephuimtefina, B KOTOpPOM NoJaraiot
1 2n
P n)=7[cp(x, n)-l-(P(x-l-gn—_T_T, ”)]

310 ofecneynBaeT PaBHOMEPHYIO CXOLUMOCTE st I0GOH HETpepLIBHON GYHKUMH Y (x).

OfHako ToC/TeHHe TPU MeTOja He CIHIUKOM TOYHH, M 06/JacTb HX NMpHMEHH-
MOCTH y3Ka; M03TOMy ¢ NosBleHHeM peryaspusanud mo A. H. TuxoHoBy ux moutn
niepecTall ynorpe6aars. .

4. MeTon HaMMeHbIIMX KBaApaToB. Ec/iH BelecTBeHHBIE QYHKIHH
3ajaHBl Ta6/JIMYHO, T. €. Ha KOHEYHOM MHOXKEeCTBE TOYeK, TO HX CKa-
JfpHOE TpPOH3BENEHHE Onpefensercs GopmyJIon

N
F, =D of ) @), >0, 41)

i=1
rie N — rnojiHOe YHCJO Y370B TabJHIH. Torza yc/J0BHME HAHJYYIIEro
CPeNHEKBA[paTUYHOTO NPHOIMKEHHS TNPHUMET BHA

N N
A 8 ) 0=} pi[y () — ¢ (x)]? = min. (42)

i=1 i=1
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BriGepeM JHHEHHYIO anmnpOKCHMALHIO
n
Q) = D) 2 (x)
k=1

¢ udcnoM uneHoB n<<N. Torna kosdduuueHTsl annpokcUMaLHH
HaxonATcsa U3 ypaBHeHu# (38), rae ckalsipHHIE MPOM3BENEHHS HAMO
6paTb cOrjiacHO (41); 3TH ypaBHeHHA MOXHO MOJYYHTb ¥ HEMOCpEn-
CTBEHHO, MOJCTAaB/IAA OGOOILECHHEIH MHOrowleH B (42) U npupaBHHBas
HYJIO NpPOH3BOJHBIE N0 KoapdunuentaM. ONUCaHHHIH C110co6 HaXoxae-
HHS AaNNpOKCHMAlLHH HAa3bIBAETCH MEmo0OM HAUMEHbULUX KEAOpamos.
Metox HaWMeHBIINX KBajApaTOB IUHPOKO HCNOJB3YIOT AJisi oGpa-
OOTKH 3KCHEPHUMEHTAJbHBIX KDHBBHIX, TOYKH KOTODEIX H3MEpPEHH
C 3aMETHOH TOTpeIIHOCTbI0 €. B 3ToM ciyuae Becy p; mpuaaror
CMBICJI TOYHOCTH H3ME€DEHHs JNaHHOHU TOYKM: 4YeM BHIIlIE TOYHOCTb,
TeM OoJiblllee 3HAYeHHE Beca IPHIHCHLIBAIOT TOYKe *). ANNpoKCHMH-
pywouaa KpHBas O6yaeT mNpoxo-
lgv(t) IUTb OGAMXKE K TOYKaM C G6O0Jib-
wuM BecoM. CxopHble coobpake-
HUS MCIOJNB3YIOT B MaTeMaTHye-
CKOH IOCTaHOBKe 3ajauu: BHIGH-
paloT BeCOBYIO (QYHKiHIO p (X)
60/IbIIOH TpH TeX 3HayeHHsX
apryMeHTa, rie HYXHO NOJYYHTh
GoJiee BBICOKYIO JIOKaJIbHYIO TOY-
?  HOCTb anmpOKCHMALHH.
’ Eciu uncno kosdduuuenton
annpoKCHMalHd n B3fiTb paB-
HBIM yHcaAy y3i1oB N, To cpen-
HEeKBaJpaTHYHas AaNNpOKCHMAIUs COBNAjeT C JarpaHXKeBOH HHTEp-
noaauuesi. OueBHAHO, TpH HAJMYHM  3HAYHTEJbHBIX  OIIHGOK
9KCIepUMEHTa HHTEpONALUsA HepasyMHa. JTO XOpOLIO BHIHO U3
puc. 13, mnoKasbBalOIEr0 OMHCaHHE H3MEPEHHH pajHOaKTHBHOIO
pacnaja B BbIPABHUBAIOI[UX NEepeMEeHHBIX HHTEPIOJISLHOHHBIM MHO-
royjeHoM (MYyHKTHpP) H TpAMOH, HaHIEHHOH METONIOM HaHMeHb-
UX KBajapatoB. I[lockosmpky mnpu nAa=N cpenHeKBajpaTHYHAs
annpokcuManusa 6JM3Ka K HHTEepIOJALHH, TO XOpollee CriaXKUBaHHe
OIHGOK 3KcmepuMeHTa 6yner npH n < N; HO ec/H n CJIHIIKOM Majo,
TO JUIS1 OTHMCAHHUS CJIOXKHOM KPUBOH KO3((HLHEHTOB MOXKET HE XBaTHUTh.
JoMKHO CyLIeCTBOBaTh KAaKOe-TO ONTHMaJibHOe YHC/I0 Kodthduuuen-
TOB; OHO 3aBHCHT OT (QYHKUHH y(x), 4uciaa y3aoB N, HX pacmoJo-
JKEHHs, BECOB M OT BHIODAHHOH CHCTEMHB @ (x).
OnruMmanbHOe YHCIO0 KO3(QQHUIHEHTOB ONpenessioT CJAeAYIOMUM
o6pasoM. BriGupaioT HeKOTOpOe 7, HaXOAAT U3 YCJAOBHA (42) coot-

Puc. 13.

*) O6eluHo nonaraioT 0,=¢g;?,
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BeTCTBVIOUIHE KO3dhduIHeHTH al®), 1 << k<< n, BHIUUCJSAIOT NOJYUEHHOe
k y

IpH 3TOM CpelHeKBaJpaTHUHOe YKJOHeHHe O, ¥ CpPaBHUBAIOT €ro
C M3BECTHOH MOrpemHocTblo 3KcmepumeHta. Ecmu 6,>¢€, T. e. marte-
MaTH4ecKasi MOrpellHOCTb aNNPOKCHMAIMH MHOTO GoJiblle GpU3HUECKOH
HOTPELIHOCTH HCXOAHBIX [AaHHBIX, TO YHCJIO KO3((HIMEHTOB HemocTa-
TOYHO JJIf ONMHCaHHA y(x), ¥ Hamo yBequuuth n. Ecmu §,<e,
TO cTapluve Ko3(dHIHEeHTH annpoKCHMalHH (H3UUeCKH HeJOCTOBEpPHBI,
U Hago yMeHbUHTb n. Ecin 8,~&, TO uucao k03D HLUHEHTOB
ONTHMAJbHO.

OGbluHO HaAuMHAOT pacyeT ¢ n=1, Korna HaBepHsKa 6, <€, H
YBEJIUUHBAIOT YHCJIO KO3(PGULHEHTOB A0 TeX NOp, NOKAa He BHIIOJ-
HUTCA ycnoBHe 8,~~¢. Ecan npu 3toMm n <N, TO BHI annpoOKCHMH-
pytoumel GyHKUMH BeiGpaH yaayHo. Eciu xe ng,, ~ N, To crenyer
NOUCKAaTh GoJsiee TMOAXOAAINMH BHJ aNNpOKCHMHpYIOMmEH QYHKIMH.

OnucaHHasi TNpPOLEAYpa HAaNOMHHAeT peryisipH3alHio CYMMHDOBaHHS psja
®ypee no yucay ujeHos. CriaxuBaTh 3KCNepHMEHTANbHBIE KPHBble MOXKHO H pery-
asipusaumeis no A. H. TuxonoBy (cm. raaBy XIV, § 2); npu TakoM craaxuBaHdM
He TpebyeTcsi INpPeANoOJOXeHHH O BHJe aNNpOKCUMHpYIOWeH (YHKUMH, HO OHa
VCIELIHO BBHIMOJHSIETCS TONBKO NpPH JOBOJBHO GoJbIUOM uHcie y3noB N. ITpu oueHb
ManoM N HaxOXAeHHé ONTHMAJbHOrO YHCIa KO3(DGhHLUHEHTOB CraHOBUTCS TPYAHOMH
3ajaueli; TpeGyeTcsl OoYeHb YHauHO MORo6paTb BHA @ (X), a A/ ONpefeeHHs JOCTO-
BEDHOCTH De3y/bTaTOB HeOGXOAMMO NpPHBJIeYb ammapar CTaTHCTHKH (cM. ruaBy XV),

OrMeTHM HEeKOTOpble YMOTpeCHTeNbHble YacTHble CJIyyau METOAA
HaHMEHbLINX KBaJpaToB.

I1e p BBl fi — noJIMHOMHAJIbHAS ANNpPOKCHMANHS, KOTAa @y (x) =x*
npu 0<<k<<n. Cucrema (38) npHHHMaeT NpH 3TOM BHJ

> M a=(y, &), O<m<n, (43)
k=10

N N
(m, ) =3 ol T,y xm =Y ol

i=1 i=1

ITockonmbKy cTemeHH Ha JiIOGOM OTpe3ke 06Gpas3yloT YeGhILIEeBCK VIO
CHCTeMy, TOo onpefenuTenb I'pama OTJHMuYeH OT HyJs M 3anaua (43)
uMeeT enMHCTBeHHoe pemieHHe. Ho cucrema creneHeil He oproro-
HaJIbHA, U NpH GOJBIIMX 3HaUeHHAX n 3ajaya (43) miIoxo o6ycJoBeHa.
MoxHO 0GOHTH 3Ty TPYAHOCTb, CTPOST M HCNOJAb3YS MHOTOUJIEHHI,
OpTOrOHAJIbHBIE C 33aJaHHEIM BeCOM HAa 3aJaHHOH CHCTEMe TOUYEK; HO
K 3TOMy npuberaloT TOJbKO B 3ajayax, CBA3aHHHIX C OCOGEHHO
TIATeJbHOH CTaTHCTHYECKOH 006paboTKoH sKcmepumeHTa. OGLIUHO Ke
OrpaHHYMBAIOTCSl HeGOJBIIHMH CTeNeHsIMH nA~Az2-+5, Korza o6y-
CJIOBJIEHHOCTb 3ajaud (43) yloBJIeTBOpHTEJbHA.

Bropoi#t cayuaii—TunuyHas pajHOTeXHHYeCKas 3ajaua O TpH-
FOHOMETPHUECKOH aNNpOKCHMALMH NEPHONHNYECKOro CHI'HaMNa, H3MepeH-
HOro yepe3 paBHBE JOJHM MepHOAa, T. €. Ha pPaBHOMEPHOH CeTke
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Xp=2np /N, rne 0<<p<<N —1. Bec B 3TOM ciyyae MOXKHO CYUHTaTb
NOCTOSIHHBIM p, = 1. CHcTeMa KOMIJIEKCHBIX QYHKIHH @ (x) = exp (iRx)
OpPTOroHa/JibHa C HEENMHHYHOH HOPMOH Ha 3TOH CeTKe; B CaMOM Jele,
HX CKaJsipHOE INIPOHM3BENEHHE PaBHO.

N—1 N—1

% 2ni
@ @n)= D @ (%) on ()= X exp[ T (m— 1) p| =Ny,

p=0 p=0 ’ ’

ITostomy koa(bHIHEHTb! annpOKCHMALMH MOXKHO HaXOAHTb 1O dopmy-

Jam (39) nNpH yCJOBHHM BBEIEHHSI HOPMHPYIOLIETO MHOXHTEJS, YTO
NPHBOAHT K TaK HasbiBaeMblM ¢GopMysaM beccess

n
y(x)~ D) apexp (ikx),
k=0
Vo \ (44)
. J
Ge=17 Z Y (xp) exp (—ikxp),  xp=" p.
p=0

Bnarogapsi oproroHanbHOCTH cucTeMsl (GYHKUME 3TH (opmyJsl Ges
NOTepH TOYHOCTH MOXKHO HCINOJb30BaTb NpH Gosbmwux n U N (pasy-
meercsi, n<< N —1). OcofenHo yacto BweiGupamtT N =12, ubo Torzia
Bce KO03(D(HUIHEHTH OueHb NPOCTO BHIYHCJSIOTCS.

TpeTu#i cayuaill —3TO HeCJOXKHOe Crya’KHBaHHe SKCIepHMeH-
TaJbHBIX TabJUL, TOYKM KOTOPHIX M3MEpeHbH CO 3HAYUTENbHBIMU
omwn6kamMu. BosbMeM HECKONBKO COCEIHHX TOYEK, U B 3TOM y3KOM
MHTEpBaJe MOCTPOUM CPEIHEKBAJAPATHYHYIO ANNPOKCHMAUMIO C OJXHHM-
JByMs mapameTpaMH. lleHTpasbHOH TOuKe mNpHIHIIEM TO 3HaueHHe,
-KOTOpOe JaeT anmnpokcumauusi. /s paBHOOTCTOAIUHMX TOYEK H elu-
HHYHOTO Beca 3TO NPHMBOAMT K HeCJOXHbIM ¢opmynaM. Hanpuwmep,
AJSl TpeX TOUeK IIpH annpoKCHMAalHH MHOTOYJEHOM MepBOH CTENeHH
U3 (43) HEeTPYAHO MOJNYYUTH

 Ti="Ys (Gos Y1+ i) (45)

B panuorexHuke 3TOT cnoco6 Cria)KHBaHHSI HAasbIBAIOT (usbmpon,
H60 OH ocja6/sieT BLICOKOYACTOTHBIE KoJeGaHHsi, MaJjo BJHAA Ha
HH3KOYaCTOTHLIE,

Bce croco6b! criiakuBaHHS HaJl0 IPHUMEHSITh OCTOPOKHO, TTOCKOJIBKY
IPH 3TOM MOXHO HCKAa3UTh NOBeleHHe GYHKIUH.

5. Henuneiinas annpokcumauusa. JluHeliHasi, ocoGeHHO JHHEHHAs
NOJIMHOMHAJIbHAS, aNNpPOKCHMALUS 4acTO He COOTBETCTBYET XapaKTepy
¢ynakuuu. Hanpumep, MHOTOUJIEH BBICOKOH CcTereHW GBICTPO pacTer
TIpH | x | — co; MO3TOMY Haxe HECJOXKHYI0 GyHKRUHIO y (x) =1 /(14 x?)
MHOTOYJIEH IIJIOXO annpoKCHMHpYeT Ha GosblioM oTpeske. Ilockosbky
anmnpokCHMaLusl NPOBOAUTCS B LIHPOKOM HHTepBasie H3MEHEHHS apry-
MeHTa, HCIOJIb30BaHHE HEJIHHEHHOH 3aBHCHMOCTH OT KO3(h(ULHEHTOB
30€Cb €lle BBIrOJAHEH, YeM NpH HHTEPHOJALHH.
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Ha npakTuke HCnoJb3yloT ABa BHaa 3aBHcHMOcTH. OnuH — x6asu-
AUHeliHaA 3aBUCHMOCTDb, CBOASIMIASICS BBIPABHHUBAIOIEH 3aMeHOH mepe-
MeHHBIX ) (y), & (x) K JuHEHHOH, KOTOpas NMOAPOGHO H3yueHa B IIpe-
IOBIIYIIHX MYHKTaX. DTOT Crnoco6 oyeHb 3bdeKTHBEH M YacTO_HCIOJIb-
3yercd mnpu 06paGoTKe 3KCNepHMeHTa, MO0 anpHOpHble CBeNeHHS
o ¢u3MKe mpolecca IOMOTalT HaHTH XOPOIUYIO 3aMeHY NepeMeHHBIX.
Hano TospKO MMeTs B BHIY, YTO NpHOJHKEHHe, HAaHJyUlllee B HOBHIX
nepeMeHHbIX, He GYAET HaHJIYYLIMM B CMBICJE CKaJ/spHOro INpOH3Be-
JeHHsT B cTapblx nepeMeHHbIX. ITosTomy Ha BbLIGOp Beca B HOBBIX
nepeMeHHBIX HaA0 ofpalaTh ocoboe BHHMaHHE.

Kunaccuuecku#i nmpumep — 3afaya O paaHOaKTHBHOM pacnaje o6Jy-
uyeHHOro obpasiia, B KOTOPOH YHOGHHI nepeMeHHble n=Igy u £, rae
y (f) — ckopocTh pacnaza. B 3Tux nepeMeHHBIX KpHBasi OGHIYHO am-
NPOKCHMHpYeTCs JIOMaHOH, 3BeHbS KOTOPOH COOTBETCTBYIOT pacmany
Bce GoJiee NOrOKUBYIIMX YJIE€HOB PaJHOAKTHBHOrO psiza.

Jpyro#i ynorpe6uTesbHEIA BHA 3aBHCHMOCTH OT KO3(HIHEHTOB —
OpobHO-AuKeldHAsA, KOTAa anMpoKCHMHpYooWas QYHKIUS palHOHAJbHA:

n

0 (0=P2 9,/ Q9 =| 3} ] (3 b0 a9
k=0 =0 ‘

Hepenxko wucmoab3yercs H OTHOLIEHHe OGOOLIEHHHIX MHOIOYJIEHOB.
Takas annpokKcHManusl NO3BOJsIET NepeaTh MOJIOCH QYHKLUHH Y (X) —
HM COOTBETCTBYIOT HYJIM 3HaMeHaTe s TpeOyeMoil KpaTHOCTH. 3a4yacTyio
MOKHO BOCIIPOH3BECTH aCHMIITOTHYECKOe NOBeleHHE Y (X) IpH X—> oo
3a CYeT COOTBETCTBYIOIIErO BhIOOpA BEJNHYHHBI 71— m; Hanpumep,
ecan y (co) =const =0, To Hano moJsoxkuth n=rm. Ilpn stom camu
n, m MOXHO GpaTb JOCTATOYHO GOJIBIIMMH, 4TOGHl pacroJsaraTb MHO-
rumMa Ko3¢ddUIHeHTaMH annpoKCHMAIHH.

Onuako kBaznpar norpewHocTH ||y— (P,,/Qm) |z, yXKe He Gyner
KBagpaTHyHOH ¢yHKIHel Ko3(pHLHEeHTOB, TaK Yro HaHTH Ko3du-
LMEHTH palHOHAJbHOH (YHKUHHM Heserko. MoXHO IO aHaJOrHH €O
CpefHeKBaIpaTHYHOH annpoKcuManuedl MHOrou/JeHaMH BBIIBHHYTb
THIIOTE3Y, YTO MNOrpeliHocTb Y (x) — [P, (x) /Qm ()] umeer Ha [a, b]
YHCJI0 HYJeH, He MeHbIlee 4Hcaa CBOGOLHEIX Ko3(xbuiHeHTOB (Cpas-
HHTe Cc 3ameyaHueM 3 B I. 2). Torna 3ajaua CBOOMTCS K JarpaHxke-
BOM MHTEpPNOJIAUMH MO 3THM HYJIAM X, H KO3QHUHMEHTH a4, b,
HaxofATCA M3 CHCTEMbl JIMHEHHBIX ypaBHeHHH: ~

m n
y@xp) D) bxi= D axt, 0<<p<n+tm; by=1.  (47)
g=0 =0

Pasymeercsi, TouHOe IMOJIOKEHHE HYJEHl HEH3BECTHO; HX BHIGHPAIOT
NPOH3BOJILHO, OOBIYHO PABHOMEPHO pacmpefienisii Ha orpeske [a, b].
10T croco6 Ha3LIBAIOT METONOM 8bl0panHblx mouex. TlosyueHHOE 3THM
MeToJloM mNpHG/IHKeHHe ¢ (x) BoBce He Oyaer Hauayumum. Kpome
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TOro, MeTOJ BhLIOpAaHHBLIX TOYEK HEpPasyMeH, KaK H BCsKas HHTEpIIO-
JIALKUSA, €CaH Y (X,) MMEIOT 3aMeTHYIO norpeumocn;

Haunyuliee npuGiikenne MOXHO HalTH METOJOM UMEpUPOSAH-
H020 6eca. 3aMeTdM, YTO 3ajaua

1Qn () 5 () — Pa () 11, = min

JIETKO pelllaeTcsl: CTOAIlee CJeBa BblpaXkeHHe ecTb KBajJpaTHuYHas
¢Gynkuusa KosdduuueHTOB @, by, U AHDODEPEHIHPOBAHHE 10 HUM NPH-
BOIUT K JIMHEHHOH cHCTeMe 151 onpeleseHHs Koaq)cpHuHeHToa CXOx-
Hoit ¢ (38). HoBasi 3azmaua oT/IMYaeTCst OT HCXOAHOW MO CYLIECTBY
TEeM, YTO BMECTO Beca p (x) HCmosb3yercss Ipyrod Bec o (x) Qn (%),
NOSTOMY €e pellleHHe He SIBJSETCS HaWJYYLIHM nNpuGauXkeHueMm. 3a-
NHIIEeM HCXOAHYIO 3afauy B HOBOH ¢opme:

Ily (Pr/Qm) 1. = S_ *) [Qm () y (x) — P, ()] dx = min,

(48)
5 () =px),/Q ),
H 6GyleM pellaTb €€ NPOCTHIM HTE€PALlHOHHLIM IPOLECCOM
o9 (1) =p (0 [Q% " ]
(49)

§F_’(s) ® [QF )y (x) — PP x)]2 dx = min;

3a HyJeBoe npuG/IHKEeHHe MOXKHO B3sThb Q) (v) =1. Ha xaxno# ure-
palliy BeC HM3BEeCTeH MO MpelbAyled HTepalHH, M03ToMy Ko3bdu-
unents! af’, b§’ nerko HaxomATCA M3 YCJNOBHS MHHHMYMa KBajpa-
THYHOH cpoprl [TpakTuKa noxaseiBaeT, 4T0 KOS(POHIHEHTH HAMJIYY-
mero npuGJIHKEHHs €1a60 3aBHCAT OT BbIOOpa Beca, MOSTOMY OGHIYHO

UTepalHH CXORATCH GHICTPO.

a) Pacemorpum HeKO’l‘Opble NpHMepsl ANNPOKCHMAaUMH DANHOHAJBHOH (YHK-
uuedt, TTomoxum

y(x)=In (1+x)=x—-—é—x2 +—é~x3-|-...;

3aMeHsAs JBa NePBHX Y/leHa pspa Apobbio, nomyumm In (1 4x) = 2x/(2-+x). Sra
HecloxHas ¢opmysna obecrieydBaeT TOYHOCTh ~ 19 mpH —1l/<<x<<1 H oyeHp
yro6Ha L1 OLEHOK.

6) B Teopuu BeposTHoCTell BaXHyI0 pPOib HrpaeT uHTterpan omuGox @ (x),
AJISL KOTOPOTrO M3BECTHH! PAas/OKEHHs B PSAAbL:

D (x)= V_§ _§2d§—V__< —;13—x3+%x5!—éx7+...),

1

l — — —
m(x)~l—xl//1_t (1———x2+—x4———x 64 .. )
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Tepewtit paAx a6COMOTHO CXOAMTCS, HO NMPH X > 1 CXOAHMOCTb OYeHb MeJJeHHaS:;
BTOPOH DAL CXOAWTCS ACHMOTOTHYECKM NpH GOJbLIMX SHAYEHHAX X. 3ameHss
nepBbie YNeHBl KaXAO0ro pPAga APOGSMH, MOJIYYHM

6x

@ X) o ————— npu xSI)
@ Va @+ P
D(x)~1— 2 —% mpn x> 1.

—_——
Vi (1+20)
B ykasanHulx guanasonax H3MeHPHHs apryMeHTa IOIPELIHOCTb TepBOH (hOPMYILL
He npesniuaer 0,49, a TIOrpellHOCTs  BTOPO# popmynsl — 2,4%. Takum o6pasom,
TOYHOCTb STHX AMNNPOKCHMALMI BIOJHE LOCTAaTOYHA JJIl MHOTHX NpaKTHYECKHX
IPHJIOKEHHH,

B) Tonoxum y (x)==arctg x npu 0 << x << co. Ira GyHKLH T MOHOTOHHA, TIpUYeM
Yy(x)~x npu x—0 1 y (4 c0)=m/2. Jlerko nocTpoutb Apo6b :

ot=x/(14+2x), f

YAOBJIETBOPSIOMYIO TeM e ycaoBusiM. OHa faer rpyGyio anmpoKCHMAmMio apK-
TaHreHca; JIOKanbHasi TOTPellHocT B TOuke x=1 cocraeasier 309, HecsoxHoe
BUJOU3MeHeHHe 3TOH (HOpM yJIbl

79 e
arctgxmx/]/l—]—(}—t—x)

AaeT BYETBEPO JyYIIYI0 TOYHOCTD.
r) TaHrenc B mepBoii YeTBEPTM MOXHO rpy6o amnpoKCHMHpoBaTh dopMy.oit

fchasx/(%—::),

nepefaiomell nosejieHne BOMM3M Hy/NA W HaAuMYMe NOJMKCA MPH ¥=g/2,
I) B sapasax paccesiHus 4acTo BCTpeyaeTcs OfiHA M3 CINELHANbHBIX (GYHKIHHE —
HHTerpa/ibHasi S5KCIOHeHTa:

©

_ -t 1 v k
Ei (1) = S ‘;t- dt=In——C+ 2 (—1)k1 k’_‘k! X (50) .

X k=1

Psj, B KOTopHli OHa pasnaraeTcsi, CXOLWICS IPH MIOGHX MOJNOKHTENLHHIX 3Hage-
HUAX aprymenTta. Ho ToabKo NpH ¥ << 1 CXONMMOCTh [OCTATOYHO 6hICTpas, u pag
NPUrofeH JJst BBIYUCAEHUS (yHKuuHM. Ecau yuecTs acumnrotuxy Ei (X)) ~e */x
IpH X —-CO, TO PalHOHANBHYIO aNMIpPOKCHUMALHMIO NMPH X ==1 menecoo6pasHo uckath
B CJEAYIOMEM BHAE:
n n
. [ B
Bi e~ 2 Qpx 2 bgx?),  ay=bp—=1, 1)
k=10 qg=0

TJle He TIONMMHOMMANbHASl YacTb ACHMNTOTHKH BHIJENEHA OTHENbHBHIM MHOMKHUTEJEM.

OxaspiBaeTcs, yme n=3, T. e. IECTb CBOGOAHBHIX KOI(GUIHEHTOB 06eCreyrBaOT
TOYHOCTb 107494,

OrmeTnM, 4TO paLHOHANbHLIME (DYHKIHAMH OpH HeGOJIbLIOM YHCJe
KO3()(HLHEHTOB MOXKHO YIOBJETBOPHUTENLHO anNTnpOKCHMHPOBaTh GYHK-
Unn C paspbiBaMH TNPOM3BOXHOH BpOAE y(x) =|x|, KOTOpwle MIOXO
NIOJLMAIOTCA aNNPOKCHMALUH JPYTHUMH CIIOCOOaMH.

3 H. H. Kanutkaa
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§ 3. PaBHOMepHOe mpuOIMMKEHHE

1. Haunyumme npu6amxenusi. Ilockosnbky ue6bilueBcKas Hopma
CHJIbHEE HOPMHI L,, TO NPHHATO CYUHTaTh, YTO PAaBHOMEpHAs ammpoK-
CHMalHs Jyynle annpokcumauuu B cpepHeM. Ilostomy moucky paBHO-
MEpPHBIX M OCOGEHHO HAUAYUILX PABHOMEPHbIX TIPUOJIMKEHHH, oInpe-
JieNiieMbIX YCJIOBHEM

A(y, ¢)=min, rre A(y, ¢)= maxbly(x)—cp(x)l» (52)

EXES

rie MHHUMYM HIIeTcs Ha MHOXKeCTBe (QYHKIHH @ (X), MOCBSIIEHO MHOTO
pa6or. B uwacTHOCTH, mOJyyeHbl CJeAyIOHe pe3yJabTaTel (HOKasa-
TeJbCTBa GOJIbLIMHCTBA U3 HHX npuBenensl B yueGHuke M. C. Bepe-
suna 1 H. I1. )Kunxosa [4]).

a) Ecnun BeiGpana suHefiHas anmpoxcuManus (37) ¢ ueGHIIEBCKOH CHCTeMOH
GyHKIME @ (x), TO paBHOMepHOe HauJyuyllee NPUGIHIKeHHe efuHCTBeHHO *). Jloka-
3aTeJIbCTBO CYLIECTBOBAHMA HAMMy4llero NpUGNMXKEHHMS IS STOro caydas GbLIO
npueegeHo B § 2, m. 1. . )

6) UTo6bl 06o6lIeHHBI MHOrouMeH ¢ (x) mo yebpilleBCKOH cucTeMe (yHKIMi
¢p (1), 1 <<k = n, OGbl1 HauNyyIIUM pPaBHOMEDPHHIM NpPHUGIHXKeHUeM K y (x) Ha [a, b],
. HeOGXOIHUMO M LOCTATOYHO, YTOGH Ha 3TOM OTpe3Ke HaIIOCh He MeHee n -1 Takux
Touek, B KOTODPbIX MOrpellHocTs § (x)=y (x) —@ (x) MomepeMeHHO NPHHHMaeT 3Ha-
ueHus +A ¥ — A (y, ¢). CrenoBatenbHo, NOrpellHOCT: HMeeT Ha (a, b) He
MeHee 7. HyJeH, KaK U Y MHOrOY/JIEHOB HaWJyYILero CpegHeKBaipaTHYHOrO NMPUG/IH-
»KeHusi. BnepBrie stor pesyabrar Gbwr nonyueH IT. JI. UeGbimeBniM B 1859 r. pgas
anre6panyecKMX MHOTFOYJIEHOB.

. B) lnsa ¢yskumu y(x), ¥Melome¥ p HeNpepHIBHEIX IPOH3BOAHLIX, IpHYEM
y'P (x) yRoBaeTBOpseT ycioBuio Jlunuuua ¢ xoucrantoi [y, JI. Jxexconom B 1911 r.
II0/IyYeHbl HEKOTOpble OLEHKH CKOPOCTH CXOZHMOCTH HAWJYYLINX PaBHOMEpHBIX MpH-
Gnuxenuii. Tlpn annpoxcuManuu anre6pauueckuM MHOTOYJIEHOM A-# CTENEHH Ha
oTpeske —l < x=<1:

Ap < (Cot) P p/[V 20 (p 1) nPH1] =0 (1/nPH), (53)

a IpY annpoKCHMAalKM TNepHOAHuecKod (YHKIUM C TNEepPHOJOM 21 TPHIOHOMETpH-
YeCKMM MHOTrOYJIEHOM TaKOIl XKe CTeneHH:

A <lp (Co/mPH1=0 (1/nP*), (54)

rie Cy— yHusepcanpHas KoHcraHta (Cy<<137). C. H. BepHureiiH gokasan, uro
H3 CXOLMMOCTH NpUGHuKeHUH co ckopoctbio O (1/nP*1te) >0, ciexyer Hamuuupe
Yy GOYHKIHMH OrpaHHUYeHHOH p - 1-ii mpou3BoxHOM, mosroMy oumeHkH JlekcoHa moytu
HeyJlyYLaeMHl.

Takum o6GpasoM, 3TH NpUOTHKEHUS AJAS JOCTATOYHO IMIafKHUX QYHKUHH GHICTPO
CXORATCS MPH A —>0O0, a [/ JUMUHI-HeNPEPHBHBIX, HO He TIJIafKUX (yHKHui
cnenyer mosarate p=0, T. e. NIA HUX NPUGNMXKEHHS CXOAATCT MEJJIEHHO.
JIns mpou3BoNbHOI (YHKUMH, HeNpepblBHOH HAa KOHEYHOM OTpe3Ke a =< x<<bh,
paBHOMepHble NPUOMHXKEHUS ajre6panuecKUMHd H TPHIOHOMETPHYECKHMH MHOrouJje-
HaMH TaKXe CXORATCH (Teopema, jAokasamHas K. Beiiepmrpaccom B 1885 r.; Ho
CKOPOCTb CXOAUMOCTH, Kak nokasan C. H. Bepuureiin B 1938 r., Moxer Gbith
CKOJIb YrogHO Majoii. MMeHHO, KaKk Gbl MeleHHO HH YObIBaJH WIEHH MOHOTOHHOI
nocegosatensHoctd 6, -0, §,=8,,; >0, Bcerga nalifeTcs Takas HemnpepuiBHas
OyHxuMs y (x), gas Koropoit A (y, P, (x))=2,. CoorseTcTBylomas oleHKa J[Kek-
COHa AJsi ajre6pavyecKoil ammpoKCHMAalMH NPOH3BONBbHON (GYHKLHMH, HenpepHIBHOH
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npy —1 << x=<C1 (4 TeM caMBIM PaBHOME@DHO-HENpepLIBHOMH), €cTh

A, < (/2G4 2) o (2/n), (55)
a 1 TPHTOHOMETPHYECKOH aNmpOKCHMamuy HenpepsiBHON GYHKUMH ¢ MePHOOM 27
A< (2_15 Co+2) © @n/n); (56)

TJ€ O — MOAYJb HEMNPepLIBHOCTH (YHKIIHH.

Haunyuiee paBHOMepHOe NpHGIMXKeHHe palUOHaNbHOH (yHKIHell (OTHOLIe-
HHeM MHOTOYJIEHOB) HMeeT TaKo#l e MOpSAOK TOYHOCTH, KaK B oueHKax (53)—(56),
rIe NMOA n Hajo NOLpa3yMeBaTh MOJNHOe YHCIO CBOGOXHBIX K03GdHUHeHTOB, KOTOpOe
Ha eMHUIY MeHblle CyMMapHOH CTeNneHH YHCJIHTeJs ¥ 3HAMeHaTess.

r) MHoroujeHel HaWIyylllero paBHOMePHOro NPUGIMAKEHHS He o6eCreyHBaloT
Xopolueli CXOFMMOCTH (a8 MHOTA2 M NPOCTO CXOXHUMOCTH) NPOU3BOAHBIX @' (x) K ¥’ (x).
Eciu HyxHa CXOZMMOCTb ITPOM3BOLHBIX, TO NPHXOXUTCS CTPOHTb APYrHe MHOTO-
YJIeHEl, KOTOpPble MMEIOT MeHBLIYI0 CKOPOCTh CXOXMMOCTH. Hampumep, MHOrouJieHs!
C. H. BepHmreiina

B, (x)= i CE (L—x)n~k xky ( k
E=0

?>, 0<<x<l, (57)

paBHOMEpHO CXOAfTCA K J060 HempephBHOH (YHKIHM y (X), HO He ObICTpee UeM
O (1/n), ckonp 6bl rnafkoit QYHKUMs HM OblLIa; 3aTO €CIH CYIIECTBYeT HelpepHIB-

Has TIpousBOxHas y'P (x), T0 npoussosHrie MHorowieHos C. H. Bepuureiina Bf{” )
PaBHOMEDHO CXOAATCH K Hell HAa yKa3aHHOM OTpesKe IIpH 7 —- CO.

1) HauGosbimuii npakTHUeCKHH HHTepeC NpPEICTaBJAeT COOTHOLLe-
HYe MeX1y TOYHOCTSIMH, JOCTHTaeMbIMH IIpH HaW/Jydlled paBHOMep-
HOM W Hauayylled CcpelHeKBaJpaTHYHOH amnnpokcumauuax. Ilycts
IJIsi TPOH3BOJIbHOH (YHKLUHH y(X) C TNEpHONOM 27 TPHTOHOMETPH-
YeCKHH MHOrOYJIeH HaMJYYLero paBHOMEPHOro NpHOJMMKEHHS €eCTb
R, (x). IokasaHo (cM. moHorpaduio B. JI. T'onuaposa [9], crp. 186),
YTO TPUIOHOMETPHYECKHH MHOTOYJEeH HaHJyYllero CpelHeKBaJpaTHy-
HOro mpHOG/HMKEeHHs TOH 2Ke creneHH Q,(r) UMEET MNOrPeLIHOCTb He

GoJee: ‘ .
ly () = Qu (e < (4,5 +In My () — Ra (4)llc- (8)

Cxofiuble OLEHKH CYLECTBYIOT H JJS HaWJYUIIMX annpoKCHMalmi
anre6panyeCcKHMHM MHOrod/JeHaMHM Ha orpeske — 1 <<x<C 1. Hs Hepa-
BeHcTBa (58) cilenyer, 4TO MpH HEGOJBIIHX 71 NOrPelIHOCTb MHOro4Je-
HOB HaWJyuYlllero CpeJHEKBaApaTHYHOrO TNpHOJHXKeHHS Aaxe B ||-||c
"HE CHJIBHO MPEBOCXOJHT NOrPEITHOCTb MHOIOUJIEHOB HaWJIYYILIEro paBHO-
MepHOro npHO/HKeHHs (HanpuMep, npH n << 12 He GoJsee uem B 7 pas).

U3 ouenok (53)—(56) caenyer, uro A5 QYHKIHH C HeNpepblBHEIMH
CTapIUMMH NIPOM3BOJHBLIMH, He CJHIIKOM OOJLLUIHMH 110 aGCOJIOTHOM
BeJIHYMHe, HaWJyyllHe paBHOMepHble INPHOJHKEHHS 06ecrneynBaioT
BEICOKYIO TOYHOCTb Yy2Ke INpH HeGosblux rn~zb5-+10. 3Hauut, niasa
TakuX QYHKUMH HAWTy4dIlHe cpeHeKBaapaTHUHble TpHOJIHKeHUA GYyNyT
obecnieduBaTh B || -|lc MOYTH Ty »Ke TOYHOCThb, YTO M HaWIy4yllMe paB-
HOMepHbIe NpHGHKeHUs. TONBKO A/ HELOCTATOYHO IVIaAKHX GYHKIMH

3
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CpelHeKBaJpaTHyHble NpPUO/MKEHHS He CXOASITCS HJIH IJIOXO CXOLATCA
B |I-llc, HO B 3TOM cJy4Yae N HaWJy4llHe paBHOMEpHble NpPHUOJHKEHHS
CXORATCH HACTONbKO MeNJIEHHO, YTO NMPAaKTHYeCKH HX TPYNHO HCIOJb-
30BaTh. ‘

Onncanubie B § 2 ajaropuTMbl HaxXoX/[eHHS HAaHJYYLIHX CpelHe-
KBaJpaTHYHbIX NpPHOJHAKEHHH HaMHOrO MpOlLle, YeM H3BECTHBIE aJro-
PUTMBI HaXOXK/IEHHSI HauJy4IlNX paBHOMepHbIX npubauxkenui. [To Bcem
yKa3aHHBIM NpPHYMHAM Ha NpakTHKe MHOro yJAo6Hee HCKaTb HaM/Iyy-
IIHe CpelHEKBaJpaTHyHbie, a He paBHOMepHHE NPHOJMKEHHS; Kak
oTMeyajoch B § 2, IS YJydYlleHHs HX CXOAMMOCTH CJelyeT SIBHO
BBIIEJIAITE B INpocTof (opMe OCHOBHEIE OCOGEHHOCTH (YHKLHH H ee
MJIaAIINX TPOH3BOAHBIX H aNNpPOKCHMHPOBATb OCTABIIYIOCH JOCTATOYHO
rJ1aJKy 4acTb. K HaxOXIeHHIO paBHOMEpHBIX NPHOJHMKEHHH NpH-
GeraloT B OCHOBHOM NpH pa3paboTKe aJropHTMOB [Js1 CTaHAAPTHHIX
IporpaMM BBIYMC/IEHHS GYHKUMH, KOTAa JN0GHBAIOTCA OYEHb BLICOKOH
TOYHOCTH NPU MHHHMAJbHOM YHCJE UJEHOB CYMMBI.

2. Haxoxpenne pasHomepHOro mnpuOnmxkenusi. s ¢yHKUMH,
3ajaHHOM Ha oTpeske [a, b], He HafieHo cnoco6a oOnpeae/eHUs
K03 )UIHEHTOB HaWJyylllero paBHOMEPHOro NPHOJHMKEHHS 3a KOHey-
Hoe 4YHcjao neHcTBHH. PaccMOTpHM MHpOCTOH HTepalHOHHBIH mpoLece
HaXOXJIeHHSI KO3(DDHIHEHTOB.

UeObILIEBCKYIO HOPMY MOXKHO paccCMaTpHBaTh Kak Ipefel ”'”L,,

npH p—-00 W elNHHYHOM Bece. B mpocTpaHncTee L, 3agauy Haxo-
KIeHUSl HauJayyllero mpuGaHKeHHs ||y—cp||£p=min yI06HO pellaTh
UTepHUpOBaHHEM Beca:

§ Pt (x) [y (x) — ¢ (0T dx = min,

o9 (1) =y (x) — ¢ (x) |P3;

(39)

IJIS Hayaja MTePalMOHHOrO MPOLEcca MOXKHO MOJOXHTb plO) (x) = 1.
Ecan ¢ (x) sBasiercss 0GOGIIEHHBIM MHOTOYJIEHOM, TO Ha KaxKIoH
WTepaluy 3ajaya Ha MHHEMYM OMNATb CBOAMTCS K PELIEHHIO CHCTEMb
JIHHEHHBIX (OTHOCHTENbHO KOI((HLHEHTOB @) ypaBHeHu#. [las pelne-
HUS TOJHOH 3ajaud ||y — ¢llc =min Hajo BHIOPaThL IOCJENOBATENb-
HOCTb p —> 00, IJIfl Kaxa0ro GpHKCHPOBAHHOTO p MPOBECTH HTEPAIUH
(59) mo cxomumocTH, a 3aTeM B Ko3((HIMEHTax af) MPOM3BECTH Tpe-
JeJIbHBIH Nepexofl NMpH p—>c¢o (T. €. OUEHHTb, HaUHHAS C KaKOro p,
KO5((UIMEHTHl MepecTaloT MEeHATbCS B Mpelesiax 3ajlaHHOM TOYHOCTH
NpH JajbHeflleM yBeJIHYEHHH p).

JlBoHHOM mpelesbHBIH nepexof Tpefyer OOJbUIKX YHCJIEHHBIX
pacuetoB. IlosTomy 1e/necoo6pasHo 00bEAHHUTD MpPeJebHbIe NepeXObl
S—>co H p—>oco. [lasg 3TOro Ha nepBOM HTEpALUH MO S MOJIOXKHM
p=2, Ha BrOpOi BO3bMeM p=4, Ha TpeTbei—p=6 u T. L
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Bmecro (59) nosyunm caepymomyio 3anagy:
b

§ P (1) [y (1) — @!s*V) ()] dx = min, (60)

o (1) =[y (x) — ¢ ()], s=0, I, 2, ...

3lech HayaJbHOe YcsoBMe A Hrepauuii pl® (x) =1 moayuaercst
ectecTBeHHO NpH s=0. DTOT HTepPaLHOHHBLIA NPOLECC He HCCJeNOBaH
TEOPETHYECKH H Majo OmnpoGoBaH B NPAKTHYECKHX pacyeTax, HO
TOCKOJIBKY OCBIYHO KO3(DGhHIHEHTE annpoOKCHMAaLMH CJab0 3aBHCAT
OT BbI6OpA Beca, TO CJIEAYeT OXKHAATh GLICTPOH CXOAMMOCTH TpOLecca.

3ADAUYU

1. JlokasaTb, YTO pasfne/eHHAs DPa3HOCTb A-TO TOPSAKA BHIPAXKAETCS yepe3
y3JI0Bble 3HAUeHHS GYHKUMH ClefyomuM o6pa3oM:

n

Y (xo, Xiy on xn)=k2 ye) TT re—x.

=0 i=0

(£k

2. BoiBectn oueHky (11).

3. HanucaTs oneHku morpemwHocTd tuna (11) s Tpex ciayuaeB MHTEpHOJSIIH-
OHHOrO MHOroujeHa Jpmura 7-il cTemleHn: & (x; Xo, X1, ..., x2), & (x; Xo, %o, X1,
X1, Xo, Xg, Xg, X3) U & (X; Xo, Xo, X Xo, Xq, X1, X1, %1); CPABHMTb HX NODSAKHM TOY-
HOCTH M YHCJIEeHHBIEe KO3(p(HUIHEHTH.

4. Tpumernts dopmyny (19) x souucaeHuo y (0, 5) B tabnune 5; OuEHUTH
TOYHOCTb.

5. Brisectu cdopmyansl TMna (19) Ans ciydaes, Korfa GyHKUMA HAa MaNBIX OTpe3-
Kax DpHOMMXKEHHO NpeJcTaBUMa B BHAe Y (x) == axl uim y (x) =~a (x4 b)™, rge
m—3ajjaHHoe YHCJIO.

6. Paso6paTh MHTEpPNOJSLAIO CIIAHHOM BTOPOH CTeNeHW; MO aHAJOTMH CO Cy-
yaeM n=3 HalTH 5KOHOMHBIH CIOCOG BBIYUCIEHHS KO3(pULHEHTOB.

7. OueHHTH NOrPELIHOCTb OKPYIJIEHHs NPU BbMHCIeHHH s 2550° mo popmyne
Teiinopa na 9BM c 16 fecATHYHBIMH 3HAKaMH.

8. Iloxasatb, uTO mpsiMasi, MPOBEAeHHAs METONOM HAMMEHBLIHX KBA[4paToB,
IIPOXOLUT Yepe3 TOYKY C KOOPAHHATAMH

=) (o 9=(Zon) B}

KOTOpasi SBJISETCST «LEHTPOM TSKECTH.

9, BuiBectn Qopmynst Beccens (44) gns ciyuass, Korga TPHrOHOMETpHYecKue
GyHKUMH 3apaHBl B JefiCTBATeNbHOH QopMe: @y=1, @;=sinx, @;=cosx, @;=
=sin2x 4 T. A

10. BuiBectd GopMyJael CraaxkMBaHus Tuna (45) ANS LEHTPaNbHON TOUKH HO
IATH TOYKaM INpH CPEeJHEKBAJPAaTHYHOH aNNpOKCHMALMK MHOIOYJEHOM NEPBOH M
BTOpPOH CTeneHH.

11. Hanucars cucreMy ypaBHeHHH AJA onpefeleHHA Ko03(pdHINEHTOB a,(:), bff’,
MHHUMH3UpYyIOmHUX (49).

12. oxasatb, uTo Ko3hHuHeHTH a, dopMyn DBescens (44_%_ CBf3aHbl C KO-

[ee)

dunnenTamn o6buHOro psana ®ypbe o COOTHOLICHHAMH daf= Z U pspN e
p=—



FrTABA III
YUCJEHHOE JUPPEPEHLMPOBAHUE

B raase'III paccMoTpeHo 4YHc/aeHHOe KudpepeHUHpPOBAHHE GYHKIHHM, 3anaHHOM
Ha HeKOTOpO# ceTke. BeejeHbl KBasupaBHOMEpHEIE CETKH, MOMe3HbIE BO MHOTHX TpH-
JoxeHnsx. OG6CyXIeHa HEKODPEKTHOCTb 3afjauM HHuddepeHUUPOBAHHS, NPOABISIO-
wasics NpH CHJIBHOM yMeHbIeHMM l1ara, ¥ H3JO0XKeHB HEeKOTOpHle CIOCOGH pery-
asupy. TIoKa3aHo, KaK MOXHO MOBEIUATE TOYHOCTH M OLEHMBAThb IOTPEIUHOCTh MPH
CrylleHuH CeTKH.

1. Moaunomuaneusie ¢opmyasi. Yucnennoe audepenunpopanue
TNpHMeHsieTCsl, eci QYHKUHIO y (X) TPYAHO HJIM HEBO3MOXKHO MPOMHd-
depeHIMpPOBaTh aHAJHTHUECKH — HalpHMep, eC/H OHa 3ajaHa TabJiH-
uefi. OHO HYXHO TakXe NPH pelleHHH AH(bepeHIHaNbHbIX YpaBHEHHH
NP TOMOIIH Pa3HOCTHBIX METOJIOB.

Ipu uunciennom auddepeHUHpoBaHHH QYHKIHIO ¥ (X) annpoOKCHMHU-
PYIOT JIerko BbIUHCJseMOH (YHKIUHEH @ (X; @) U NpHOIHKEHHO MoJa-
raT y' (x)=¢' (x; @). IIpy 3TOM MOXKHO HCIOJIB30BaTh pPas/MYHEIE
crocoGbl annpokcuManuu, usnoxkenHeie B riase II. Cefiyac Mer pac-
CMOTPHM IMPOCTEALIMH CAy4yadl — annpoOKCUMAIHIO HHTEPNOJiAILHOHHBIM.
‘MHorousieHoM HblotoHa (2.8). BBons o6o3nauenue §; = x — x;, 3anumem
3TOT MHOrouJieH M NpoAHddepeHIUpyeM ero IOYJEHHO: .

@ (X) =y (%) + 8oy (xo0, 1) +EoE1y (X0, X1, Xp) +
+E0§}§2y (Xo, xly xz, xa) + cee
@ () =y (%0, X1)+Eo+E)y (%, %, %)+
+ (Bob1 &b +E18o) ¥ (¥, X1, X, X5)+ ...,
@ (X) =2y (xo, %1, Xo)+ 2’(go+ §+8) Y (xo X1, X X5)+ ...
O6uwas dopmysna uMeer CaIeRYIOMHHA BUA:

k
(p(k} (x)=k![y(xo, Xy vons xk)-l-(z §i>y(x0, X1y voey Xpr)+

(=0

\

i=h+1
+< Z §i§j\y(x0)'x17 veey xk+2)+
i>j=0 /
. / i=k+42 -
3 Ry xk+3>+...} 1)

i>i>l>0 /
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O6pbiBast psifl Ha HEKOTOPOM YHCJ/IE YJIEHOB, NMOJYYHM NMPUGJIHKEHHOE
BhIpaxkeHHe JJIs COOTBETCTBYIOMEH Npou3BoAHOH. HauGosiee mpocteie
BEIpAXKEHHS IIOJIyYHUM, OcTaBJ/sis B dopmy.se (1) ToNbKO mepBHIEl uJseH:

Y (x) ~y(xo, x1) =[y (x0) —y (x)]/ (%o — 1),
%y’, () Ay (X5, %1, Xo) = 1 (yo_yl —4 —y2>, @

Xo— Xg \Xo— X1 X1— Xy

k k
ElTy(k) () Ay Xys ooy X)) = 2 Yp [[ (xp—x)7t.
=0 i=0
L£p
IMpu wHanucaHHH moOCTEIHEH (OPMYJIEI HCHOJAb30BAHEl Pe3yJbTaTH
sanaun 1 x rnase II. Bce cdopmyaer (1) —(2) paccuutansl Ha mpous-
BOJIbHYIO HEPaBHOMEPHYIO CETKY.

HccnenoBanyue TOYHOCTH NMOJTYYEHHBIX BBIPAXKEHHH NIPH YHUCJEHHBIX
pacyerax YHOGHO [eJaTb INPH IIOMOLIM aroCTePHOPHOH OLEHKH,
[0 CKOPOCTH YyOhiBaHHsi useHoB psina (1). Ecam war cetku pnocra-
TOYHO MaJl, TO IOTPELIHOCTb GJIM3KAa K NMepBOMY OTOPOILEHHOMY UJIEHY.
Tlycts MBI ucrnosnbsyem yasub x;, 0<<i<<n. Torma nepBHil oTGpO-
IIEHHBIH Y/TeH COLEPIKHT Pa3feeHHYIO PasHOCTb Y (Xg, Xy, .-, Xny
KOTOpas COTIJIaCHO 2 NPUMEpHO paBHa Yyt (x) / (n—l—l)' Hepeu
HeH CTOUT CyMMa IPOHM3BENeHHH pas/IMUHBIX MHOXKHTese# &;; Kaxnoe
TIpOU3BefleHHe CONEePXKHUT n 1 — k MHOXHTeJIel, a BCS CyMMa COCTOUT

us Ck. | cnaraempix. OTCiona ClIeyeT OUEHKA MOTPEIHOCTH (opMyJIbl
(1) ¢ n4+1 y3namu:

RO < oMot max |8 r1h, Moy =max|go] @)

B uacTHocTH, ecqM ceTKa paBHOMepHasi, To max |§; | <<nh, otkyna
+1—k )

RP < My, (ﬁ_—l_%_—khy = 0 (hn+1-¥%), ).

STH OlEeHKU MOXHO HECKOJBKO YJYUIIMTL 3a cueT GoJiee [4ETaJbHOrO
paccMOTpeHHsI MHOXHTelel §;. 3ameTum, 4TO CTPOroe ampuOpHOE
HccJleloBaHye TOrpemHocTy . ¢opMyJbl (1), aHa/JoruuHoe BBIBOLY OCTa-
TOYHOTO 4JjieHa MHorouseHa Hbiotona B ¢opme Komu (2.10), mas
IIPOU3BOJILHOTO PACIO/IOKEHUS Y3JIOB INPUBOAMT K TOH XKe OLEHKE (3).
Takum 06pa3oM, nopadoK MOHHOCMU qbopmy/lbt (1) no omrowenuro
K waey cemku pages H4ucCAYy OCMABACHHbLX 8 Hetl 4AeH08, WJH, YTO
TO e caMoe, OH PaBeH YHCJY Y3/710B HHIEPNOJALHM MHUHYC IOpS-
JIOK Tpou3BoiHOH. ITo9FoMy MHHHMaJ/JbHOE YHCJO Y3JI0B, HEOGXOAHMOE
AN BBIYHCJEHHs k-fi TIPOM3BONHOH, PaBHO k+1; oHO mnpuBOAHMT
K ¢opmysiaM (2) ¥ oGecreuHBaeT MNepBHIH MNOPANOK TOYHOCTH. ITH
BLIBOJIEI COOTBETCTBYIOT OGILIEMY NPUHIHNY: NPH NO4/IeHHOM AnuddepeH-
LIPOBAaHHH PfAAA CKOPOCTb €ro CXOAUMOCTH YMEHbIUAETCH.
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B raaBe Il pekomenpoBanock MCNONb30BaTh B (opMyJax HHTEp-
nonsiud He Gosiee 4 —6 y3moB. Ecaum eme yuecTh yXyAlLleHHe
CXONMMOCTH psina npH JauddepeHEpOBaHHH, TO MOXKHO CIesaTh
BHIBOJ: Jlaxke ecd (PYHKIMS 3aJaHa XOPOILUO COCTaBJEHHOH TabJuue
Ha JIOBOJIbHO TOAPOGHOM ceTKe, TO MNpPaKTHYeCKH YHUC/IeHHBIM AHGD-
(depeHLpOBaHNEM MOXKHO XOpOIIO ONpeJeNHTh NEepPBYI0 H BTOPYIO
NpPOH3BOJHBIE, a TPETbi0 M YeTBEPTYIO — JIMIIb YIOBJETBOPHUTE/BHO.
BoJslee BbicoKHe NpOM3BOJAHBIE PENKO YaeTCsl BBIYHC/IHUTb C NpHeMJe-
MO#l TOYHOCTbIO.

3ameuanue 1. Kybuueckass cnJafiHoBasi HHTepnoasuus (2.20)
o6safiaeT TeM CBOHCTBOM, YTO NepBasl U BTOpas NPOHM3BOJHLIE HHTEp-
TOJISIIMOHHOTO MHOTOUYJIEHA BCIOLY HenpephiBHB. OO6blyHO AHbbepeH-
LYpOBaHUe KYGHUECKOTO CHJIaHHA NO3BOJISIET ONpPENENHTh 3TH IPOH3-
BOZHBIE ¢ XOpoled TouHocThio. EciM Hazo BEIYHCIUTH GoJlee BHICOKHE
TIPOU3BOJIHBIE, TO 11€71eco06pa3HO CTPOMThL CIIJIAHHBI BEICOKMX MOpSA-
KoB. M3-3a GoJbIIOH TPYNOEMKOCTH 3TOT CNOCOO DeNKO HCIOJb3YeTcs;
TEOPETHYECKH OH MaJjo HCCAENOBaH.

3ameuanue 2. Eciu TabynupoBaHa He TOJbKO (DYHKIHS, HO
H ee IMpOM3BOIHBIE, TO CJE1yeT COCTaB/JATh M JAHbdepeHuHpOBaTh
MHTEPTIOJAIMOHHBINA MHOTOWIeH JDpmura. IlpousBoiHble mnpu 3TOM
BEIYHC/ISIIOTCSI HAMHOTO TOYHee, ueM IpH AHddepeHLHPOBaHUH HHTEp-
HOJISILMOHHOTO MHOroujeHa HblOTOHA ¢ TeM Ke YHCJIOM CBOGOIHEIX
napamerpoB no gopmyaam (1).

2. Mpocreiimne dopmyabl. Hae BCero HCHob3yIOTCS paBHOMEp-
Hble CeTKH, Ha KoTopulx Bui ¢opMysa (1) 3amerHo ympomaercs,
a TOYHOCTb HEpEeLKO MOBHIIIAeTCS.

PaccmoTpuM cHaya/sla TpHYMHY IOBHILEeHHs: ToyHocTd. Ocrartou-

HBIA wieH o6mei ¢opmyust (1) ects muorowren ) [ (x—x;) crenenn

n-+1—k orHocurenbHo x. Eciu X paBeH KOPHIO 3TOrO MHOTOUJIEHA,
TO IVIABHBIH OCTaTOYHLIH useH ofpailaercs B HYJb, T. €. B 3TOH
Touke ¢dopMyJa HMeeT NMOPSAOK TOYHOCTH HA €IMHUIY GoJiblie, uyeM

COr/JacHO oLeHKe (4). OTH mouxku nosbilenHol mournocmy 6ynem

o6osHayath x{, rne k—TNOpSANOK NPOUBONHOH, a p=n-++1—k—

yhcgo ocTaBieHHBIX B opmyse (1) umenoB. OueBupHO, p-uieHHas
¢dopMy/1a HMEeT p TOYEK NOBBHIIIEHHOH TOYHOCTH.

Y onHouseHHOH GopMyJbl (2) mas k-f TPOM3BONHOH TOYKA NOBHI-
LIEHHOH TOYHOCTH Ha IIPOM3BOJIbHOH CETKE OINpefesseTcs YyCJIOBHEM

&= (x—x)=0, uro gaer
= (Ko 2+ o Fx0) /(B 1); (5)

B 3TOH TOuKe OJHOuU/IeHHas dopmyna wumeer norpemHocte O (h?)
BMecTO 06biyHOH O (h). II1s OBYyu/JeHHOH (opMyJ/bl 3ajaya Haxoxie-
HHsl TOYEK TMOBHIIIEHHOH TOYHOCTH NMPHUBOAMT K KBaIpaTHOMY ypaBHe-
HUIO, KOPHHM KOTOPOTO JeHCTBHUTEJbHE,, HO (GOpMyJa LI HX HAXOX-
JeHusi rpomosnka (cm. 3azauy 2). Ecam p>2, TO HAHTH TOYKH



TJ1. I11] YHUCJIEHHOE OH®PEPEHIIMPOBAHUE 73

TIOBBLIINIEHHOA TOYHOCTH OYEeHb CJIOXKHO, 3@ HCKJIIOYEHUEM OJHOTO 4acT-
HOTO cJyyasi, KOTOPHH MBI cefiyac paccMOTpHM.
ITycms p neuemno, a y3avl 6 opmyse (1) wbpanst mak, 4mo oxu

PACNONOHCEHbL CUMMEMPUUHO OMHOCUIMEAbHO MOYKU X, moeda x s8As-

emcs 00HOL U3 mouex noeblueHHol modnocmu . -

IloxasaTenbCcTBO. B camom gese, mpu 3TOM BeJNHYMHH §; =
= X —X; HMEIOT IIONapHO paBHbIE aGCOJIOTHBIE BEJHYHHBI, HO IIpO-

THBOTIOJIOXKHEIE 3HAKH. B ocratounom wiene muoxutenb w= Y []&

MMeeT HeyeTHYIO CTeNeHb, M NPH OJHOBPEMEHHOM H3MEHEHHH 3HAaKOB
Bcex §; OH JO/IKeH M3MEHHTb 3HAK. HO NMOCKOJNBKY OfHOBpeMeHHOe
H3MeHeHHe 3HAKOB §; CBOAMTCS @PH TaKOM pacIOJIOXKEHHH Y3J/0B
JHUIIb K TepeMeHe MX HyMepalHH, TO BeJIHYMHAa @ JOJIKHA CoXpa-
HUTBCS, YTO BO3MOXKHO TO/bKO npH @ =0. YTBepxKueHHe N0Ka3aHo.

Bameuanue 1. JlokasaTelbCTBO CNpaBelJHBO [IJs1 HepaBHO-
MEepHOH CeTKH.

3ameuanune 2. Uucao ysnIoB npeanoJaranoch IPOH3BOJBHEIM;
OYeBHIHO, CHUMMETPHYHOE DAacHOJIOKEHHE Y3JI0B OTHOCHTENBHO TOYKH

x{ 03HauaeT, YTO NpH HEUETHOM YHCJE Y3/OB TOUKA X§ COBNALAET
C IEHTPATbHEIM Y3/0M, a TPH YETHOM — JEXHT MEXAY CpeIHHMH
y3J1aMH.

3ameuanue 3. [ToBLIIeHWe TOYHOCTH AOCTHTAETCS HE TOJIBKO
B CAMHX TOYKAX MOBHIIEHHON TOYHOCTH, HO M B JOCTAaTOYHO Mol

UX OKPECTHOCTH, rJ€ H3MEHEHHEe l'IpOHSBO,lIHOﬁ Heé IpeBHIIAECT ITOT-

. 1
pemHoCTH GOpMYJIHE; /151 TOUKH X§ 3TO OKpecTHOCTs pasmepom O (h2),

st X —0 (%) u 1. I

Ha npou3BOJIBHOI ceTKe yCIOBHE CHMMETPHH peaH3yeTcsi TOIbKO
B HCKJIOUHTEJbHHX ciyuasx. Ho ecid ceTka paBHOMepHA, TO Kax-
IbI ee y3e] CHMMETPHYHO OKPYXKeH COCEIHHMH y3laMH. DTO I03BO-
JIleT COCTAaBHTb HECJOXKHHE (POPMYJIB XOpOIIeii TOWHOCTH /st BHIYHC-
JIeHHs] TIPOM3BOJHBIX B Y3/1aX CeTKH.

Hanpumep, BO3bMeM TPH COCENHHX y3/a Xy, X;, Xo M BHUHCIHM
nepBylo H BTOPYIO NPOM3BOAHHIE B CpeIHeM y3je. Bripaxkas B ofHO-
WIeHHHX (OpMyJax (2) pasjefeHHEe PAasHOCTH Yepe3 y3JOBHE 3Ha-
uenuss QYHKUUH, JETKO NOSyYHM

Y (%) =—Y)/2h+0 "), h=x.—x=const, (6
Y (%) = — 241+ 1) /h*+ 0 (7). ()

®opmyay (6) yacTo 3anmMCHIBAIOT B HECKOJbKO HHOM BHIE, YAOGHOM
IJisl OTpelesieHHs] NPOHU3BOAHOM B CpelHeH TOYKe HHTEpBasa CETKH:

Yivip=Yy Kit12) = Gir1— Y1)/ h+0 (¥, ®)
Xig12 =X+ 1/h.

AnasoriyHo MOXKHO BbIBECTH, (JOpMYJH Gosiee BEICOKOTO MOPSAKA
TOYHOCTH HJIH AJIs1 Gojiee BHICOKMX Mpou3BoAHBEIX. Hampumep, Tpex-

[
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unéHHas ¢opmyaa (1) ana nmepBoit NPOM3BOLHOH B CepeflHe HHTep-
BaJa MO YETHIPEM COCENHHM Y3/aM [JaeT

Y52 = (—Ys+ 27y, — 27y, + o) /' (241) + O (1), )
a Lns BTOPOil NpPOMSBOAHOH B LEHTPAJbHOM y3Je Mo MATH yaiaM

Yo = (— Y+ 16y5 — 30y, + 16y, —y,) /(1207 + O (). (10)

Bce dopmynanr (6) — (10) HMelOT YeTHBIH MNOpPSIAOK TOYHOCTH. 3ame-
THM, YTO Bce 3TH (OPMYJbHl HamHCaHbl [Js CJaydyas paBHOMEPHOH
CeTKH; MpUMEHEHHe MX Ha IIPOH3BOJIbHOH HepaBHOMEDHON CeTKe LJs
nepBo#l NPOM3BOAHOH NPUBOAMT K HHU3KOH TouHOocTH O (h), a Aas BTO-
pOH IpOM3BOAHON — K TrpyOoH oIlHOKe.

Ha paBHOMepHO#l ceTkKe .11 anpHOPHOHM OLEHKH TOYHOCTH op-
MyJl YacTO NPHMEHSIOT croco6 pasjoxenus no dopmyne Tekmopa —
Maxknopena. Ilpennmonoxum, Hanpumep, uto GyHKUMS y(X) HMeeT
HENpPepHIBHYIO YeTBEPTYIO NMPOH3BOAHYIO, H BbIpasHM 3HaueHUs (YHK-
OUH B y3JaX X;+1 Uepe3 3HaueHHs (YHKUHH KU ee IIPOM3BOAHHIX
B LIeHTPe CHMMETPHHM Y3JI0B (B NaHHOM CJyyae 3THM LEHTPOM SBJIS-
eTcsl y3ea X;):

Y (i) =y (2 h) =y = hyf ok hgE LB
1
oty (a), Yy () =gi (11)

rie 7, eCTb HEeKoTopasl TOuKa HHTepBaja (X;, X;.1), a M- €CTb HEKO-
TOopas TOYKa HHTepBana (¥;_y, X%;). IloidcTaBisisi 3TH passoXKeHHS
BO BTODYIO PasHOCTh, CTOAIYIO B NpaBoH yactu ¢opmyun (7) njs
BTOPOH INPOH3BOAHOH, HOJIYYHM

,—11; i1 — 201+ 9i-0) = 4F -I—g%[y”’ M) +y"Y ()]=yi +0 (B). (12)

D10 nNoOATBepANaeT paHee CHEJAHHYIO OLEHKY M YTOUHSET BeJHYHHY
OCTaTOYHOIO 4YJieHa, KOTOpHIH oKasajcs paBHbIM h%y!V (m)/12. Takoi
crnoco6 TNOJIyYeHHs] OCTATOYHOrO YJ/eHa MPOLIe, YeM HENOCPeNCTBEHHOE
BhIuMc/eHne o ¢opmyse (1). OcoGeHHO 4YAacTO OH NpPHMEHSIETCS NpH
HCC/IEOBAHNH aNNPOKCHMAlUMH PAa3HOCTHBIX cxeM (cM. raaBy IX).

3. Meron Pynre — PoméGepra. Ilpu Beluic/IeHHH ONHOH M TOH Ke
BEJIMUMHE (OPMYJEl C OOJBIIMM YHCJIOM Y3JI0B JAIOT 60Jjiee BBICOKUH
HNOPANOK TOYHOCTH, HO OHU GOJsiee rpoMo3nkH. [ OLEHKH HX TO4-
HOCTH HAJ0 TIpPHBJIEKAaTh NOMOJHHUTE/IbHHE Y3es1, 4YTO TpebyeT eme
Goslee C/IOXKHBEIX BhlYMCIeHHH. Paccmorpum Gosiee mnpoctoit croco6
TIONYYeHHS BBICOKOTO NOpPSIKA TOYHOCTH.

s dopmynst (12) BuAHO, 4TO MOrpeLIHOCTb MpOCTEHIEH (OpMYJIL
(7) nns uerbipexnbl AubdepeHUHpyeMOil GYHKUHH HMeeT BHL R =
= h*p (1), TAe M —HeKkoTopas Touka BOJH3H Y3;1a ¥;. Ecan ylV (x)
JIMMIIKL-HeNpeprIBHA, TO OUEHKY HETPYIHO YTOUHHTb: R = h%} (x;) -+
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+ O (h3). Ilyctp B ofmeM ciyyae MMEeTCsi HEKOTOpasi HPHOJIHKeH-
Hasi c¢opmyna { (¥, h) Zaf BHIYUC/IEHUS BeJHUYMHBI Z (X) MO 3Haye-
HHSIM Ha DPaBHOMEPHOH CeTKe C IIaroM A, a OCTaTOYHBIH WjeH 3TOH
($OpPMYJIBI MMeeT CJELYIOULYI0 CTPYKTYpY:

2(x) =8, )= (x)h*+0 H*Y). (1)

NpousBenem tenepb pacyeT Mo TOH e INPUOTHKEHHOH opmyJe
ST TOH K€ TOUKH X, HO HCIOJIb3Yys PAaBHOMEPHYIO CETKY C APYrHM
mwarom rh. Toraa nosydum sHaueHue { (x, rh), CBSI3aHHOE C TOYHBIM
3Hau€HHEM COOTHOLIEHUEM

2(0) =8 (x, rh) =1 (x) (rh)? 4O ((rl)P*Y). (14)

3amerum, urto O ((rh)P*!) ~ O (hP*1). Vmes nBa pacueTa Ha pasHHIX
CeTKaX, HETPYIHO OLEHHTh BeJIMUMHY TMOFPEMIHOCTH. [lnA 3Toro
BoiyreM (13) u3 (14) u moayuum nepsyro gopmysry Pynee:

Racip(x)ho =S D=L 1 g ovsy, (15)

ITepBoe ciaraemMoe cnpaba €CTh TJIaBHBIH YIeH MOTPEINHOCTH. Takum
o6pas3oM, pacyer NO BTOPOH CeTKEe M03BOJISET OLEHHTb IOTrPEITHOCTh
pacuera Ha INepBOH CeTKe (C TOYHOCThIO JO 4/IEHOB GOJiee BEICOKOTO
ops1Ka).

MOXHO HCKJIOYHTb HafiileHHYIo morpemHocts (15) u3 copmyJs
(13) 1 mosyuuth pesysbTar C GoJiee BHICOKOH TOYHOCTBIO IO 8/mopol
¢opmyne Pyrnee:

L WB ) 4 g (o, (16)

g h)—
2(0) =L (x, h) 2=
10T MeToJ, OLEHKH MNOTPEIIHOCTH H MOBHILIEHHS TOYHOCTH pe3yJlb-
Tara oYeHb MNpPOCT, MPUMEHHM B GOJIBLIOM YHCJe CJyYaeB H HCKJIO-
yurenbHo 3¢ddexTHBeH. PaccMoTpHM 1Ba IpH-

Mepa ero INpHMEHeHHs K YHCJIEHHOMY XHdde- Ta6auna?
PEHIHPOBAHHIO.

IIpumep 1. Ilycte ynruus y(r)=Igx * | p=tex
3ajada Tabauue# 7 W TpebyeTcsl BHIUHUCIHTDL 1 0,000
y' (3). BoiGepeM 111 BBIYMC/IEHHE NPOCTEHIIYIO 2 0,301
dopmyry (6). Ionarass A=1, T. e. nponsBois 3 8»‘(%2
BLIYHC/IEHHSI 10 TOYKaM X=2 M x=4, noay- - | 5 0699
yum y' (3) ~0,151. YBennuuBas ar BJBOe '

(r=2), T. e. BHIUHC/AAS NPOU3BOAHYIO IO TOY- )
kKaM x=1 u x=>5, moayuum y' (3)~0,175. IlpoBoxs BhUMC/IeHHS
no ¢opmyne Pynre (16), rae coriacHo ouenke (6) Gepercs p=2,
MOJYUUM YTOYHEeHHoe 3HaueHue y' (3) ~0,143; sto Bcero 29, orsu-
yaercss OT ucKomoro 3Hauenusi y’ (3) ~0,145.

ITpumep 2. BeiBenem (opmysy BEICOKOH TOUHOCTH H3 (DOPMYJIBL
HM3KOH TOYHOCTH. Bo3bMmeMm mpocreiimiyio GopMmy/y A5 BEIYUCAEHHS
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nepBof TPOU3BOJHOM B cepeiHHe HHTepBana (8) ¥ samumeM ee,
BLIOMpas cHada/la CoceHHe Y3Jbl, a 3areM GoJiee yaaJjIeHHbIE:

yé/z (M)~ Y —yo/h,  Y3/2(3h) ~= (Y3 — yo)/3h.

[Topsafok TOYHOCTH GOPMYJAB p=2, a KOIpdHIHEHT YBeTHUEHHS
mara r =23, MO3TOMY YTOYHeHHe MeToloM PyHre gpaer cdopmyay (9):

4 ’ l ’ ’ l
Yar222 Y312 (1) + g (Y372 () — y3/2 BM)] =555 (%o — 27y1 + 279, — ).

Orciofa BMAHO, YTO AJSI TOJYYEHHS BBICOKOTO IOPSIKA TOYHOCTH
He 0053aTe/IbHO NMPOM3BOJUTbL BHIYHUC/JEHHS HENOCPelCTBEHHO IO ¢op-
MyJlaM BBICOKOTO IMOPSIAKA TOYHOCTH; MOXKHO NPOHU3BECTY BBIUHUCJ/IEHHSA
No MPOCTHIM (OpPMyJiaM HM3KOH TOYHOCTH Ha PAa3HBIX CeTKAaxX M 3aTeM
YTOUHHTL pe3yjbTar MerogoM Pynre. [IdocrenHuit crnoco6 npexro-
YTHTeJIbHE! ellle NOTOMY, YTO BEJIMYWHA NONPAaBKH (15) naer amocre-
PHODHYIO OLEHKY TOYHOCTH.

Merton PyHre ofo6Liaercsi Ha cy4all MPOU3BOJIBHOTO YHCJ/IA CETOK.
ITycTb @yHKUHS y(X) HMeeT J[OCTaTOYHO BHICOKHE HENpephIBHBEIE
npousBofHbie. Torna B passoxkenusix Teisopa Ttuna (11) MoxHO
yIepKHBaTb O60JIbIIOE YHC/JIO UJAEHOB M MOACTAHOBKA HX B (POPMYJIbI
tina (6)—(10) npHUBOAMT K MpeNCTaBIEHHIO OCTAaTOYHOIO WJeHa

B BHAE pAla
2()—C(x N= ] Pn (x)ﬁ"‘. (17)

mz=p

[Tycts pacuer npoBeleH Ha ¢ pasMYHBIX CeTKax C wwaramu hy, 1<<
< j<<q. Torma ¥3 OCTAaTOYHOTO Y/J€HA MOXHO HCKJIOUHTh NEpBbIE
g—1 cnaraemeix. I1s 3TOro nepenuiuieM cooTHollenwue (17), ocras-
JIisl MepBble ¢ — 1 u/leHbl MOTpPelHOCTH:

p+q—2 :
20— 3 Ya(@A=C(x, B)+0(RTTY), 1<j<g.

m==p

d10 cucTeMa JHHEHHBIX YypaBHEHMH OTHOCHTEJIbHO BeNHYHH 2 (X),
Y (x). Pemasi ee mo npasuay Kpamepa, mosy4uM yTouHeHHOe 3Haye-
Hue 1o gopmyre Pombepea

Cx, Ag) h’[’ h7+l h‘l’+q_2 1 hfl7 h!l7+1 . h’i7+q_2 -1
PO 1T VI N T A L S A
Cle hg) By mpTh L mTOTR et At

40 (wr+2-1). (18)

Jra qupmyJIa NPUBOJUT K MNOBBHMLEHHIO NOPAAKA TOYHOCTH pe3yJibTara
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Ha ¢— 1 mo cpaBHeHHIO c HcxomHOH dopmydol ((x, A), T. e. Kaxkzas
JIMIIHSIST CETKa ITO3BOJISIET IOBLICHTh MOPSNOK TOYHOCTH HA eNUHHILY.

®opmysa PombGepra yno6Ha TeM, 4YTO €€ MOXKHO NPHUMEHATb NpH
JIIOGOM YHCJIe PaBHOMEDHBLIX CETOK M JOOOM COOTHOLIEHHH HX IIAroB.
Ee HenmocraTkaMu SIBJSIOTCSI CpaBHHTe/IbHAasi I'POMO3LKOCTb H OTCYT-
CTBME B IIPOMEXYTOUHBIX BHIK/JIAJKaX alOCTEePHOPHBIX OLEHOK TOY-
HocTH. Ecau ceTkH BHIOpaHBl TaK, 4YTO CryI(EHHE CETOK IPOHUCXORHUT
BCeria B OJHO M TO Xe uucao pas (T. e. h =rhy=...=r"h),
To BMmecto ¢opmysasl PomGepra yroOHee peKYppeHTHO IPHUMEHSTb
meron, Pynre. :

st sToro GepyT mocsenoBaTe/bHbIe Maphl CeTOK (hy, hy), (Ay, hs),
(hsy hy) m 1. m. Tlo Kaxkpoli mape NpOM3BOAAT YTOYHEHHE METOLOM
PyHre, HCK/OYasi TeM CaMbM TVIaBHBIH Y/IEH NOTPELIHOCTH Y, (x) AP, '
ITosTOMY B YTOUHEHHBIX BeJHYHHAX I'JIaBHBIH Y/IeH MOTPEHOCTH OyeT

MMeTb BHI W,y (X) APL, THe IIAT MOXKHO YC/IOBHO NPHHATH R Tep-
BOH mapel CeToK 3a h;, MU BTOPOH—3a h, ¥ T. A. (3TO BepHO,
TOJIBKO ecnu h;/hy_; ONMHAKOBO [Jisi BCEX Map CETOK). YTouHEeHHbIe
3HAUEHHS] TaKHM ke 06pasoM TIPYINHPYIOT B Mapbl H HCK/IOYAIOT
oumk6Ky caenywomero nopsinka O (h?+1). Becero MoxHO mpousBecty g — 1
yTOYHEHHE, HA EIHHHLY MeHblle yHucsaa ceToK. Ilpu xaxiaom yrou-
HeHHM BHIYHC/ISAETCS TorpemHocTs (15), namomas anocTepHOpHYIO
OLIEHKY TOYHOCTH HAa JaHHOM sTane BbiyMcaeHud. ITpumep Takoro
BhIUHC/IEHHsT GyneT faH B ruiase IV.

Sameuvanue 1. Ecau ucxonnas ¢opmysa 1/s BeuucaeHus § (x, h)
MMEET CHMMETPHYHEIl BHJ, TO Ha DPaBHOMEpHOH CeTKe OOBIYHO BCe
HeyeTHhle wieHbl psina (17) obpamatorcss B Hyab. Ilpu sTom mosb3o-
BaTbcsA o0mel ¢opmy.toit (18) MOXkHO, HO HeBHIrogHO, H60 OHa He
VUHTBIBAET JOMOMHHUTENBbHOH HMH(OpMALKUM O HYJEBHX KoahdHIHeHTax.
Crnenyer ocraButh B cyMMe (17) TosbKO cTemeHu AP, hP+2, AP+, |
H COOTBETCTBEHHO H3MeHUTh (popmysny PombGepra. AnajoruysHo uame-
HsleTcsl peKyppeHTHasl npouenypa PyHre: npu ouepeHOM MCKJIIOYEHHH
omK6GKH MOPSIIOK TOYHOCTH IOBHILIAeTcs He Ha 1, a Ha 2. Ilpumepom
MOXKET CJYXHTb [NaHHbIH BhIle BHIBOL (opMyiel (9) u3 dopmyis (8),
KOrJa I0CJie NEPBOro YTOUHEHHS NOrpelHocTs ymeHbuingaace ¢ O (h?)
cpasy zmo O (hY).

3ameuanue 2. JlonycTHMOe YHC/IO YjeHOB cyMMH! (17) cBsizaHO
C KOJHYECTBOM CYIIECTBYIOIUX Yy (YHKUUH HENpephBHEIX IIPOM3-
BofHEX. IlosTOMY AN HENOCTATOYHO IVIaAKHX QYHKUHUE GECCMEICTEHHO
Gparb GosbIlOe YHCJIO CeTOK. IIpakTHuyecKH paxe IS «XODPOLIMX»
GYHKUMA' UCMOB3YIOT He Oojiee 3 —5 CEeTOK; OOBIYHO OTHOLIEHHE 7
MX IIAaroB CTapaioTCcsl BLIOPATb PaBHBIM 2.

Sameyauune 3. Merog Pynre —Pombepra MOXHO NpPHUMEHSTDH
TOJIKO B TOM CJiyuae, ecjq¥ olu6ka npeiacraBuma B Bume (17), rme
KO3(QHUIHEHTH! Py, (¥) ONMHAKOBBI 1J51 6cex cerok. Crporo rosops,
npu uucyieHHoM AuGdEepeHUHPOBAHUH 3TH KO3(DGDHUIMEHTHl 3aBUCAT OT
MOJIOKEeHHsT y3JI0B ceTKH. Ho ecsy BeiGpaHHBIE KOH(UTYpalUH y3JI0B
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Ha BCEX CeTKax NONOOHB OTHOCHTeNBHO TOYKH X (puc. 14, a), TO
3aBHCHMOCTb OT Y3/I0B OJMHAKOBA [IJifl BCEX CETOK M CBOAMTCS K BeJ/IH-
yuHe mara. Toraa meron Pydre — PomGepra npumenum. Ecan xe npa-
BHJIO Tofo6usA HapyiueHo (puc. 14, 6, 8), TO METOZ NPHMEHSTH HeNb3s.
ITosToMy npH uneseHHoM AMddepeHLUpOBaHUM MeTon PyHre—
PoM6epra ynaercss mpUMEHSITb TOJBKO /ISl HAXOXEHUsI IPOH3BOIHBIX
B y3JiaX HJIM CepelMHAaX HHTepBA/JOB PaBHOMEPHBLIX (MJIH ONHCAHHBIX
Jasee KBasWpaBHOMEPHHIX) ceToK. Ho aTH ciyyaW sIB/IAOTCA JOCTa-
TOYHO BaXXHHIMH B NIPAKTHYECKHX IIpHJIOXKeE-
— O HUsAX. OcoOeHHO IIMPOKO NpHMEHsieTcs OIH-

4 . ¢ o@e-e—— CAHHBIH METONL IPH YHCJIEHHOM HHTEIpPHPO-
BaHUM M pPas3HOCTHHIX METOJaxX pelleHHs

o7 3afau ps nuddepeHUHaNTbHEX U HHTEr PaJlb-
e @ (@) O e—eie o
HBIX YpaBHEHHH.

—o—es0—0—o 4. KsasupaBHomepnbie ceTkH. [lpu

Z —o—scs-s TeX 3HAYEHHUsX apryMmeHTa, IAe GYHKIHUA

pe3Ko MeHsiercsl, Imar TabJuLB [0JKEeH

Puc. 14. ObITh MaJjibiM, HHAye TOYHOCTb BBHIYHC/IEHHS

. no srtoit Tabauue Oyner mioxoi. A Ha
TeX yuacTKax, rje QYHKUHS MeHseTcs MeLJEeHHO, XOpOLIYI0 TOYHOCTb
obecreynBaeT ¥ KPYMHbIA mar TabJulbl;, MEJKHH LIar NpH 3TOM AaxKe
HEBBITO/IEH, KGO OH NIPHBOAUT K CH/ILHOMY YBEIHYEHHIO 06beMa TaGJIHIIb.

[TosToMy HepaBHOMepHasi ceTKa, yHayHO MoLoGpaHHas JJIs Onpe-
JieIeHHOH QYHKIHH, I03BO/MSET NOCTPOUTh TABJIHIY HE60IbLIOro 06beMa,
10 KOTOPOH MOXHO IPOM3BOIMTb BHIYHCJIEHHS C XOpOLIeH# TOYHOCTBIO.
Pasymeercsa, ans Apyrux ¢yHKUMHE 3Ta ceTKa MOXKeT ObITh MaJIoNpH-
rOIHOH.

Kaxnas koHkpeTHas cerka JuG0 paBHOMepHa (T. e. ee iar
h; = %1,y — x; TOCTOSIHeH), JuO0 HepaBHOMepHa. Ho HaM Hepenko
NPUXOIUTCH CrylaTh CeTKYy, T. €. paccMaTpuBath Ha [a, b] moce-
JIOBaTeJbHOCTb CETOK xﬁ."”, 0<<i<< N, c BO3pacTamiUM YHCJIOM
uHTepBasoB N. Pasymeercsi, ecnu Tabsuua yxke 3ajaHa, TO CETKY
CTYIIaThb HEBO3MOXKHO, HO MOXHO €e pa3peXHBaTb, BHIOpachiBasi H3
Ta6/INLB! TOJNOBHHY, ABE TPETH W T. [. TOYeK. IJTO TaKXkKe SBJSETCS
HEKOTOPLIM CIIOCOOOM MOCTPOEHHS NOCJIe0oBaTeIbHOCTH ceToK. Cryue-
HHE CETOK ILUMPOKO IIpHUMEHseTCs IIpH YHCJIEHHOM pelleHHH Iudde-
peHUHA/IbHBIX W HHTErpalbHBIX ypaBHEHHH.

Cpenu mnocJ/efoBaTeNbHOCTEH CETOK BaXKHOE MECTO 3aHHMAIOT K8a-
3upagHomeprbie cemxu. Bynem HasbiBaThb CeTKH KBa3HPaBHOMEDHBIMH,
€C/IH CYLIECTBYeT NBaXK[bl HeNpephlBHO AubdepeHLHpyeMast QYHKUHS
x=§ (¢), npeobpasyromas oTpe3ok 0<<f<<1 B OTpe3ok a<<x<b
TaK, 4T0 Kaxjoi cerke x{N) cOOTBeTCTBYeT paBHOMepHas CeTKa (M) =
= i/N, npuuem Ha 3ToM orpeske &' ({)=&e>0, a £"(f) orpanuyena.

Ecau 3TH yc/0BHSI BHINOJIHEHB!, TO IIAar CeTKH h;~E' (4;)/N,
a pasHOCTb [BYX COCENHHX IIAroB ecTb A — Ay ~<E" (f;)/N?. 3uauur,
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npH GOJBILIOM YHCJE Y3JI0B PA3HOCTb COCENHHX IIaroB Ak~ A2, T. e.
MHOTO MEHbllle IJIMHBI Ilara, H COCEJHHE HHTEPBAJBl NOUTH pPAaBHHL.
[TosToMy Takue CeTKHM M Has3blBAalOT KBa3HPAaBHOMEPHHIMH HJIM MOYTH
paBHOMepHBIMH. OIHAKO OTHOLIEHHe NJMH Ja/eKHX IPyr OT Apyra
vHTepBaNoB My/h; ~=E' (¢;)/E’ (¢;) Moxer GHTb GOJbLINM.

I1si Toro 4roObl CTyCTHTb KBa3sHPaBHOMEPHYIO CETKY X;, HaJ0
CTYCTHTh DaBHOMEPHYIO CeTKY f; (yBeqnuuTh N) M 10 Hell BHIYHCIHTD
HoByIO ceTKy. CepelliHy HHTepBa/la X;.i;; KBa3HPAaBHOMEPHOH CETKH
HaJ0 BBIYKC/ATH IIPH IOMOWIY TOTO Xe NpeoGpasoBaHHs, IMojaras

Xisrp=§ (LNI/?‘) ;

6paTh Xii1; PABHOH NOJyCYMME COCENHHX Y3/I0B X, Xi4; HENb3sl.

PaccMOTpHM HEKOTOphIe HPHMepHI.
a) Ecnnm Hago feTanbHO Nepefarb NoBefeHHe GyHKUMH BGAH3H OJHOrO H3
KOHLOB oTpe3ka [a, b], To yno6HO mpeoGpaszoBanue

x=a-(b—a) (e —1)/(e>—1). (19)

3nauenne o >0 COOTBETCTBYeT MaJOMy LIary CeTKH y JIEBOTO KOHIA OTpe3sKa,
3HayeHne o << 0—y npasoro. Illaru 5Toii CETKH COCTABISIOT reoMeTPHUYECKYIO Ipo-
“Tpeccyio CO 3HAMeHaTeJeM q=h,+1/h,=e°‘/N . OrHoleHHe MepBOro H IOC/TELHero
mara CeTKH NMPHUMePHO PaBHO e%; NMPH GOMBLIOM O, OHO MOXeT GbITb OYeHb GOJILIIHM.
Takas cerka mo/me3Ha, HanpuMep, B 3afauax aTtoMHOM (U3HMKH, Trhe BOJHOBLIE
(yHKUHMH HauGosee GHICTPO MEHSIOTCH BOMHM3H sAnpa.
6) Ha monynpsamoit [a, co) Toxe MOXHO NMOCTPOHTb KBa3sHPABHOMEDHYIO CETKY;
HanpHMep, TaKHM IpeoGpasoBaHHeM:

x=a+totg(m/2), O0<<i<l. (20)

TapameTp o ynmpasiseT CETKOH; yeM OH MeHbIUe, TeM Tylle y3Jul CEeTKH INpH X — @
H pexe INpH x— co. [locieqHuil HHTepBa; 3TOH CETKH (x N-1’ xN) 6eCKOHEeYHO
BeIHK, HGO TOYKA X, — GECKOHEYHO yHaNeHHas (OTCIOfA fICHO, 4TO CEPELHHY HHTep-
Bajla KBa3HPaBHOMePHOH CeTKH HAf0 HAXOAHTb IPH IOMOUIE OCHOBHOrO IpeoGpaso-
BaHHA!). DTa ceTKa Mo/e3Ha NPH BHIYACIECHHH HHTErPanoB ¢ GECKOHEUHKIM BepXHHM
TIPeiesIOM.

B) [IpeoGpasoBanne x=a tg (nf/2) npy — 1 <{<<1 nosponfieT MOCTPOHTDH
KBa3sHpaBHOMEPHYIO CeTKy Ha GecKoHewHOH mpsMoii., IlepBeli M mocnefHHH HHTep-
Bajbl 5TOH CeTKH GeCKOHeYHBI.

r) IIpeoGpasoBanue x =12, 0 << { << 1, onpepensieT He KBa3HPABHOMEPHYIO CeTKY.
3p1ech He BLINOJNHEHO YCJIOBHE CTpPoroii mosoxuTenbHoctH E’ (£). ITo satoMy mpeoGpa-
30BAHHIO CTPOHTCA TaKas CeTKa:

%o=0, x;=1/N2, x=4/N2, ...; hy=1/N2, hy=3/Ne, ... .

B pesynbrare pasHOCTb JBYX COCEIHHX LIAros —MepBOro M BTOPOro— Bigoe Golibile
OJIHOTO M3 HHX npu Jio6eM N. 3Haunt, BGAH3H ToukH x=0 ceTkd He cTpPeMHTCH
K paBHOMepHOH HpH N — co.

Ecnn cetka KBa3HpaBHOMEPHA, TO NPOH3BOJHEIE HA HEH BbIYHC-
JisloTcs 60 mpolle, JHGO TOYHee, YeM Ha NPOH3BOJIBHOH HEpaBHO-
mepHO# cerke. Hanpumep, ecnu Ha TakOH ceTKe B3ATb NOAPSA TPH
yana Xy, Xy, X3, TO Xy = (%o +%2)/2 + (hy — M)(2 = (%o + %5) 2+ O (B?)
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U aHAJOFHYHO X; = (X X; -+ x,)/3 4 O (h?). Dro o3HauaeT, YTO y3es X,
pacnoJ/iokeH BGJIN3H TOYKH TOBBILIEHHOH TOYHOCTH [IJ51 3THX Y3JIOB,
B okpecTHocTH pasmepoMm O (h%). U3 chnenannoro B m. 2 ‘3ameyaHus
C/eflyeT, uTo OJHOWJIeHHble (opMyJH (2), paccYHTaHHblE HA MPOU3-
BOJIBHYIO CETKY:

y{wy(xo, x2)v yi’m?y (xo’ X1, xz):

B y3JaxX KBa3upaBHOMEpHOH ceTKH obecneunBaioT ToyHocth O (A?).
ITonb3oBaTbest B 3TOM caydae dopmysnamu tuna (7), paccYMTaHHBIMH
Ha DaBHOMEPHYIO CEeTKYy, He C/IelyeT —Ha KBAa3HPaBHOMEPHOH ceTke
HX TOYHOCTb 6yIeT XyxXe.

Ha xBasupaBHOMEpHEIX CeTKaX CIpaBel/IHBO pa3joxkKeHHe OcCTa-
TOYHOTO ujeHa B psA (17), ecin mopoxkjawoulee CETKH mpeobpasoba-
Hue x=E (f) mocraTouHOoe YMC/IO pa3 HempephBHO NudepeHipyeMo.
B sToM ciyyae n/isi HOBBIILIEHHS] TOYHOCTH DPAacyeTOB MOXKHO ynotpel-
nTh MmeTon PyHre — Pombepra, noncrasisisi B dopmyan (16) — (18)
BMecTto A BenuuuHy 1/N. JIasi KBa3HpaBHOMEPHHIX CETOK 3TOT METO.
0COGEHHO BBITOLEH, HOO IJ1s1 HUX NpsiMble GOPMYJIB BEICOKOTO HOPsIAKa
TOYHOCTH OYeHb T'POMO3IKH.

Tonbko B OFHOM IYHKTE KBa3UpaBHOMEpHHIE CETKH YCTYMAlOT
paBHoMepHEIM. Ha HuX p#An Ajs ocraTouyHoro ujeHa (17) maxe B ciy-
yae CHMMETPHYHOH (OpMyJbl CONEpPHKUT OObIYHO BCe cTemeHu 1/N,
NOSTOMY Ka)kias JIMIIHAS CeTKA MO3BOJISAET MOBLICHTH MOPSAOK TOY-
HOCTH JIMIIb Ha eIMHHLY, a He Ha JBOHKY.

KBasupaBHOMEpHEIE CETKH YaCTO HCIOJb3YIOT MPH PELIEHHH CJIOXK-
HBIX 3a/ay MareMarHuyecKod (H3MKH, KOoria Heo6XOIUMO IIpH MaJioM
YHCJle Y3JI0B JeTaJbHO NepefaTb OCOOEHHOCTH peLIeHHs.

5. BoicTponepemennsie dyHkuun. Eciau ¢yHKIMS (TOuHee, ee pas-
JleJleHHble Pa3HOCTH) 3HAYMTEJIbHO MEHSIeTCs] Ha NMPOTSKEHHH HECKOJIb-
KHX WHTEpBAJIOB CETKH, TO HHTEpIOJALHS 000OIIEHHEIM MHOTOUIEHOM
OOLIYHO HENOCTAaTOYHO ToYHA JJs AuddepeHUHpOBaHHS 3TOH HYHKIIHU.
Hns Takux QyHKUMH OCOOGEHHO NoJIe3Ha KBas3WJ/MHeHHAs HHTepIOJs-
1ys1, NPOU3BOLUMAS IIPH MOMOIIH BhHIPaBHHBAIOLIMX IEePEMEHHbBIX.

Ecau & (x), m (y) — BblpaBHHUBAIOLLHE TIepEMEHHBIE, TO AJ HCKOMOH
[IPOH3BOJHON CIpaBEeAJIMBO COOTHOLIEHHE

yr=Emi/mg. (21)

BripaBHUBatomue mpeoGpasoBaHUs MOAGHPAIOT HECJOXKHBIMH, YTOOBI
HX TpousBoiHbe Ex, 1, HAXOAHMHCh ToyHO. OcraeTcs TOJNbKO YHCIEHHO
HaHTH 7Mi CMOCOGaMH, H3JI0KEHHBIMH B IPEbIAYIIMX NYHKTaX.

Hanpumep, nycrb uMeiorcs TaGnuusl sueprud E (T, p) MHOrOKDaTHO HOHH30-
BAHHOM IIJIAa3MBI TSKENHIX. aTOMOB. PaccMOTPHM HaXOXJIeHHE TeIUIOeMKOCTH ¢, =
= (0E/0T),; OHa OTJIHYaeTCs OT TEINIOEMKOCTH HAEalbHOTO rasa, MOCKO/MbKY B Hee
BXONHT SHEpPrHs, HAYILAs HA OTPLIB OT HOHHOTO OCTOBA HOBBIX 3JIEKTPOHOB IIpH
TMOBBIIEHHH TeMNeparypel. Panee ymoMHHanoch, YTo 3aBHcuMocTh E (T') HanoMHHaer
CTENMEHHYIO CO CaGo INepeMeHHBIM II0Ka3aTejeM H BHIDABHHBAIOWMM fABJfETCA mpe-
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ofpasosanne N=InE, E=InT. Jlerko BuAeTb, uT0 hopMyna (21) mpHHHMaeT BHA
cy=(E/T) n{=(E/T) [0 (In E)/d (In T)};
NOCJIEJHIOI NPOU3BOJHYI0 HAXOAAT YHCJEHHHIM AHbbepeHIHpPOBAHKEM (CM. 3ajauy 7).

Ecin B HCXOZHBIX NepeMeHHBEIX CeTKa OblJa DaBHOMEPHOH HJIH
KBa3UpaBHOMEPHOH, TO OOBIYHO OHA KBAa3HpPaBHOMEPHA U B BbIPABHH-
BalOLIMX TepeMeHHbIX, MO0 BhIpABHHBAIOLIEE Npeo6pa3oBaHHe Ha orpa-
HHYEHHOM OTpe3Ke IOYTH Bcerha o6majgaer TpeGyeMBIMH CBOHCTBAMH
TNPOU3BOJHLIX. B 3TOM ciyuae pe3y/abTaT MOXHO YTOYHATb METOAOM
Pyure — PomGepra. .

®opmyna AByKpaTHOro AuddepeHIHPOBAHUS NPHU NOMOLIH BpraB-
HUBAIOIUX TePeMeHHbIX JOCTAaTOYHO CJIOXKHA:

Yox = [E%ene + (82)® Mg — Mgy (Exme/m)®1/mys (22)

H ee NMpHUMeHeHHe He Bcerja oGecrneudBaeT XOpoulylo TouHocTb. Ho
175 GblcTponepeMeHHOH (YHKLMH ABYKpaTHoe AH(depeHIHpoBaHHE
MHTEPTIOSALHOHHOrO MHOrousleHa JlarpaHxka eme GoJiee HeHaleXHO,
ITosToMy BTOpyI0 U GoJee BLICOKHE
NPOU3BOAHLIE GBICTpOTIepeMEHHOH 4
GYHKUME TPYAHO HAHTH YHCJEHHO.

6. Perynspusauusa auddgepeHuu-

poBanusa. Ilpu uucienHom audde-
PEHIHPOBAHUH TNPHUXOAUTCA BLIYH-
Tath ApYr U3 Apyra GJIU3KHe 3Hade-
HHS GYHKIHU. DTO NPUBOJAHT K YHHU-
TOXKEHHIO TEPBBIX 3HAdalUX LHDD,
T. €. K TOTepe YacTH AOCTOBEPHBIX
3HakoB yucsa. Ecn 3Hauenus GyHK-
[IMd H3BECTHBH C MaJoH TOYHOCTbIO,
TO BCTA€T ECTECTBEHHBI BOIIPOC —
ocTaHeTcss JHM B OTBeTe XOTb OJMH
JIOCTOBEpHBIH. 3HAK?

Jas oTBeTa Ha 3TOT BOMNPOC HC-
clenyeM OIIMGKH IPH  YHCJIEHHOM
nnddepenuuposannn. Ilpn  uHTEp-
NOJIMPOBAHHH 0GOGLIEHHEIM MHOTOYJIEHOM NpPOM3BOAHAA k-ro mopsuka
onpezensiercs coraacho (2)—(3) dopmy/oi THNA

YR ) =h* Y Co0y(x)+Re(v). Cox)=0(1).  (23)

Puc. 15.

Ecau ¢opMyna uMeeT TOPSAAOK TOYHOCTH p, TO, 3HAYHT, €€ OCTa-
TOYHHIH ueH paBeH Ry (x) ~ C (x) iP. DTOT OCTATOYHBIH UJEH ompe-
JIeJISIeT TOTPEUIHOCTb MeTOAa, H OH HeorpaHHYeHHO YObIBaeT mpH
h—0. Ero 3aBucumocTb OT wwara H3o0paxeHa Ha puC. 15 xupHoO#
Jmlmen.
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Ho ectb euie HeycTpaHMMas MNOTPeIHOCTb, CBsf3aHHAs € MOTperl-
HocThlo GyHKIHH Oy (x). IlockoMbKYy TOYHBIH BHJ 3TOH MHOIPEIIHOCTH
HEH3BECTEH, MOXKHO OLIEHHTb TOJIbKO MaXXOPAHTY HeyCTPaHHMOH TOrpell-

HOCTH rp=38-h"* 3|C,|; oHa HeorpanHyeHHO Bo3pacTaer npu h—>0

q
(ToHkast JuHUA Ha puc. 15). PaxkTHyecKH Xe HeyCTpaHHMAs TOrperl-
HOCTb GYIET HEeperyJsipHO 3aBHCETb OT BEJHYHHBHI L1ara, 6ecropsiioyHo
OCHMJIIHPYSl B TpaHHLAX, OMNpejenseMBX MaXKOPaHTOH (TOYKH Ha
puc. 15). ’

IToka mmar nocTaToOyHO BeNHK, NMpPH €ro yObBaHHM HeycTpaHHMast
TIOrpellIHOCTb Masa T10 CPABHEHHIO C MOTPELIHOCTbI0 METONa; NMOITOMY
noJiHasi TorpemHocTb yoeiBaeT. IIpH najbHeHIIeM yMEHbBIIEHHH IIara
HEeyCTpaHUMasi TOTPEIIHOCTh CTAHOBUTCA 3aMETHOM, YTO MPOSIBJSETCS
B He BIOJIHE DEryJsipHON 3aBHCHMOCTH DE3yJbTaTOB BHIUMC/IEHHH OT
BeJIMYMHBl luara. HakoHew, NHpH AOCTaTOYHO MaJOM liare HeycTpa-
HHMasi MOTPEIIHOCTb CTAHOBUTCS mpeoGiiajamoles, H NpH AajbHeHILEM
yMEHBbIUIEHUH Iara pe3y/bTaT BEHIUMC/IEHHH CTaHOBUTCS BCe MeHee
JOCTOBEPHBIM.

[MosHast morpemHoCTb MaXkopupyercs cymmoit Ry -7, (wrpuxosas
KpHBasi Ha pucyHKe). OnTuMasbHBIM OyAeT Liar, COOTBETCTBYIOLIHA
MHHHMYMY 3To# KpuBoH. HeTpynHo moacuurtark, 4ToO

ho (6) = (k(s Z | Cq Vpc>l/(l?+k) =0 (6]/(p+k))’
' (24)
min (R, +rx) =Chy (1 + %) = 0 (60/+n),

Menbiunil IIar HeBHITOZIEH, a MEHbLIAsA NOrPelIHOCTb, BOOOLe roBops,
HEJOCTIKHMA (XOTA OTJe/JbHble BBIYHCIEHHS CAy4aHHO OKaxXxyTcs
6oJlee TOYHEIMH, HO MBI 3TOrO HE CMOXEM Y3HaTb). JTa MHHHMAaJbHas
omxu6Ka TeM MeHbllle, yeM MeHblle MOrpelIHOCTb BXOAHBIX JAHHHIX H
NOPSAAOK BBIYUC/AEMON TMPOU3BOAHOM M yeM BhIle NMOPSAAOK TOYHOCTH
¢opMy.JIBL.

OueBunno, npu 8y (x) =0 MoscHO noaywums CKOAb Y2OOHO BbICOKYFO
MOYHOCMb Pe3yrbmama, ecau uiae cmpemumcs K Hyamo, 6yoywu ecezda
ne menee hy (8). Ho ecau pomyctuts h<<hy(8), To pesyabraT mpe-
JeIbHOTO Nepexofia MOXKeT OBITb HeNpaBH/bHBIM.

Ora TOHKOCTb CBfi3aHa C HEKOPPEKTHOCTBIO 3ajaud AuddepeHun-
poBaHHsA. PacCMOTPUM MOrpeIIHOCTb BXOAHBIX AAHHBIX BHAA Oy (x) =
= m~!sin m®x. OHa NPUBOAMUT K TNOTPELIHOCTH NepBOH MPOU3BOJAHON
8y’ (x) =mcos m?x. Tlpu m—co morpeluHocts (yHKIUH B ||-|lc He-
OrpaHHYeHHO YOBIBAeT, a MOTrPEIIHOCTh MPOH3BOJHOH B TOH e HOpMe
HEOTPAHHYEHHO pacTeT. 3HAYHUT, HET HenmpepbrBHOH 3aBHCHMOCTH Npo-
H3BOJHOH OT QYHKUMH, T. e. dugpgpepenyuposarue Hexoppekmro. Oco-
GEHHO CHJIBHO 3TO CKa3blBaerTcs INPH HaXOXKAEHHH IPOU3BOAHBIX BLHICO-
KOro nopsika.
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HM3noxenHslil Bl CHOCOG ONMpeleNeHHs ONTHMANbHOTO LIara Hu
3anpelleHye BeCTH pAcyeT IIaroM MeHblle ONTHMAJbHOTO €CThb HEeKO-
TOPHIH Croco6 perynsapusauuy auddepeHIpoBaHHA, TaK Has3blBaeMas
peayrspusayus no wiazy. JTOT crnoco6 B mpocTeiiurefi ¢opMme AaBHO
NpUMeHANCA (U3UKaMH, KOTODHIE NPH OJHOKPATHOM YHC/IEHHOM AHb-
(depeHIHpOBaHNM BCErAa BHIOMPaNnW TakoH wmiar, 4toGel |y (x4 h) —
—y @) >8.

K stoit 3ajaue mpuMeHUM H MeTOJ perynﬂpﬂsaunﬂ A. H. Tuxo-
HOBa; OH Oyzer usjoxeH B riaase XIV, § 2

®usukn u3faBHA yNOTPEGJAIOT (6e3 CTpororo 0060CHOBaHHUA) elle
OfMH Croco6 pery/asapusauuy — IuddepeHnnpoBaHie NpenBapUTEIbHO
CTJIaXXeHHOH KPHBOH, TpHYEM CriaxXuBaHUe OOBIYHO BBHIIOJHSIOT METO-
JIOM HaMMeHBIIHX KBajpatoB. PoJjb mapameTpa peryaspHsaniu 31ech
UrpaeT OTHOLIEHHE 4YHCJa CBOOGOAHLIX NapaMeTpoB A anmpOKCHMH-
pyrolel KpHBOH K YMCJAY Y3J0B CeTKH N; I/ XOpPOLIEro CriaH-
BAaHMS JNO/KHO BBHINOJHATbCSA YCJOBHE n<N '

PaccmorpuM, Kak 3To fenaetca B mpocrefileM ciyuae. BeiGepem
OKOJIO MCKOMOH TOYKH He OYeHb GOJIbLION HHTEpPBaJ U3MEHEHHS apry-
MeHTa, yTo6hl IBYyYJEHHAs amnnpokcuManus y(x) ~a-+bx obGecrneuu-
Baja YAOBJETBOPUTEJbHYIO TOYHOCTb. Ho 3TOT UHTepBanm n0JXKeH
colepXarb JOBOJIbHO MHOTO Y3JI0B CeTKH, T. €. OHTb He C/IHIIKOM
MaJlbIM.

Cucrema ypaBHeHHH (2.43) n1s omnpefieneHHss Ko3dHIHEHTOB
CpeIHEeKBaJPaTHYHOH aNmpoKCHMAalHH MPHHHMAET CJelyoWUui BHI:

aZpi+b Zpixi=zpiyi’
a Z oix;+b Z [ =Z PiXilis

rape cymma 6epeTcs1 Mo ysJjiaM CETKH X;, JieXKalliM B 3TOM HHTepBaJle.
BBeneM Ha 3TOM HHTEpBaJieé CpeJHHE 3HAYEHHUA

=(Xox)/( Do), g=(3 o) (Z o) (26)

Torza nepBoe ypaBHeHHe (25) MOXKHO 3amucath B Bme atbi=4g
(cM. 3amauy 8 k rsase 1I). YmHoxas ero Ha % Zpi H BBIUHTasA H3
BTOPOTO ypaBHeHHA (25), mosy4um

Y () ~b=|> o (xgi—x7)|/[ 3] outt — )] @7)

IMonb3sysicy onpeneneHneM cpefHHX (26), mpoH3BeseM HECJIOXKHOE mpe-
oGpasoBaHHe 3HameHaresss B (27):

Mo —x) =D o (i) =2 ¥ ;=
= D10: (X4 %) — 2% X pixi = D p; (%, — X)?

M aHaJOrHyHO npeobpasyeM yucauteab. Torma BeipaxeHue (27)

(29)
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NPUBOAUTCS K BHAY, HAaNlOMHHAIOUIEMY KO3(pdUIHEHT MapHOH KoppeJs-
OUH BEJAHYHH X H Y:

y~b=[30oi (=8 —9]/[Seim—5]. (28

[Mocnennsaa QopMyna HECKONbKO BHITOAHEH AJIsi YHCJEHHHIX PacyeTos,

4eM npefwiayimas, W60 OWHMOGKH OKPYIJeHHs B HeH MeHbLe.
IByunenHas cpefHeKBaipaTHYHAS ANNpPOKCHMALUS [aeT yLOBJET-

BOpUTE/IbHEIE pe3yJbTaThl, TOJNbKO ecid 6/)/ N <A, rie § — norpem-

HOCTH OTAEJbHBIX 3HAa4eHHH (GYHKIUH, N — 4HC/IO TOUEK B BHIGPAHHOM
yyacTke, a A — HeJquHeHHas yacTb mpupalweHus QYHKIHE HA JaHHOM
yyacTke. Ecau 3T0 COOTHOILIEHHe HApYILIEHO, TO HAJO CTPOHTH CrJa-
JKHUBAIOIIHE anmnpoKCHMaluu ¢ 3—4 yleHaMHu H auddepeHIHpoBaTh HX.

B 3ak/ioyeHHe OTMETHM, YTO BEIPABHHBAIOLIHE NEPEMEHHEIE N03BO-
JISIIOT BECTH PAcyeT KPYMHBIM INArOM HJIH C MajbBIM YHCJIOM CBOGOA-
HeIX mapameTpoB. Ilostomy npefBapuTenbHOE MPUBELEHHE K BHIPABHH-
BAIOWMM TMEPEMEHHLIM CYIIECTBEHHO OcC/ab/seT BAHSHHE NOTPELIHOCTH
HaualbHLIX JAHHBIX M MO3BOJISET TEMH XK€ CIOoCO6aMH perynaspusaliy
Ao6uTbcsl GONbILEH TOYHOCTH.

3A0AUYHN

1. CocraBuTh GOPMy/y BEHIUHCAEHHS Yy’ (X) HA OCHOBAHMH HHTePIOJALAOHHOTO
MHorouleHa Opmura (2.18) u cpaBHuTD ee ¢ mpocteiiitelt popmyiIoit y’ (X) ==y’ (xo) +
+ (x—x0) Y’ (%9, %1). Hadith norpewnocTn obenx ¢opmyn. Kakasa u3 ¢opmya Tou-
Hee M 1oueMy?

2. TlokasaTb, 4TO y ABywIeHHOH ¢opMyasl (1) ecThb IBe TOYKH MOBHILUEHHON
TOYHOCTH, ONpefe/sieMble COOTHOLICHHEM

kEl T=FF1
W=VEFI Y u* 3 =52 e+ Ve,
i=0 i >]> 0
B KOTOPBIX JOCTHraeTtcs Tpe’mﬁ nop A00K TOYHOCTH.

3. Ananoruuno (6)—(10) monyuuTe ¢OpMyJBl NS BBHIUHCAEHHS y' yIv
B CPeJlHEM y3jle IO NMSATH y3/jaM PaBHOMEDHOH CeTKH.

Ta6nuna 8 4. Cnocofom pasnoxeHus no ¢opmyne Teiisopa

HalTH ocraTouHble uleHbl (opmya (8)—(10).

T. o8 E, KAX 5. ITosyuuTs 11 BTOPOM NPOU3BOJHOH (BOpPMyNy

’ Tor BEICOKOH TouHocTH (10) u3 mpocrefimeit hopMyisr (7)
merofoM Pyhre.

2,04 2950 6. Crporo 0GOCHOBAaTh pPeKypPEeHTHOe NpHMeHe-

1,15 720 HHe MmeTofa PyHre.

0,646 303 7. B rabnume 8 nmpuBeleHbl JaHHBE IO

0,363 176 SHEPrHH  IUIa3Mbl  AJIOMHHHSA TNpPH  IVIOTHOCTH

0,204 64,8 101 arom/cm3. CocraBuThb  TaGJaHLy  TelIOeM-

0,115 248 KOCTH ¢, H OUEHHTb e€e TOYHOCTb, ToJaragd,
4TO: @) 3HAuUeHHMSd SHEPTHH  BBIYHC/IEHH TOYHO,

6) 3HaueHHs SHePrHH HMeIT NOrpelHocTs == 10%,.

8. HMcnonb3ys cpeiHeKBajpaTHUYHYIO annpoKcHMauuio GyHKIMH mnapabnsol
Y (x) =a-+bx +cx?, HalTH BbipaMeHHe Il ee TNepBOH M BTOPOH HPOH3BOAHOM
yepe3 3HaYeHHs (PyHKUUH B y3jax. .



FJIABA 1V
YUCJEHHOE MHTErPUPOBAHHUE

B raase IV u3/0KeHB OCHOBHBIE METOLBI YHCJIEHHOrO MHTerpHpoBaHus. B § 1
BbIBeleHEl (hOPMYJIbl BBIYHCJIEHHA OJNHOKPATHHIX HHTErpajioB, OCHOBaHHLIE HA TOJH-
HOMHAJILHOH anfpOKCHMAalHH MOALIHTErpasbHOi (YHKUHK: MpocTeliune GHopMyJIb!
Tpanmeuuil ¥ CPeXHHX H HeKoTopble (OpMyJbl GOsiee BBICOKOH TOUHOCTH, B TOM YHCJIe
¢opMysEl  HaHBbicileli anreSpauueckoit ToyHocTH (laycca— Kpucropdens n Map-
KoBa). MccseloBaHB NOrpelIHOCTH 3THX (OPMYs H XapaKTep HX CXOLMMOCTH.
B § 2 paccmorpeHsl CHOCOOBI HMHTErpHPOBAHHA (YHKLUHH, AL KOTOPHIX NOJHHO-
MHa/bHAS aNNPOKCHMALHsi He ofecleunBaeT NpHemJeModl ToyHocTu. B § 3 omucan-
Hble METOXbI MepeHeceHH Ha cJiyyail KPaTHHX HHTerpasios. B § 4 H3/0XeHH OCHOBEI
merona MouTe-Kapsio NpHMeHHTEbHO K BHIYHC/EHHIO HHTEIpaJioB.

§ 1. MoanHomMHanbHasi anmpoOKCHMALKS

1. Mocranoska 3agauu. Ilyctb TpebGyercs HaWTH ONpefeeHHBIH

UHTEPpas
b

F={f®p@dx, p®>0, )

a

rie ¢yukuus f(x) HempepeiBHa Ha orpeske [a, b], a BecoBasi (yHK-
uMsA o (X) HenpepelBHA Ha HHTepBanie (a, b). Beipasutb HHTerpain
yepes aJeMeHTapHbe (YHKUHH YAAeTCs PELKO, a KOMMNAKTHBIH U
yAOGHBIH [1Jisi HOBEJEHHS 1O YHC/A OTBET MOJYYaeTcs elle pexe.
[TostoMy O06BIUHO 3aMeHAIOT f(X) Ha Takyw alnpoOKCHMHP YIOUWLYIO
dyuruuo @ (x, @) ~=f(x), 4TO0Hl HHTErpa OT Hee JITKO BHIUHC/AJCA
B 3JeMeHTapHHX (YHKIHAX.

Yame Bcero f(x) 3aMEHSIOT HEKOTOPHIM OGOOIIEHHBIM HHTEPIOJIs-
[IHOHHBIM MHoOrousieHoM. ITOCKOJIBKY Takasi annpoKCHMauus JHHedHa
OTHOCHTEJILHO TapaMeTpoB, TO QYHKIMSA TPH 3TOM 3aMEHSETCS HEKO-
TOPLIM JIHHEHHBIM BEIDAXKEHHEM, KO3((UILHEHTaMH KOTOPOTO CJyXKaT
3HaueHus QYHKIHUY B Y3Jax:

n

f= 2 f(x) i (x)+r ), )

=0

rIe r(x) —ocraTounblil uieH amnpokcumanuu. Iloxcrasassa (2) B (1),
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nonyuuM GOPMyJy UHCJIEHHOrO HHTErPUPOBAHUA  (K8adpamypHy:o
Gopmyy) .
F= Z of (x)+R,

i=0

b b 3
a=(o:()p () dx, R={rxpxdx,

rle BeJWYHHB X; HA3LIBAIOT y34amu, C;—eecamu, a R — noepewino-
CMor0 WU 0CmMamodHbim  4aerom Gopmyasl. MHTErpan npuGaukeHHO
3aMeHseTCsl CYMMOH, IOXOXKeH Ha HHTErPaJbHYI0 CYMMY, IpHYeM
y3Jabl U KO3(QOUIMEHTH 3TOH CyMMbl He 3aBHCAT OT (QYHKUHH [ (x).
Hutepnonanuonnslii MHOrouseH (2) MoxeT ObITb He TOJLKO JarpaH-

JKeBa, HO ¥ 3DMMTOBA THNA; B TOCJEN-

f(z) —~  HeM caydae B cymmy (3) BoHAyT mpo-
u3BOfHble (DYHKIMH B y3/ax.

Jlyuiie Bcero u3yyeHa 3aMeHa f(x)
anre6panyecKUM MHOTOYJIEHOM; OHa
paccmatpuBaercs B 5TOM maparpade.

z O6blyHO Gynem rmoJarate p (x)=1.
> (C/ayyad He eIMHHYHOrO Beca GYyAYT
0co60 OroBapUBaTbCA.
Puc. 16. 2. dopmyaa Tpaneumii. 3aMeHHM
dynkuuo Ha orpeske [a, b] MHO-
royneHoM Jlarpam:ka mepBo#l CTeNeHH € Y3/laMH X,=4a, X;=0>.
DTO COOTBETCTBYeT 3aMeHe KpHUBOH Ha cexymyto. Mckomeiit nHTerpas,
paBHBIEl MNJOWANY KPUBOJHHEHHOH (PUIypHl, 3aMEeHAEeTCS Ha ILIOoN[afb
Tpaneudu (puc. 16); H3 reoMeTpHYeCKHX COOGDaxKeHHH HETPYIHO
Hamucarb AJs Hero gopmysy mpaneyui

b
F={i@de~g6-alf@+f @) 4)

dro onHa u3 npocTefMX KBaxparypHeix ¢opmysa. Haiinem ee
norpemHocTb. [las storo pasnoxuMm f(x) mo c¢opmyne Teiinopad,
BEIOHpas CepeiuHY OTpe3kKa 3a LEHTP pasjioKeHHd M IIpeamoJaras
Hajquyue y OYHKUHH TpeGyeMBIX II0 XOAY pacCyxkIeHHH HempephiB-
HHIX MPOM3BOAHHIX:
" = - 1 N (o
[O=FO+E=D] @O +5 =2 ®+..., ©
. 1
X=5(a+b).

[MorpemHocts ecTb pasHOCTb TOYHOTO M NMPHGJIMKEHHOTO 3HAYEHHI
unTerpana. IloncraBass B (4) pasnoxenue (5), NMOJNYYHUM TJIaBHBIH
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Y/IeH MNOTPEeIIHOCTH

b !
R=([@d— 3 F@+FOI~—;0-aF @, )

rle 4JeHbl, OTGpOLIEHHBle MPU 3aMeHe TOYHOTO PABEHCTBA MPUG/IH-
JKEHHBIM, COJEp2KaT CTaplive NPOU3BOAHBIE M GOsee BEICOKHE CTENMeHH
IJIHHBL OTPe3Ka MHTErpUPOBAaHHA. 3aMeTHM, 4TO conepxaimue f(X) u
f'(%¥) unenbl pasnoxeHHs (D) YHMYTOXKHJIMCD H He Janu BKJana
B NOTPELIHOCTb; 3TO HETPYAHO GblIO NMpeABHAeTb, HGO dopmy/aa Tpa-
neuui 1Mo caMoMy BBIBOAY TOYHA A/ MHOTOYJIEHA MEPBOM CTENEHH.

Boo6ue rosops, AJHHA OTpe3ka b—a He Masa, NMOSTOMY oOcTa-
TOUHBIH usieH (6) MOXKeT ObITb BeJHK. [lJifl MOBHILEHUS TOYHOCTH Ha
oTpeske [a, b] BBOAAT HOCTATOYHO IYCTYIO CETKY @ =X, < X; < X5 <. ..
...<xy=~>b. Vnterpan pastuBaiT Ha CYMMy HHTErpajoB MO Iiaram
CeTKH H K KaxJoMy wary npumeHawnTr dopmyay (4). Iloayuaior
060obuierry0 gopmyry mpaneyutl

N

b -
(rwden~g X tn—x) Gia+1),

1=1

L @
Rr =55 O (=% f" (%).
i=1 .
Ha paBHOMepHOH ceTKe OHa YNpOLLAeTCs:
b
S f(x) dx%h(%fo‘i‘fl‘l‘fz‘F- . -+fN—1+—é' fN>,
¢ ®

N
1N paer o Lo (g
R~—13 X BJ ()=t | [ (9 dx,
=1 a
h = x; — x;y = const.

INockonbky B omeHKke (6) OblIM OTOPOIUEHBI YJEHEl, CONEpIKAILHE
Gosiee BHICOKHE CTeNeHH AJMHBI HHTEpPBasa, TO BHIPAXKEHHE OCTATOY-
Horo ujieHa (8) ABJAETCS -ACHMNTOTHYECKHM, T. €. BRHITIOJHSIOU[HMCS
npu hA—0 ¢ TOYHOCTBIO 0 YeHOB GoJjiee BLICOKOTO MOPsAAKA MaJjo-
cti. Ho ps19 cnpaBefsIMBOCTH 3TOH OLEHKH HEOOXOAUMO CYIIECTBO-
BaHHe HempepuBHO# [’ (x); ecau f’(x) KycouHo-HempephiBHA, TO
yRaercd cenaTh JHIIb MaKOPAHTHYIO OLEHKY

b— "
|R|< 7= 1M, My=max| [ (1) . )
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Takum o6pasoM, oGoOweHHast GopMmyJa Tpamelud HMeeT BTOpOH
MOPSNOK TOYHOCTH OTHOCHTEJNbHO Miara ceTkH. Ha paBHOMepHO#
CeTKe 3TO BHJHO HENOCPEACTBEHHO, a Ha KBa3HPAaBHOMEPHOH CeTke,
NOpOXKJeHHOH npeoGpasoBanueM x =§ (¢), ocraTouHb#l uJseH (7) MOXKHO
INPUBECTH K BHAY i '

b
R — g | @27 (9 dx, (10)

ec/M  HCHoJb3yeMele B 3TOH (opMyJie NpPOU3BOAHBIE HeNpephIBHHL.
Inisi mpou3BoJNbHON HepaBHOMEPHOH CETKHM acHMITOTHYecKas OLEHKa
B Bujae CcyMMHl (7) cnpaBeijuBa, HO HeyloGHA /A HCHOJb30BAHHUS,;
MOXHO MOJIb30BaTbCS MaXKOpaHTHOH oLeHKoH (9), mompasymeBasi moj
waroM A =max (X; — X;_y).

3. dopmyna Cumncona. BeruuciuM HHTerpan mo o6o6uweHHol ¢opMmyse Tpame-
LHH cHayaja Ha paBHOMEDHOH ceTKe c IIAaroM /4, a 3aTeM Ha ceTke C BABoe Gosee
KPyNHBIM I1IaroM; BTOpas ceTKa INoJydaercs H3 NepPBOH’ BLIGpAacHIBAHHeM Y3JI0B
yepe3 ofuH. M3 BuJa ocTaToyHOro useHa (8) ciepyer, 4to pe3yJbTar, MOJNy4eHHBLH
no ¢opmyne Tpameuui, MOXXHO YTOUHATb MeTOAOM PyHre. IIposoxst rakoe yrouse-
HHe 1/ OTpe3Ka, CONepKallero Y3Jjbl X, X1, X, MoJy4ynM dopmysy CumncoHa

1
F%_3‘ [4F'rpan (h)_‘FTpan @] =

=g [ (ghtityh) -2 (ghtyh)|= )

= g kot h=x—Fis.

O6o6iennast ¢opmyna CuMNcOHA I/ PaBHOMEpPHOH CETKH M UYeTHOro uHcJa
waroB N umeer BHJA

Fm ey 4y 2y 4 2 A2y g+ ). (1)

T KBa3HPaBHOMEPHBIX HJIH NPOH3BOJIbHBIX HeDaBHOMEPHBIX CeTOK (OPMYJ TAaKOro
THIIA He COCTaBJISIOT.

HckoyeHHe TIJIaBHOTO 4JieHd MOTpelrHOCTH (OpMyJbl TPamenuil 03Hayaer, yTo
MBI Tepeunid K anmnpoKCHMauuu napaGosioii, H ¢opmysna CuMNcoHA TOuHA Ans
JoGOro MHOrouJeHa BTOPoH cTeneHH. ONHAKO HETPYAHO NPOBEPHTb, YTO AJIs
f(x)=x3 s1a dopmy/a TaKxKe AaeT TOYHbIH Pe3yJ]bTaT, T. €. OHA TOYHA AJI MHO-
rousieHa TpeTbeH cremeHH! DT0 0OBACHAETCH TeM, Y4TO Ha pPaBHOMepHOH CceTKe
OCTATOYHBIH uJjieH GOopMyJbl Tpanenuii passaraercsi TOJbKO 110 YETHBIM CTelle-
HAM Ilara 1 OLHOKpaTHOe NpHMeHeHHe MeToAa PyHre yBenuuuBaerT MOpsAZOK TOYHO-
CTH Ha JBa.

Kax u pas GopMyJbl Tpameuui, morpemHocTs Gopmynsl CHMICOHA BbIYHC/SA-
eTcsl NOJCTaHOBKOW pas3jioxkeHHs (5), B KOTOPOM Teneph Hajo yAep:KaTb GoJbliee
YHCJIO YJIEHOB H JAJS K2)[0H Mapbl MHTEPBAJOB (X;—j, ¥;) ¥ (X7, Xi,i) 3a LEHTP
pasJioKeHUsT B3ATb y3ea X;. M3 npefslpyiiero paccy:XieHHS BHIHO, YTO IJIABHBIH
BKJIaJl B NOTPEIUHOCTb JAAeT TOJbKO NAThIH useH passnoxenus (1/24) (x—-xi)‘lfIV (*1)-
TlogcTaBisis 3TOT 4JeH B BhIpAX<€HHE CYMMAapHOH MOrPelIHOCTH ABYX COCENHHX
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HHTEPBAJIOB, JIETKO HakJeM
*iyi p i
3
Ri= {109 ds— 5 Qs thit i) ~— g 17 .
*i-1

l’locne CyMMHpOBaHHﬂ 110 ImapaM COCeJHHX HHTepBaJioB OJy4uM
P
R~—oo S V() dx=0 (n), (13)
a ~

T. €. (opMyna CumncoHa MMeeT UeTBEPTHIA NOPSAOK TOYHOCTH, a YHCJEHHHIH K03¢h-
dunMeHT B OCTAaT10YHOM uyjeHe oueHb Mai. Baaromaps stuM o6crostesbersam dop-
Mysna CuMOCOHa OGBIYHO JaeT XOPOWIYIO TOYHOCTb NPH CPaBHHTENbHO HeGOJbIIOM
YHcjie Y3J0B (ec/id yeTBeprasi NPOM3BONHAS GYHKLUH He CJIMIIKOM BeJIHKa).

Acumnroruyeckas olleHKa (13) BbiBeleHa B IPeiNOJIOKEHHH CYLIECTBOBAHHS
HenpepLIBHON yeTBepTOil Npou3BonHOi. Ecau fIV (x) KycouHO-HenmpepbIBHa, TO Crpa-
BelJIMBA TOJBKO Ma)KOPaHTHAs OlEHKA, aﬂalnomqﬂaa 9).

IMTpumep. Bowuucauv unrerpan F= S e*dx=1,7183. B Ta6uuue 9 npuse-
0

JeHBl Dely/bTaTel BbIUMCJEHHH N0 dopmysam Tpamenuil u CuMmncoHa MpH pa3HBIX
warax. Bropas ¢opmyna obecneunBaer ro-

paszo GoJee BLICOKYIO TOYHOCTb INPH TOM Tabauuma 9
Xe 1lare,
3ameruM, onHaKo, uto dopmyay Cumn- h Tpanenut Crmncona

coHa MOXHO ObljI0 BoOGUIE He ' BBOAHTD.
TIpoBegeM pacyerTel MO GopMyJe Tpanenui

Ha  TIOC/eNOBAaTeJbHOCTH  CTyLIAIOLIKXCS 1 1.8591 -
BIBOE CETOK M NPHMEHHM OIHOKpaTHBIH 05 17539 1.7189
npouecc Pynre He K ¢opMyse, a Helo- 0,25 1:7272 1:7183

CpeliCTBEHHO K HafileHHOMy Ha KaxJof
ceTke 3HayeHWIo HMHTerpasna. Pesysprar
6yzer TOT XKe, 4YTO M IIPH pacyere IO
tdopmyne CHMNCOHA; TOMYTHO 6yHeT OoueHeHa (aKTHUECKasi NOTrpPelIHOCTb dhopmy.ist
Tpanemui.

K camoii ¢opmyne CHMICOHA, KaK cllefiyeT H3 BHIA ee OCTAaTOYHOrO 4JjieHd,
TOXKE MOKHO NPHMEHSTh MeTOA PyHre. 910 3KBUBAJEHTHO NPHMEHEHHIO DEKYppEeHT-
Horo mporecca PyHre K ¢opmyJie Tpanemuii.

4. ®Popmyaa cpexnux. Ecau Ha orpeske [a, b] B3aTh enuHCTBeH-
HBIH y3eJ KBalapaTypHOH (OPMYyJbl X,, TO (YHKIHS anmpoKcHMH-
pyercsi MHOTOUJIEHOM HYJIEBO# CTENeHH — KOHCTaHTOH f (X,). [Tockosbky
cUMMETpHUS HOPMYJIbl YHCJEHHOTO MHTErPHPOBAHHS NPUBOIUT K IOBHI-
IIEHHIO ee TOYHOCTH, TO BHIOEPEM B KayecTBe eIWHCTBEHHOro yaja
CepelMHy OTpe3Ka HHTerpupoBanua X=1/,(a+b). Tlpubamxkenno
3aMeHsifl TJIOWANb KPUBOJIHHEHHON Tpanelnuy MJIOMWAAbI0 [PSIMOYroJb-
Huka (puc. 17), nonyuum ¢popmyay cpednux

b
F=Sf(x)dx~(b-—a)f(;‘c), ¥= (@+b). (14)

4
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[MorpeiHocTs 370 GOPMYJIBI BHIYMC/IUM CTAHAAPTHHIM TPHEMOM —
NOJICTAHOBKON pasnoxeHus (5); B JaHHOM Cjlydae 3a LEHTP pasJio-
JKeHus Hajgo O6parb CepelHHy OTpe3Ka, T. €. y3e]1 KBaapaTypHO#

¢opmyasl. HecnoxHele BHIKJIaAKM IO-

Fz) - KasbIBalOT, YTO
b
R={f(de——af@~
a
7 A~ b—aPf (®.  (15)
Z an BBIYUCJ/IEHUHU \ YHPI‘-ITO)KHJICH He

a Zo ¢ TOJBKO MepBbl, HO U BTOPOH uJjeH

Puc. 17. pasnoxenus Teftopa. 310 CBA3aHO

C CHMMETPHYHBIM TNOCTpoeHUeM ¢op-

MyJbl CpeNHHX H O3HayaeT, yTo ¢opMmy/a TOYHA AJA JIOGOH JUHEH-

HOHI QYHKIHUH.

Tak xe Kak ¥ fna ¢opMyJsl Tpamenuil, IS IMOBHILIEHHS TOYHO-

CTH BBOJHUTCS JOCTaTOYHO MOApPOOHAS CeTKa X; U COCTaBisieTcsl 0606-
meHHass ¢opMmyJa CperHHX

N N
Fro Y (a—n) (BH5L), R 3 (o= 50’F (8). (16)

i=1 =1

Ha paBHoMepHOl ceTKe OHa HMeeT BHI

N b
h2 "
Fach Y fimipe, Nﬁsf (%) dx. (17)

=1

3ameuanue 1. Ocrarounei yneH GopMyJIBl CPEIHUX MPHMEPHO
BJBOE MeHbllie, 4eM y ¢opmyasl Tpanenuii. Ilostomy ecnu 3HaueHus
(GYHKIMH OJMHAKOBO JIETKO ONpelessaloTcss B JIIOGBIX TOYKax, TO
Jydile BecTH pacyer 1o 6ojee TouHOH dopmyne cpenHux. Popmynay
TpaneluH yHoTpeGaAI0T B TeX cJayyasAxX, Korla (YHKLUUS 3ajaHa
TOIbKO B y3/]aX CeTKH, a B CepelMHAX HHTEpBaJOB HeH3BecTHa.

3ameuaHnue 2. 3HaKH IJaBHOTO 4YJeHa NOTPELIHOCTH Y ¢op-
MyJ Tpanenui#l W cpeiHux pasueie. ITosToMmy, eciy ecTb pacyeThl mo
obeuM ¢opmysaM, TO TOYHOE 3HAuYeHHe HHTerpaja JIeXHuT, KaK mpa-
BHJIO, B BHJIKE MeX1y HHMH. [leneHue 3ToH BUJKH B OTHOLIeHHH 2:1
JaeT yTOYHEHHBIH pes3yJsbTar, COOTBETCTBYIOmMHUH (opmyse Cumrcona.

3ameuanue 3. K dopmysne cpenqHux ToxKe MOXKHO NPHMEHSTH
Meroll PyHre u 1160 HemocpeJCTBEHHO YTOYHATb 3HAaueHHe MHTerpasa,
Ju60 CTPOUTH (POPMYJIHl NMOBHILIEHHOH TOYHOCTH. Te dopMysrl, Koro-
pele mpu 3ToM OyRyT moJydyarbcs, M Te, KOTOphle GBlJIM PacCMOTpeHsI
B TPEIbIAYIIHX MYHKTaX, —YacCTHble C/1yygd TaK Has3bIBaeMBIX Qop-
myn Koreca, ’
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5. ®opmyna Jjinepa. AnnpokcuMalHs NOABIHTErpaNbHOH QYHKIHH
HHTEPTIO/AUHOHHBIM MHOTOWIEHOM JpMHTa TNPHUBOAMT K KBaipatyp-
HbIM (opMyJaM, COIEpKallMM NPOH3BOAHEIE B y3nax. Mbl He Gynem
paccmaTpuBaTh OGWIMA clyd4all W BblBeleM TOJIbKO GopMysay c mep-
BOH mpou3BofHOH. [lns 3TOro npHOIHKEHHO BbIPA3UM OCTATOYHBIH
uneH ¢opmysl Tpameuuit (6) uepes sHaueHHs NPOHU3BOIHEIX B y3jax

Ripn~— 15 (0 —aP* ' () ~ 15 (6— P [} @ —F (B)]  (18)

TpubaBnsis 3Ty BeqMUMHY K TNpaBofi uyacTH (OpPMYJBH Tpamenui,
nonyuuM dopmysy Idsepa (anu Dinepa — Makjopena)

FN% (b—a)[f (@ +f(b)]+%(b—a)2 [ @—F®1 (19

OcraTtouHblii useH 3TOH (OPMYJBl BBLIYHCAMM CTaHIApTHOH mNOJ-
CTaHOBKOH pa3snoxenua Tefinopa ans f(x). Ilpennonaras cymecrso-
BaHHE HeNpepLIBHOH yeTBEpPTOH MPOH3BOJHOH, BHINHIIEM B dopmyJe (5)
NATb YIEHOB pPa3JjioKeHMA H TOACTABHM HX B BbIPaXKeHHE MOrpell-
HOCTH. BBHIMOMHUB BBIKJIAIKH, NOJYYHM aCHMITOTHYECKYIO OLEHKY

b
R=(f®dr—5 6-alf @+F O] 7 6—aTF @—F O]~
A g (0= IV (%), (20)

BugHo, uTo H3-3a CHMMETPHUH (GOPMYJbl YHHYTOXKHJCS UJEH, colep-
xKamuit f'’' (x); sHauuT, Qopmyna Disepa TOyHa AJAA MHOrOUJIEHA
TpeTbell cTemeHd. Ee OCTaTOYHbI u/J€H MMeeT TOT K€ BHJI, YTO U
ocratounbli uieH (opMmyssl CHMICOHA; HO €ro YHC/EHHHIH Kosddu-
IIMEHT B TepecyeTe Ha OJHH HHTEPBAJ OKAas3blBA€TCH BUETBEPO MEHBIIIE.

OtmeruM, uYTO OCTaTOYHBIA ujeH (20) MOXKHO BHIPa3uTb, aHaso-
ruyHo (18), uepes pasHOCTH TpeTbUX NPOM3BOAHHIX B y371ax H T. 1.
Tak crposiT dopmynsl DHaepa — MaknopeHa BEICIIHX MOPSIKOB, HO
‘B NPAKTHUYECKHX BBLIYUCJAEHHSX OHH INPHMEHSIOTCH PEIKO, W Mbl He
6yneM HX paccMaTpUBaTh.

OGo6ierHy0 (opMyny Diepa MOXKHO HamHCaTb Ha MPOH3BOJIb-
Hoit cerke. OcoGeHHO mnpocToH BHA mpHOOpeTaer ¢opMyJsa Ha pas-
HOMEepHO! ceTKe, H60 MPOM3BOAHBIE BO BHYTPEHHHX Y3JlaX CETKH
IpH 3TOM B3aHMHO YHHUTOXKAKOTCH:

Fach(glothithte tfvatyb) + 35 B G —fa),
| b . i ' (21)
R~ s 18 SfW (x) dx.
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OTo mnoKasblBaeT, uToO HeGojbllas Jn06aBKa K ¢opmyJie Tpanenuit
CHJILHO YBEJNHYMBAeT TOYHOCTb, moBulliasg ee ¢ O (A% mo O (4Y).

Ecau B Tabaule 3aJaHbl 3HaueHHA TOJBKO caMoH (YHKLHH, a He
ee TpPOHM3BOAHBIX, TO OGOGWIEHHYIO GopMysy Dijiepa MOXKHO MpHMe-
HSITb, MOACTABJAA PAa3HOCTHBIE BEIPAXKEHHA JJIA fo» fv. Ho atn BrIpa-
JKEHHSI JOJIKHBl HMeTb BTOPOH NOPSIIOK TOYHOCTH, YTOOBI COOTBETCT-
BOBaTb OOIIEH TOYHOCTH (HOPMYJIBI (nonyqa}oumeca npHu sToM (Qop-
MyJbl HasplBatoTcs gopmysramu I pecopu). Eciv 3aMEHUTb NPOU3BOAHbIE
OZHOCTOPOHHUMH pasHocTsiMH fo == (fy — fo)/h, fn~(fx —fn-1)/h, TO
ofLMi MOPANOK TOYHOCTH MOHHXKAETCH 10 TPeThero.

6. Mpouecc JiiTkeHa. Y BceX PaCCMOTPEHHBIX Bhlllle 00OGII@HHBIX
¢opMyn Ha paBHOMEpPHBIX M KBa3HPaBHOMEPHBIX CETKaX OMIHGKY
MOXKHO pasJ/IoXuTb B psAl MO crenmeHaM mara Tuna (3.17). 3Hauwr,
K HUM KO BceM npuMeHuM MeTol Pyxre. Ho asns ero npumeneHus
HAJ0 3HaTh, KAKOB MOPSAJOK TOYHOCTH HCXOXHOH (DOPMYJIBL.

[IpennonoxuM, uTo MNOPANOK TOYHOCTH p CYIIECTBYET, HO HEU3-
Bected HaM. OkasblBaeTci, U B 3TOM CJydYae MOXHO YTOYHHTb
pe3yJbTaT, eCcJH pacueThl NpPOBeJEeHH Ha TpeX (UM GoJee) ceTKax.

UTo6El YIPOCTHUTL aJrOPUTM pacuera, BbiGepeM TPH CETKH C MO-
CTOSIHHBIM OTHOLIEHMeM Iuaros, T. €. C laraMu h, =Hh, h,=gqh,
hsy=q%h. OGo3HauuM NPUGNIKSHHOE 3HAYeHHe HHTerpana Ha k-#
cetke uepe3 F, M OrpaHUYUMCS TJIaBHBIM UJIGHOM MOTpPELIHOCTH;
TOrZa MOXKHO HamHCcaTb

F=F,4akl, k=12, 3. 22)

1o cucTema TpeX ypaBHEHHH /sl ONpelesNeHHs] HEH3BeCTHnIX F, a,
p. BBons BcromorartenbHble o6o3HaueHusi P =ah?, y=qP, npeobpa-
3yeM 3TY CHCTeMY K CJeLYIOLeMYy BHAY:

F—F,=p, F—F,=By, F—F3=py" (23)

[lepemnoxasi Kpafinue ypaBHeHHs (23) W CpaBHHBas C KBaJgpaToM
cpeiHero ypaBHeHHS, mnoayuuM P2y?=(F—F,) (F — Fg) = (F —F,)%
OTCIOla JIETKO MOJMYYHTb YTOUHEHHOE 3HayeHHe HHTerpasa

F=F,+ (F,— Fy)*/(2F, — F, — Fy). 29
[Tomapuo BhluMTast ypaBHeHUs (23) ApPYr U3 ApYyra, NOJYyYUM
Fo—F=p(1—y), F—F=fi1-Y),
= (Fa— Fy)/(Fa — Fy).
CnenoBatenbHo, 3¢deKTHBHBEIA MOPSALOK TOYHOCTH HCXOAHOH (hOPMYJIbI
(22) pasen
p=(Ing)~*In[(Fs— F)/(F, — Fy)]- (25)
OnucaHublii anroput™ Obl1 npepsioxkeH DiTkeHoM B 1937 r. s yckopeHus

CXOAMMOCTH HTEDPALHOHHBIX MPOLECCOB MOC/TENOBATENLHONO NPHOIHKEHHS, B KOTO-
pHIX omu6Ka yOblBaeT MPHMEPHO MO reoOMeTpHYecKoil mporpeccuu (cM. riasy V, § 2).

HJIH
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TMorpeimHoCTb YHCIEHHOrO HHTErPHPOBAHHS NpPH M3MEHeHHMH INara B ¢ pa3 MeHsercs
npuGIK3UTEIbHO B P pa3s; NO3TOMY eclM CeTKH IOC/Nef0BATeJbHO CrYLIAITCA
B OHO W TO K€ YHCJO pa3, To OMHOKa yObIBaeT HMeHHO mo TpefyeMOMy 3aKOHY.

3aMeuaHue. BeuuCIATb yTOUHEHHOE 3HAYEHHE CJELyeT HMEHHO
no ¢opmyse (24), He mpeo6pasoBbiBasg ee. B jpanHo# 3anucu u3 F,
BLIUNTAeTCAd MOMpPaBKa, B KOTOPOH YHC/MTENb U 3HAMEHATeNb HMEIOT
OIMHAKOBBIH MOPSIOK MajoCTH, NMOSTOMY 3aMETHOH MOTepH TOYHOCTH
He mpoucxonuT. Ecsu ke mpuBECTH BCe ujeHHl B opMyse K oflieMy
3HAMEHATeJIO, TO B BHIUHC/JEHUSX NPHIETCA YAepXKHBAaTb MHOrO 3Ha-
KOB, 4yTOGbl H36GeXKaTb MOTEPH TOYHOCTH MPH OKPYIJIEHHAX.

1

ITpumep. PaccMoTpuM BhluHC/IeHHE MHTErpana F = S Vx dx =7,
0 .

¥V nonelHTErpanbHOH (GYHKUMH Jake nepBas NMpPOH3BOJHAsA HE Orpa-
HHYeHa, M103TOMY BCE MPHUBEJIEHHbE PaHee alpHOPHBIE OLEHKHU Morperu-
HOCTH HeNmpHUMeHHMB. Mbl He 3HaeM, KakoB 31echb 3(deKTHBHBIH
MOPSIIOK TOYHOCTH KaXKAOH M3 DPacCMOTPEHHBIX paHee ()OPMYJ YHC-
nennoro uuterpupoBanus. CocraBum Tabnuny 10 sHaueHHH GyHKIHH
M BHLIYHCIHM HHTerpan mno c¢opmynam Tpanenuéi u CHMICOHA MpH
pasHelx marax (Tabsauma 11). »

Ta6nuua 10
x fx)y=Vx Ta6numa 11
h T

0,00 0, 0000 pamnenHit CHMIICOH DtiTkeH
0,25 0,5000

0,50 0,7071 1,00 0,5000 — —

0,75 0,8660 0,50 0,6036 0,6381 —

1,00 1,0000 0,25 0,6433 0,6565 0,6680

Buizo, 4TO 06€ (OPMYJIBl 1AIOT Pe3yJbTaThl HEBLHICOKOH TOYHOCTH.
[Troxast TouHocTb GopMmynbl CHMIICOHA O3HAuyaeT, 4To ¢opmynaa Tpa-
nenuil HakTHUECKH HMEeT He BTOPOH MOPANOK TOYHOCTH H YTOUHe-
HHe MeTofoM PyHre 3jech GeccCMbICIEHHO. A YTOUHEHHE [epBOro
cTos6La Ta6 bl TPOLECCOM DUTKEHA CYIIECTBEHHO YJIYYLIAeT pe3yJib-
TaT, NONYTHO BHIACHSETCH, YTO B JAHHOM MpHMepe 3(PHEKTHBHBIHA
TMOPANOK TOYHOCTH (OpMyJbl Tpaneuui p~1,38.

O{peKTUBHLIA MOPSAIOK TOYHOCTH OKA3aJCs He UEIbIM YHCJIoM!
C 3THM NPHXONUTCS BCTPEUAThCH, €CTH (QYHKUHS HMEET OCOGEHHOCTb,
a ¢opMysa WHTErPHPOBAHMA SIBHO 5TOTO HE YYHUTHIBAET, HJH €C/IH
OCOGEHHOCTb HMeeT cama (opMyJa (3TO BO3MOMKHO B HEJIMHEHHBIX
dopMysax HHTErPHPOBAHHS, PAaCCMOTPEHHBIX B § 2).

Ec/in HHKaKUX ocobGeHHoCTell HeT, To 3((eKTHBHEIA MOPANOK TOU-
HOCTH MOKET TOJIBKO CJIEKa OTJ/IHYaTbCsl OT TEeOopeTHyeckoro 6.aro-
Japs HaJMYHIO B TOTPEIIHOCTA He TOJIBKO TJIABHOTO Y/I€HAa, HO H
usieHoB GoJiee BHICOKOTO MOpsiAKa MajocTH. B stom ciyuae mpu A—0
5(heKTUBHEIH TOPSANOK CTPEMHTCS K TEOPETHYECKOMY.
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Ha 3ToM oCHOBaH GHICTPHIA METOX KOHTpoJA mporpamm aas OBM.
SazaguM GYHKIHO, HE UMEUYI0 OCOOeHHOCTeH, MPOBENEM pPacyeThl
Ha CT'YIAIIMXCA CeTKaX H TPOBEPHM, COIVIaCyercs Jii S(heKTHBHBIA
MOPSIOK TOYHOCTH C TeopeTHyecKMM. CHIIbHOE pPacXOXk[eHHe CBHIe-
TeNbCTBYEeT 06 OIIHGKe B NporpamMe.

7. ®opmyant Taycca — Kpucrobdens. I[Tapamerpamu ¢opmyJst
HHTErpupoBaHus (3) ABAsAWOTCH y3iapl 1 Beca. OnHako, cTpost GopMyJIEl
tpaneuu#t, CuMmncona, Disepa, Mbl 3apaHee 3afaBajH Y3Jbl U 0 HUM
Haxoausau Beca. [To3ToMy MBI He MOJNHOCTBIO HCMOJb30BAaNH BO3MOXK-
HoCcTH o6wed- GopMyael. Tosbko B ¢opMyse CpefHHX MBI MOROGpaIH
MOJIOKEHHE y3J1a U3 cooGpaskeHuil CHMMETPHH, YTO MPHUBEJIO K CYILECT-
BEHHOMY YJYUYIUeHHIO (HOPMYJIbL.

®opmyna (3) ¢ n y3aaMu COIEpPKHT BCEro 2n mapameTpoB; CTOJb-
KO e KO3(QHIHMEHTOB y MHOroujeHa cremneHd 2n—1. 3HauuT,
napameTpsl MOXKHO MOA06paTh Tak, 4TOOBl KBaapaTypHas ¢opmy.a (3)

b n
F={f®)p () dxne ,?_3. Cef (¥e)

Gblia TOYHa I/ JI0O0Or0 MHOrou/eHa CTeNeHH He Buile 21— 1 *).
[Nokaxem, Kak HaXoAATCS y3/lbl U Beca 3THX (OPMYJI.
Bynem cuutath, uTo Bec moJjioxKHUTeNeH p (x) >0 u HenpepniBeH

Ha (a, b); oH Moxer ofpalwaTrbci B HYJAb HJIM B OGECKOHEYHOCTb
b

Ha KOHIIaX OTpe3Ka Tak, YTOObl CYLIEeCTBOBAJ Sp (%) dx. M3BectHO **),
a
YTO IIPH BBIMOJHEHHH STHX YCJIOBHH CYINECTBYeT MOJNHAA CHCTeMa
anre6paudyecKHX MHOroweHoB Pp (¥), OpToroHajbHblX Ha [a, b]
C 3aJaHHBIM BECOM:
b
§ Pr (1) P (%) p (x) dx = O | P () IZ,. (26)

a

Bce HysaM 5THX MHOTOY/IEHOB [eHCTBUTENbHBI H paClOJIOKEHH Ha
uHTepBane (a, b).
CocTaBUM 1O y3/1aM HHTEIDHPOBAHHA MHOIOWIEH n-H CTEneHH

con(x)=ﬁ (x—xg). Dynkuua f(x) =0, (%) Pr(x) npu m<n-—1
k=1

€CTb MHOrOYJIeH CTEeNeHH He Bhillle 2n — 1; 3HauuT, As1s Hee opmysia
[aycca — Kpucropdens Touxa. Torga mosydum
b n
§0n () Pr(0) p (x) dx =3 €40, (%) P (x6) =0, (27)
k=1

a

*) IMepeyro Takyio dopmyny ans p(x) == 1 nocrpomn [ayce. Cny4ait npowus-
BO/ILHOTO Beca paccMoTpes Kpucrobgens.
**) CMoTpH, HampuMep, [24].
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TaK KaK , (xz) =0. 3HauuT, MHOTOWIEH ®,(X) OpTOrOHa/leH BceM
MHoroujedam P, (x) crenenn m<<n—1.

Ecnu pasnoxuTh ©,(x) B psl Mo HallMM OPTOTQHAJNbHEIM MHOIO-
YjJeHaM U 3TOT Psf INOACTaBUTb B YCJOBHE OPTOrOHAJNbHOCTH (27),
TO IOJYYUM

W, (¥) = i bpPy (),
k=0

b
0=(0,(x) Pn()p () dx =bp || P |2, m=n-—1,

a

T. €. Bce KoaduuueHTH pasnoxenus b,=0 npu m<n—1. 310
3HAYUT, YTO O, (x% C TOYHOCTBIO JI0 YHCJEHHOr0 MHOXKHTE/S COBNa-
naer ¢ P, (x). 3Hauur, yssamu opmysor Iaycca — Kpucmogpgpersn
ABAAOMCA HYAL MHOZ04AEH08 coomsemcmByrowjell cmenewu P, (x), opmo-
eonaerolx Ha [a, b] ¢ eecom p (x).

Beca MHTErpupoBaHHUS HETPYAHO ONpeNe/NuTb, €CJHH Y3JB YXKe

Ha#izensl. PyHKUUA
n

VY (X) = H (X — xp)/(Xm — X&)
k=1, k£tm
eCcTb MHOTOWIEH cTeneHH n— 1, T. e. fis Hee dopMyJa ['aycca — Kpu-
cropdens touyna. IloacraBnsia ee B dopmysy (3) ¥ yuuThIBas, 4TO
sTa.yHKUHMS paBHa HYJIO BO BCeX Yy3JaX, KpoMeé m-ro, MOJNYy4YHM
Beca ¢opMyunl T'aycca — Kpucropdens

b n
tn={p (x){ 11 (x-xk)/(xm—xk)} dx. (28)
a k=1, k#m
M3 sToro BrlpakeHHS HUYEro HeJjb3si CKasaTb O 3Hake Beca. Ho ecsm
[OACTaBUTh B (GOPMYJY HHTErPUPOBAHHS MHOroOWIeH ¥y, (X¥) cTeneHH
2n—2, nis Kotoporo ¢opMyJa Takike TOYHA, TO IOJYYHM COOTHO-
IIeHHe

b
en={ ¥ (00 (3) d>0,

M3 KOTOpOro BHIHO, YTO 6Ce 8eca noaoxcumenshvl. Iloacrasiss B ¢op-
myany laycca f(x)=1, nonyuum cooTHoleHHe

' n b
> a={p»adx, 29)
k=1 a

H3 KOTOPOTO CJIeNlyeT PABHOMEPHQS 02PAHUMEHHOCMb 6eC08.
Jlna HauGosee YmoTpeGHTENBHEIX BECOBHIX (YHKUHH p (X) y3-

Jbl 1 Beca dopmyn ["aycca — Kpucropdens npusenensl B Ilpunoxe-

HHH BMECT€ C COOTBETCTBYIOIIUMH OPTOTOHAJbHEIMH MHOT'OYJIEHAMH.
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®opmyJel T'aycca — Kpucropdens HaselBaloT Takxke GopMy/aaMH Hawu-
BBICIIEH a/jredpavyeckod TOYHOCTH, IOCKOJBKY ISl MPOH3BOJBLHOIO
MHOrousieHa creneHu Beime 27— 1 ¢opmyna (3) ¢ n ysnamu yxe He
MozKeT ObITb TOYHOH.

3aMeTHM, 4TO B NPHHIHIE MOXHO He O6Pala1bC K OPTOTOHAJIBHEIM MHOIO-

4jeHaM, a NMPOCTO NMOACTaBHTb B (3) GYHKIHMH BHAA f (¥)=x™ H NOJNYYHTb CHCIEMY
ypPaBHeHHH /s onpejeseHHs y3JOB M BECOB HHTErpHPOBAHHSA

n
2 =M, O<m<2n—1,
fryd
o )
Mp = xmp (x) dx.
a

(BennuuHel M, Ha3BIBAlOTCS MOMEHTaMH BecoBOil (yHKIMH.) ONHAKO 3TO HEMHHe-
Has CHCTeMa; HaliTH H HCCIeNOBaTh ee pellleHHe OuYeHb TPYAHO Aaxe NpH Hebob-
Wux 7.

PaccmoTpyuM HEKOTOpHIE YacTHbHIE CJYdYau.
a) CoberBenHo gopmyna aycca cootBerctByer p (x) =1. Jlunefi-
HBIM IIpeo6pa3oBaHHeM apryMeHTa MOXKHO NMEpeHTH K OTpe3Ky a = — 1,
=1. Ha HeM opToroHasbHBH C €IMHUYHHIM BeCOM MHOTOUJIEHBI
Jlexkannpa. Ecnum 0603HauuTb HMX Y3Jbl H COOTBETCTBYIOLIHE Beca
uepe3 &g, Vi, TO OOpATHLIM JIHHEHHLIM NPeo6pasoBaHHEM MOXKHO MOJY-
YHTb Y3JIBl U Beca [1J1s1 NPOU3BOJIBHOIO OTpesKa

1 1
Xk=7(a+b)+‘2"(b— a) &,

) (31)
ck=7(b——a)'y,,, l<<k<n.

B uacrHoctH, npu n =1 noayuaem cdopmyny cpennux. ITorpemHnocts
¢Gopmyel ["aycca (BhpaxkeHHe A1 KOTOPOH Mbl NPHUBOAUM 6e3 BbIBOAA)
OponoprnHoHanbHa TOH MPOM3BOAHOH, KOTOpasi COOTBETCTBYET HH3ILEH
HEYYTeHHOM CTeneHH apryMeHTa; BEpXHsA IPaHHIIA O PELIHOCTH PaBHA

__(b—a)2rtl(nl)t ~ b—a (b—a\2n
max| R| = ey M~ 05 (o) Men
Mo =max | f®") (x) |.

[a, b]

®opmyna 'aycca paccuutana Ha QYHKIUH, HMEIOLIHE JOCTATOYHO BLICO-
KHe TPOH3BOJAHLIE, NpHYeM He CJAMIIKOM OoJsblide 10 abCoJIOTHOH
BenuuuHe. Jlna Takux OYHKuui gopMmyna ofecreyuBaeT OYeHb BBHICO-
KYIO TOYHOCTb MpPH HEGOJBLIOM YHCJE Yy3JI0B, HOO UMCJIEHHHIH KO03(-
¢unueHt B ocTaTOYHOM usieHe GHICTPO YGbIBaeT C POCTOM 7.

6) Popmysna IpMHTa I03BOJNSET HHTEIPHPOBATh Ha OTpe3Ke

[—1, 4+ 1] c Becom p (x) =1/} 1 —x% Tlpu 3THX YCNOBHAX OPTOro-
HaJIbHBI MHOrOYJIeHH YebkimeBa nepsoro popa 7T, (x). CooTBeTcTBYyIOMHE



§1] [OJIMHOMUHAJIbHAST ATITIPOKCHUMALIHS 97

y3abl H BeCa HHTErpHpoOBaHHA paBHBI
tr=cos[n(k—1/y)n], ve=mn/n, 1<<k<<n. (32)

OrMeTHM, 4YTO Beca BO BCeX Y3Jnax OIMHaKoBb. Ha mnpoH3BOsIBHBIA
OTPe30K 3TH Y3/bl H Beca Mpeo6pasyloTcs Tak XKe, Kak B ¢opmyJe
Taycca. IMorpemHocts GopMysel DpMHUTa HE MpPEBLILIAET

max | R|=naMy./[271 (2n)!].

B) ITo dopmynam I'aycca — Kpucroddenss BO3MOXKHO BHIUHC/IEHHE
HeCOGCTBEHHBIX HMHTErpasioB Ha noaynpsamol 0= x<<oo; ecau Beco-
Basi QYHKUHSI paBHa P (x) =x%*, TO OPTOrOHaNbHEIMH OYAyT MHO-

rounensl Jlareppa L7 (x). To e OTHOCHTCS K WHTerpajnam Ha BCeH
npsMoil — oo << x <400 NpH Bece p (X) =e~*, TOJbKO OPTOroHa/b-
HBIMH GyayT MHOrowieHsl Jpmuta. COOTBETCTBYIOLUIHE [IPHMEpHI
umetorcst B § 2.

8. dopmyant Mapkosa. ITorpeGyem, urtoGel KBanparypHas dopmyna (3) OGeuta
TOYHA AJIS MHOTOWIEHa KaK MOXKHO Gojlee BHICOKOH CTENeHH NPH JLONOJHHUTENLHOM
YCJIOBHH, YTO OJHA MJIM 00e IPAHMILI TaKXKe SABAAOTCH Y3J1aMH HHIEIDHDPOBAHHA.
OueBuHO, €c/lM YMCIO Y3JIOB PaBHO A H ONHA M3 TPaHMIL— y3el, To dopMysa
MOXKeT GbITb TOYHA AJTSI MHOTOWIEHA CcTeneHH 2n—2; ecqH 00e rpaHHIbl SABJAAOTCA
y371aMH—TO JJIs1 MHOTOUJeHA cTemeHd 2n— 3.

CootBercTByiolle GopMysnl HaspiBaloT dopmynamu Mapkosa. OHH pacCuHTaHEHI
Ha raajgkde GYHKIHH M MO TOYHOCTH Majo ycrynawor ¢opmynam I'aycca— Kpucrod-
deas (1 TOi e TOYHOCTH B ¢opMmysnax MapkoBa Hafo Oparb Ha OfMH y3en
Gosbie).,

O6wmue dopmyasl pasbupate He G6yxeM. Ilpusesiem TonabKo Tabmuny 12 ysmos
H BecoB Jist Ciydas, Koraa o6a KOHLA OTpesKa sBJSIOTCS Y3/1aMH, a BeCOBas (yHK-
uHd o (x)=1; ang npocTOTE NMONOXKHM a=— 1, b=+ 1, H60 npeo6pazoBaTh yaJkl
H Beca [/iA NMPOM3BOJBLHOIO OTpe3Ka M(mKHO 1o dopmysam (31). OTMeTHM, uTo B 3TOM
cayuae dopMmyna MapkoBa mpu n=2 coBmagaer ¢ ¢opMymof Tpameuui, a mnpu
n=3—c ¢opmyJsoii Cumncona.

TaG6auma 12
n &, L
2 —1; 1 I; 1
3 —1;0; 1 1/3; 4/3; 1/3
4 =1 —1/5 1/5 1 1/6; 5/6; 5/6; 1/6
5 —1; —3/7; 0; 3/7; 1 | 1/10; 49/90; 64/90; 49/90; 1/10

3ameuanue 1. Qopmynsl Mapkosa u dopmynrt I'aycca — Kpu-
cTobdenss pacCyuTaHbl Ha IOJyYeHHE OUYeHb BLICOKOH TOYHOCTH YiKe
IIpH HeGOJbIIOM yHcie y3/10B n A~ 4 — 10. [TosTomMy fis HUX He CTPOAT
o6o6iennbx Gopmyn THna (7); HCKJIIOUEHUSMH SIBJSIOTCA TOJIBKO
Tnepeync/ieHHble Bhille (GOPMYJIBl CpelHHX, Tpaneuuit u CuMIcoHa.

3ameyaHue 2. B mareMaTHueckoil JHTepaType NoApoGHO pas-
GupaloTcs Tak HasbiBaeMble KBajpaTypHble gopmynel YeGhiieBa. dto
tdopmynsr THna (3), B KOTOPHIX BC& BE€ca ONMHAKOBHl H pPaBHHI

4 H. H, KanuTKaH
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¢y=(b—a)/n, a monoxkeHue y3JoB NoAGHpaETCs TakK, YTOGH (opmy.ia
6bl1a TOYHA JIJISI MHOTOWIEHa KaK MOXKHO Gosiee BBLICOKOH CTereHH.
OnHako cepbesHOro MPaKTHYECKOro 3HAUEHHsS! 3TH (GOPMYJIE HE MMEIOT.
Jlns GyHKUHHE BBICOKO! IafKOCTH yHoGHee dopmyabl ['aycca, a nis
HEJIOCTATOYHO TJIagKHMX (YHKUHUH — 0600IeHHble (opMyJbl Tpanenui
U CpelHHX.

9. Cxomumoctb KBampaTypHbIX opmya. Crpemutcsi qu cymma (3)
Opd n—-00 K TOYHOMY 3HAUEHWIO HHTerpasja, H ecjM CTpeMHTCH,
TO ¢ Kako# CKOpOCTbIO?

O6o6wmennas. ¢opmyna cpenHux (16) sBasileTcs HHTerpasbHOH
cymmoii. CrenoBartesibHO, AJA JIOGOH HENpepelBHOH (YHKIMH OHA
CXOAUTCS K TOYHOMY 3HAYeHHIO HHTerpasna IpH CTPEMJIEHHH K HYJIO
max (x; — X;—;). DTO chpaBenauBo M Aas o6o6luieHHOH (opMy.asl Tpa-
neuuii (7). OHa Toxke $fBJSETCA HHTErpaJbHOH CYMMOH, COOTBeT-
CTBYIOlIeH HECKONbKO HHOMY BHIGODY HHTEpBAJIOB: HYJeBOH HHTep-
Bal—oOT X, AO Xi2, NEPBBIA —OT X2 A0 X3;2, BTOPOH —OT X3,2 10
Xs/2 U T. .

O6o6menHas ¢opmyna CuMICOHA mosay4yaeTcsl JHUHEHHOH KOMOU-
Hauued IBYX 0GOOLIEHHBIX (OpPMYJ Tpameluil Ha PaBHOMEDHOH ceTKe.
Ilpu cryuweHun ceTKH Kaxpaasd H3 TMOCAEAHHX (OPMYJ CXOAMTCS
K ofueMy mpeleny— TOYHOMY 3HAueHHUIO HHTerpajga. 3HAuuT, H
dopmyna CuMICOHA CXOAUTCH IJA JIOOOH HempepblBHOH (GYHKUMH.

Bonee TOHKHMH pacCyXIeHHSMH MOXHO J10Ka3aTb CXOAHMOCTb
dopmyn Taycca — Kpucropdens npu n-—»>oo A MoGOH Henpepels-
HO# (PYyHKIMHU.

3HauHTeNBHO CJIOXKHEE BOMPOC O CKOPOCTH CXOIHMOCTH; OH CBSI3aH
C OLEHKOH ocTaToyHoro uieHa ¢opmya. HanomuuM, uTo ecin
R=0 (h?), To Mbl HasbiBdeM GOpMyNy CXOAALLEHCS C p-M MOPSIKOM
TOYHOCTH.

B GosbuivHCTBE KBalpaTypHBIX (OPMYJ Mbl HAXOAHJIH BHJ IVIaB-
HOTO 4YJleHa MOTPelIHOCTH; OH BLIPAXKaJCf yepe3 HHTerpas OT HekKo-
TOpoH npousBoAHOM ¢yHKUMH. IlomyTHO MBI OTMeuamu, uTO ecsau
3aMEHHUTb IO p;HTerpamM NIPOU3BOAHYIO Ha MakCHMYM ee MOAYJA,

T. €. 3aMEHHTb Sf(P) (%) dx ~ (b—a) M,, To MBI TOJYYHM MaKOpaHT-
a
HYI0O OLEHKY IOrpelllHoCTH. TakHe OLEHKH OINpeAessioT CKOPOCTh,

cxopumocTH. CorslacHO 3THM OLEHKaM MOrpelHocTb QOPMYJ CpefHUX
u tpanenuit ects O (h?), a dopmyssl Cumncona — O (h?).

OTH OIEHKH MpPHIOAHEI, €ClH (QYHKUHS HMeeT TY NPOH3BOAHYIO,
KOTOpas BXOAHT B OLEHKY OCTaTOYHOIO YJeHa, NpHYeM 3Ta IPOH3-
BOJHAsl COOTBETCTBEHHO HeNpepblBHA MJIM KYCOYHO-HelpephbiBHA.
Hannuve y ¢yHruun GoJiee BBICOKMX IPOH3BOAHBIX HE yJyylllaer
OlUeHKY. 3aro ecnu y (YHKIHH HET TpeGyeMOH OrpaHHUYEHHOH Mpo-
U3BOJHOH, TO CXOQUMOCTb MOXeT OBbIThb .XyXKe, KaK Mbl BUAEIH B IIpH-
“Mepe 3 m. 6.
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CropocTb  cxonuMocTH HanGosiee PacmpOCTPaHEHHBIX KBagpaTyp-
HHX (GOpMyJs A/ HENOCTAaTOYHO TJIaKHX (YHKUUH cefluac Xopollo
usyuena. B Tabnuue 13 mpuBeneHsl mosyuenHbie B [25] MaxopaHT-
Hble OILIEHKH MOTPELIHOCTH HEKOTOPHIX (OpMYN Ha KJacce GyHKIMi,
uMeoUx Ha [a, b] KycouHO-HeNpepLIBHYIO p-I0 MPQHU3BOAHYIO, Orpa-
HHYEHHYIO 110 MOAYJ/IO KOHCTaHTOH M, (IpHMEpHO TakHe ke OLeHKU
noJyyatorcs, eciu f'P) (x) He orpaHHYeHa, HO MHTErpuUpyeMa C KBal-
parom). Crpeska B Tabauue 13 O3HayaeT nmepeHoC OUEHKH U3 Tipe-
JBIAYLIEro cToJIbna.

Ta6numa 13
dopmyaa \ 1 2 3 4 MHoro
Tpanenuit b:ahMl blzathz - . -
Cpenrux b . M, b - 2 hem, N - -

5 4 b—a b—a

2 h— Zoh— 2”844
CumrncoHa 8 (b—a) AM, 81 (b—a) i2M, 7 h3M 180 M, —
laycca npu i
n=4, b—a=2 0,276 My 0,022M, 0,0024M3 | 0,0003M, | 108,

W3 rtabmuuel 13 BuAHO, 4TO AJs QYHKUME MajoH TIJIagKoCTH,
MMEIOLHX JIHLIb TEPBYIO WM BTOPYIO MPON3BOAHYIO, JIYUIIHE PE3YJib-
Tathl Jaer o6oOweHHass dopMyaa cpenHux. Jas ¢yHKUMH BbICOKOMH
' [VIAIKOCTH BBIrOAHBL opmysibl T'aycca (otmeruM, uTo s QyHKUMH
MaJjio# ryaakocTH ¢opMyasl [aycca paoT npuMepHO Ty e TOYHOCTD,
4TO H mpocTeiiine dopMy.sl, Ho ¢opmyssl [aycca ¢ 6osbliuMm ymc-
JIOM Y370B JOBOJIbHO CJIOXKHBI M II03TOMY HEBBITOZHBl IJS TaKHUX
dynxunii). Tlpoctoit M pekyppeHTHHI!I MeTon PyHre mis o6o6meHHbIX
GopMy/s1 TaKke UeNecoo6pasHO NPHUMEHSITb TOJNbKO MPH JOCTATOUHO
BBICOKOH TVIaAKOCTH QYHKUHH: €C/H CYWECTBYeT KYCOYHO-HENpephiB-
Hasi orpaHuueHHas f\P)(x), TO MOXHO pacCUMTHIBATBH JIHIUb HA TOY-
Hocth O (hP).

PaccmMoTpuM  KOpPEKTHOCTb UHCJ/IEHHOTO MHTerpupoBanusi. Cyime-
CTBOBaHMEe M €IMHCTBEHHOCTb CYMMbI (3) OU€BHAHBLI, U HANO HCCJIENO-
BaTh TOJIBKO YCTOMYHMBOCTb. Bo BCeX pacCMOTPeHHHIX Bblile popMymax
Beca IOJIOXKHTE/bHbI, MOSTOMY NPH BapbUPOBAHMH NOABIHTErPaNbHOH
(GYHKI MM BapuHauusi CyMMbl He IpeBbIIaeT

n n b
S et <[ 3 o |) - max | 87| Il §p (3 d,
\e=0 a

k=0

|6F | =

TaK YTO YCTOWYMBOCTH MO BXONHBIM NAHHBIM €CTb.
Crporo roeops, KBanparypHble (opMyJsl (3) HEYCTOHYHBHI OTHO-
CHTEJIbHO OLIMOOK OKPYIJIEHHS. IJTH OIIMGKH HOCAT CJyYyaHHBIH

4%
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XapakTep, HO B CpefHeM pacTyT, Kak }J/ n, Impu YyBeJHYEHHH dYHC]a
y3/0B, Tak 4To rpaduK NONHOH OIHOGKH IOX0XK HA NYHKTHPHYIO
JuHHio Ha puc. 15. Ho sra HeycrofiumBocTh cnabast, ¥ OHa NPOSB-
JISIeTCA TOJIBKO INIpH pacuere ¢ HeGosbwuM (3 — 5) uuciom uudp.

§ 2. Hecranpaprhsie dopmyist

1. PaspoiBubie ¢ynkuun. ITycTb (yHKUHS U ee NPOHU3BOAHEIE
KYCOUHO-HeNpepbiBHL; B TOYKAX pas3pblBa MOApa3yMeBaeTcs CYIIECT-
BOBaHHe OJHOCTOPOHHHX IPOH3BOAHBIX BCeX TpeGyeMblX MOPSIAKOB.

Paso6bem oTpe3ok [a, b] Ha oTpesKH Tak, uToObl Ha THX OTpes-
Kax (YHKUHA U HEKOTOpPOE YHCJO P ee HU3LIMX IPOU3BOLHBIX GBLIH
HeNpepbLIBHBI; Ha KOHIAX 3THX OTPe3KOB B KauecTBe 3HaueHUH (yHK-
UUY H TPOU3BOJHHIX BO3bMEM COOTBETCTBYIOIIHE OJHOCTOPOHHHE Mpe-
Jensl.

IlpencraBuM HHTErpan B BHIE CYMMbl HHTErpajoB MO OTPe3KaM
HempepblBHOCTH. IIpuMeHMM K KaXXIOMYy OTpe3Ky KBalpaTypHYIO
opMyJsly mopsiiKa TOYHOCTH ¢, g=<<p. Eciu ogHOBpeMeHHO u OJIH-
HaKOBO CTyliaTb CeTKH Ha BCEX OTPe3KaX HeMNpephlBHOCTH, TO MOpS-
IOK TOYHOCTH OTBeTa OyZeT ¢, KaK U IJ/151 HeNpepHBHHIX JOCTATOYHO
riafkux ¢yHuui. B 3ToMm ciyuae metonoM PyHre — Pombepra MoxHO
TNOBBLICHTb MOPSIO0K TOYHOCTH JO: P.

Ecnu xe mpuMeHSTb KBagpaTypHble GOpMYJb K PasphiBHHIM HIH
He TIJagkuM GYHKUHUSAM, He BblIeJsAs OCOOble TOUKH YKa3aHHBIM
o6pa3oM, TO NpPH CTYLIEHHH CETKH CXOAMMOCTb XOTs H 6yner, HO
C HEBBICOKOH CKOPOCTbIO U 0e3 YeTKO BLIPaXKEHHOrO MOpsKa TOu-
HOCTH. MaxkopauTHywoo oueHky owmmu6ku Buaa O (h¥) npu 3TOM OGHIUHO
MOXKHO Ha#TH, HO acCHMITOTHYECKOH OLEHKH BuAa R ~~ah’, Kak mpa-
BUJIO, He cymecTByeT. [Ipy 3TOM npuMeHATb MeToA PyHre wiu mpo-
necc DfiTKeHa OYIeT HeJb3sl.

ITpumep. Paccmorpum

2
F={ (x|x]) dx=(7/3).

3nech moxvlHTerpanbHasi QyHKLUHS HempephlBHAas M Iyaikas, HO BTO-
pas mnpousBogHas uMeeT pas3pbiB npu x=0. Ecau misa stolt pyHK-
UMM BBIIEJUTh OTPE3KH HENMpephIBHOCTH, To ¢opmysaa CuMNCOHA Iaer
TOuHBIH OTBeT. EC/JH e CrylaTb paBHOMEDHYIO CETKY JeJeHHeM
norionaM, To Toyka x=0 HuKorza He OyZHeT Y3JOBOH H Cienyer
OXHJATh TJIOXOH CXONMMOCTH. DTO NMOATBEPXKAAETCH PacyeTamH, MpH-
BelleHHBIMH B Tabsuue 14.

2, HeauHeitHbie dopmyan. Panee MBI BHIENH, YTO HeNHHEHHAA
annpOKCHMALHsI MOXKeT CYLIECTBEHHO MOBBLICHTh TOYHOCTb Pacyeros,
0COGeHHO JJisi GHICTpornepeMeHHBIX (yHKUHHA. B ciayyae uHTerpupo-
BaHHA NOAGOD MOAXOASILEro MPHOIHMKEHHS CTAHOBHTCS OYEHb CJIOXK-
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HBIM, H6O MHTErpaj OT annmpoKCHMHpYMOMeH (QYHKIHMH JOJKEH TOUHO
BBIYHCJIATBCSA, HHAaye MeTOX GYAeT NpaKTHYecKH OecrojieseH.

Ta6auma 14

h
3 3/2 3/4 3/8
$ / / / 0

“Tpaneunit 4,5000 2,6250 24375 | 2,3555 | 2,3333
CuMIcoHa — 2,0000 2,3750 2,3282 2,3333

OGLIuHO cTapaloTcsi HalTH BbIDABHHUBAIOLIME NeEpEMEHHbIE, B KOTO-
pHX Yyxke 1Ba CBOGOJHBIX TNapamerpa ofecrieuuBasd Gbl YAOBJIETBO-
puTeabHYI0 annpokcuManuio. Ha orpeske [a, b] BBOAAT ceTKy M Ha
KaXJoM HHTepBaje CeTKM (YHKUMIO 3aMEeHSIOT HEJIHHEHHOH HHTep-
NoJIANMOHHOM (yHKUHMEH, B KOTOPOH mNapameTphl BhbIpax<eHbl Yepes
Ta6auuHble 3HaueHus ¢yHkumuu. Hanpumep, ecau ¢yHkuus 6auska
K 3KCIOHEHTe, To corjacHo (2.19)

F) ~fipexp [(x— i) In (Fiffi) /(i — %)), 0 <x<x.

Ecin Ha KaXnoM HHTepBaje INPOUHTErpUPOBATH 3TO BhHIpaXKEHHE
BMECTO HMCXOXHOM (YHKUHH, TO MOJYYHM OGOOIIEHHYIO KBaApaTypHYIO

Gopmyny

N

b ,
§F@dra 3 (60— %) (i — i)/ Gilfis)- (33)

a i=1

PasyMeercsi, I/ HESKCIOHEHIHaJbHbIX (YHKHuA 3Ta dopmyna He
ofecneynT Xopolleld TOYHOCTH.

Takue GopmyJbl HalOMHHAIOT 060GHIEHHYI0 GOpMYJay Tpamnenui,
160 OHHM MOCTPOEHHl TNPH INOMOLM JABYXNapaMeTpHUecKOH HHTepIo-
JIALMM JlarpaHKeBa. THMA, KOTOpas I/l Kax[Oro HHTepBasia CETKH
BLIMOJIHSAETCS  OTHENbHO. Eciun  BOCNONB30BaTbCst  MHTEpHOMALMEH
5pMHTOBa THNa, TO TOJYYHM (OpPMYJE!, CXOAHBIE C 06OGLIEHHOH
dopmysoft cpennux. Hampumep, eciy NO-TIPEXHEMY CUHTATh f (x) A<
~aeb* u morpefoBaTh NMpaBUILHOH mepenayd GYHKUMH H TPOU3BOL-
HOH B TOUKE X;_12, TO monyuuMm PBy=fi_1p/fi—12, @i=f—1pX
xexp (— Pix. — 1/2). Hlcmonb3oBaHue 3TOH anmpoKcHMalu¥ Ha KaxKIoM
[are JaeT Takylo KBazpaTypHylo QopMmyay:

b N
§F)dea 3 fi—yofexp [Bi (i — X% —12)]—
i=1

’ —exp[—PBi (Ki—v2— 2D}, Bi=fi—1p/fi-rp. (34)

Sra ¥ npepbaywas ¢opMyJb HaNHCAaHB! A/ MPOM3BOJNBHON CETKH.
MoxHO nokasaTh, YTO €C/MH HCXOZHasg H aNNpOKCHMHUpYIOLAs
(GYHKLHM HMEOT HempephiBHbE BTOPHE NPOH3BOLHBEIE, TO (HOPMYJIE!
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TAaKOTO THNA HMEIOT BTOPOH Mopsnok TouHocTd. OueHuM, Hanmpumep,
norpemHoctb ¢opmyasl (34). Iln1sa 3Toro passioXuM Ha HHTEpBaje
(%i-1, x;) dyHRUMIO @ (x) =Inf (¥} B psan TeHsopa

’ 1 v
Q) =Qi—1pt+E—Xi—1p) Gim1p+5 (K —Xi—y2) =12+

Hcnonb3yemble  37ecb NPOM3BOAHBIE MOXKHO HaHTH, MOCKOJBKY
¢ (x)=d(nf)/dx=f (x)/f (x) u T. 1. BosBpamasce kK GHyHKuUH f (x)
¥ yuuThiBasg, uto |¢"(¥)|<1 B CHJAY HCXOIHOrO NpPEANOJIONKEHHS
_ O TIOYTH 3KCMOHEHNHMA/JbHOM BHAE QYHKUHH, MOJYYHM

f(x)=e?®) =
4 I ”
=fi—12€Xp {(x—x,'_ 12) @i— 12+ 5 (X — Xi—12)* @/~ 172 -l-} =
—x , 1 ,
= fr 1yl R 12) %= ”2[1 +5 (e —Xi—12)® ¢/ 1/2+-~-]-

Ecan npouHTerpHpoBaTh MNoc/elHee BHIpaXKeHHe N0 OTPe3Ky [X;_y, X;]
¥ T[POCYMMHpPOBaTb MO BCeM OTPe3KaM, TO €IMHHIA B KBaJpaTHHIX
cKoOKax TNpHBeJeT K KBaaparypHoll ¢opmyJe (34), a Bropo# useH
JacT IJaBHYIO YacTb MOTPEeLIHOCTH

*y

-1 " —: "
R~ z '—-1/2<Pi—1/2S (6 — %~ 19) 7T 1DV= 12y g

= 11

N
~ DA TP D =5,

i=1

rne xosabduuueHTsl A; BEIpAXKaAOTCS HEKOTOPHIM 0Gpa3oM yepe3 3Ha-
UeHNs] HHTErpHpyeMod (YHKIHH H ee INPOHU3BOIHBLIX. 3aMeHSAS 3TH
K03()HULIHEHTH HX MaKCHMAaJbHBIMH 3HAUEHHSMH, MOJYYHM OLEHKY

NOrpeLIHOCTH
N

IR|< maxlA E max (e —Xp-1)? D) (% — %) = O (max ki),

i=1

uro U TpeGoBajoCh JOKas3aTb.

Henunefinpie GopMyJibl NOBBILEHHOIO NOpALKa TOYHOCTH, aHaJo-
ruunble Qopmynam CumncoHa uau T'aycca, He ymoTpeGJsor, H60
HUX CJIMIIKOM CJIOXHO CTPOHTb. ITOBBILEHHBIH MNOPSANOK TOYHOCTH
nosyJaoT (pasymeercsi, eciM (GYHKUHH HMEIOT TpeGyeMble HelpephiB- -
Hble NPOK3BOJHBIE) TAKHM IIPUEMOM: CTPOSIT MOAXOAAILYIO HECJO0XKHYIO
HEeJUHEHHYIO (OpMYJy HEBBICOKOTO MOpPSAKAa TOYHOCTH H IPOBOLST
N0 HEeH pacueThl Ha . IOC/eNOBaTeNbHOCTH CrYIIAIOMIMXCsA paBHOMep-
HBHIX HJIM KBasHPaBHOMEDHBIX CETOK; MOJIy4YeHHbI® PE3YJbTarhl yTOu-
HAKT Merojom PyHre — Pom6epra umau npoueccoM JiTKeHa. OnHako
3TOT NMpPHEM NPHMEHHM TOJIBKO NPH He OueHb KPYIHOM Luare (cM. m. 3).
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OrmeTHM, UTO JIMHEHHBIE OJHOPOAHLIE KBaApaTypHEIe hopMysl (3)
HMEIOT Te Ke CBOHCTBa, 4TO H caM HHTerpaj: NpH YMHOMKEHHH (YHK-
MU Ha YUCJIO0 CYMMa YMHOXKAeTCs Ha TO K€ UHCJO, a NPU CJI0KEHHH
GYHKUUE COOTBETCTBYIOUIME KBajpaTypHBlE CYMMBI CKJaJBIBAIOTCS.
Jnsi HenMMHEHHBIX KBaApaTYpHBIX (OPMYJ] 3TH CBOHCTBA MOryT He
BLINOJIHATLCA (TO K€ OTHOCHTCSI K 3ajayaM HHTeprnoJsuud u audde-
peHuupoBanus). Hanpumep, dopmyner (33) u (34) He alAUTHBHHL

3. Merop Puaona. B panvorexHuyeckHx 3ajayax 4acTto BCTpe-
vatorcsi yHKuuu f(x), ONHUCHIBaIOHE Hecyllee BbICOKOYACTOTHOE
KoJeGaHue e'“* ¢ MOAYJHPOBaHHOH aMIIHTYNOH. D10 GhIcTpOmEpe-
MeHHble QYHKIHMH, H HX TpousBoiHble f(P) (x) ~ @P Benuku. [lostomy
IpH HHTErpHpOBaHMM HX mo ¢opmynam § 1 mnpuxoaurcs 6patb
HaCTOJIbKO MeJNKHH 1Iar, yToGbl BHINOJMHAJNOCH yciaoBHe wh < 1, T. e.
yToOBl OJHA OCLMJIALHA cojepixana Obl MHOIO y3/J0B HHTErpPUpO-
BaHHA. ITO MPHUBOAUT K OOJBIIOMY OGBEMY BHIYHCIEHHH.

Ins ymenbiueHns obbeMa BHIYMC/EHMEH HaJ0 HCMO/b30BaTh aNpH-
OpHble CBeJeHHS O TMOAbIHTerpanbHOH GYHKUMH. Takue GyHKUHH
MOXHO TpeicTaBuTb B BHIE f[(X) =y (x)exp (inx), rIe wyacTota ©
M3BECTHA, a aMIVIATyZa y(X) MajJo MEeHSeTcs 3a NEepHOJ OCHOBHOIO
KoJsiebanus. BriGupas 115 y(X) HEC/H0XKHBIE NOJMHOMHATbHEIE alNpoK-
CUMAlH, MOXHO MNOJYUHTb KBaipaTypHble (GOpMYJbl, HasblBaeMble
¢dopmynamu Punona [45].

Iloctpoum, Hanpumep, aHamor ¢opMmyJabl cpenHux. s aroro
TpH BLIUMCJIEHHH HHTErpajia Mo OTAEJbHOMY HHTEPBAJy CETKH 3aMe-
HUM aMILIMTYJy €e 3HaueHHeM B cepeluHe HHTepBasa. [TorpemHocTb
9TOHl 3aMeHbl ONpejeJHM, pasJjarasd aMIJIHTYAY no gopmyJe Tefsopa

YX) A2 Yp—1/2, Xpg << X<<Xp,
d
@)=y 0) =1 (F= Lo i) (ZZ)k-l/z‘

VMHOXKHM aMIUINTYAy Ha HeCYHyl0 4acToTy, NPOMHTErPUPYEM IO
MHTEPBaNY (Xp—;, X;) M CJOKHM HHTETpajel IO BCEM HHTEpBaJaM.

[Mocae HECMOKHEIX BHIKJAAJOK MOJYYHM KBaipaTypHYH GopMmy.ay
Y , ¥

F= S y(x)eords ~~— Z fe—1728in (‘g‘hk) v he=xp—xpy, (35)
Xo k=1

U ee MOrpeurHocTb

7
R={rweo din

*o

N
2i , . oh wh oh .
Nw—; 2 Ye—172 (SIH —23 _ '—2—k'COS —2£> exp (L(OXk—. ]/2). (&6)
=1
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Ecnu war uHTErpHpoBaHHUS HACTOJbKO Maj, 4yTo wh < 1, To TpHro-.
HOMeTpU4ecKHe (YHKIHH B 3THX (OpMYyJax MOXHO pasJoXKHUThb
B OLICTPO cxoasiiuecst psasl. TIpu sTOM HeTpyAHO BHIEThb, uTOo (op-
Mysna (35) meHCTBUTENIBHO NMEPeXOoAHT B 0600LEeHHYIO0 (GOpMyny cpen-
HuX (16), H TO Ke MMeeT MecTo /51 MOTPELIHOCTH.

Jnst dopmyJbl cpenHUX TOrPEIHOCTb €CTh MaJas BeTHYHHA 0 (hY).
Oznnako nJa KBagpaTypHoH ¢opmyasl (35) MasmocTh Iara rapaHTH-
pyeT MaJjocTb NOTPEIIHOCTH, TOJbKO ecad ©h < 1, uTo NpH BBHICOKOH
Hecyme# dactoTe TpebGyeT oyeHb Masoro mara h<<w™t. Ecan xe
IIar He HacTOJbKO Maj M YJOBJeTBopseT ycaoBHio o 1<<h <1, 1O
TOTPEIIHOCTh MO TNOPSAKY BeJHuHHH ecTb R =0 (No~%yy). Cnenosa-
TeJbHO, AJA MajocTH mnorpeirHoctd (36) Heo6xodumo, YTOOBI aMILIH-
Tyzna Gbl1a mouTH TIOCTOSIHHA, T. €. €€ IPOU3BOAHAS N0JIKHA ObITh MaJIOH.
Kpome Toro, MoXkHO clenaTh BaXKHbIH BBIBOA: ecau wh >>1, mo memod
Pynee — Pombepea 0afi YymouHEHUs pe3yAbmama NPUMEHAMb HeAb3s,
160 TpH S5TOM 3aBHCHMOCTb NOTPEITHOCTH OT Iara HOCHT CJIOXKHBIHA
(He cTemeHHOM) XapakTep.

[Tostomy nns moctpoenust copmysn DPHIOHA BBHICOKOH TOYHOCTH
NPUXOJUTCH HCIOJb30BaTh OoJiee CJIOKHBIE aNNPOKCHMalHMH aMILIH-
TyArl. Hanpumep, Bocmosb3yemcsi NUHEHHBIM MPHO/HKEHHEM

(x)'vyk_l-l—z’;_z:l(x Xpog)y Xy < X< Xpe

YMHOXKasi Ha HeCyllyl0 4acTOTy M HHTEerpHpys IO OZHOMY HHTep-
BaJly, JIErKO NOJIYYHM

*r
. —fo-i 2i T . oh
Yy (x) €% dx~= %fiﬂ + oy (Y — Yr—) €~ 112 sin 'QL'

*p-1
CYMMHDOBaHHE TIO BCEM HHTepBajaM CETKH JaeT

ohp
N sm—

fN fo

— Ypg) €712, (37)

0)2

Jns paBHOMepHOH ceTKM 3Ty opmysy yAoGHee NMpPEACTaBUTh B BHJE
4 s L1 gion io
. [ —e"
Fac sin*=5 2 fk'l'(iB — )fzv ( — )fo- (38)
k=1

Jlerko npoBepute, uro npu wh <1 mosyueHHBlE KBaJparypHele ¢op-
MYJIBl [IepeXofidT B 0606LLL€HHle ¢dopMyny Ttpaneuuii. Ecau xe
oh>>1, To norpelrHocTb 3THX (GOPMYyJ MO NOPAAKY BEJIHUHHE paBHA
R=0(Nw™3y;,); oHa Maja, ecIM 3aKOH H3MEHEHHH aMIIHTY.bl
GJIM30K K JIMHEHHOMY.
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Ananornuno crposarcs ¢opmyasl PuioHA a8 KBaApaTHYHOIO
uny 6oJiee CJIOXKHBIX 3aKOHOB M3MEHEHHMS aMIIMTYXHL

Ecnu -amnauryna nmouTd NOCTOSHHA WM NOYTH JHHeHHa H T. 1.,
TO TpHMEeHeHHe COOTBeTCTBYomed (GopMy/s PuIOHAa HepeaKko MO3Bo-
JISieT HHTErpPUPOBaTh JOBOJNBHO KPYMHBIM IlaroM h > o~ (Hampumep,
IIaroM, paBHbBIM [JHHe HecylleH BOJHE HJH elle 6ojiee KpPYIHBIM).
Onucaunbie xe B § 1 nomuHOMHanbHEE (POPMYJEl TpeGoBanu 6wl
ropasgo Gosee Menkoro mara h<< o™, T. e, Gosaplero o6beMa
BBIUUC/IEHHH.

Onuako dopmyner (35) — (38) romaTcs TONBKO B TOM Cllyyae,
€cl¥ Hecylnas 4acToTa NocTosiHHa. Eciu yacTora «mibiBeT» (Hampu-
Mmep, npH (a3oBoll MOAYAAUMM KojeGaHMH), TO HaLO COCTABJAATH
apyrue GopMyJisl.

4. MNepemennblii npenen MHTerpupoBanHusi. ITycTe Hano BHUMCIHTH

1
X

F()=fEop () de.

a

B npunuune npH KaxkIoM 3HAUYEHHHM X €ro MOXHO paccMaTpHBarh
KaK MHTerpaj C MNOCTOSHHBIMH MpeleNaMH M BBHIYHCASTH OLHHM U3
NPUBEJEHHBIX BhIe croco6oB. ONHAKO e€ClH Hajo ONpelensiTh UHTEr-
pan A/s OueHb MHOTHX 3HAu4€HHH X, TO 3TO HeBhIroAHO. Llemecoo6-
pasHee BHIOpaTb CETKY M UMCJIEHHBIM HHTEIDHPOBAaHHEM BHICOKOM
TOYHOCTH COCTaBHTb TalJMIy 3HaueHHHl HHTerpana Ha 3ToH ceTke
Fp=F (x,). Torna
X

F(x)=F,+ S f @€ p € dE, Xp <= X <Xpyyy

M TOCHENHHE MHTErpajl MOXKHO BBIYMCIATL MO HPOETHIM (GopMynaM,
H60 TIPOMEKYTOK HHTEIPHPOBAHHS MaJ.

Bosmoxen apyro# cnoco6. Mwmes tabauny F (x,), MOXKHO Haxo-
autb F (x) uHTepnionsiuued mo aTofi Tabmuie. Tak KaK OfHOBpEMEHHO
BCIOJly M3BEeCTHA NPOM3BOAHAA MHTerpana F’ (x) =f (x)p (x), To MoxHO
BOCIOJIb30BATbCA 3PMHUTOBOH HHTepmosisnueil, oGecleynBalomed BLICO-
KYIO TOYHOCTb.

5. HecoGcTBennbie uHTerpanbl. Jlns HHTerpanoB ¢ 6ecko-
HEeYHBIMH NpefelaMH eCTb HECKOJbKO INPHEMOB BHIYHC/IEHUS.

[Ipuem 1—BBeneHHE TaKoH 3aMeHbl NepeMEHHbIX, YTOOHI mpe-
BpaTHTb MpEAe/bl UHTErPHPOBaHHS B KOHeyHHle. Hanpumep, aas

HHTErpasa
[oe)

{ fx)de, a>o0,

a

sameHa x=a/(1 —1¢) npespamaer noaynpamylo [a, c0) B 0Tpesok
[0, 1]. Ecau mocne npeoGpasoBaHMsi MOAbIHTErpanbHas (yHKIHA
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BMeCTe C HEKOTOPBIM UYHCJIOM TPOM3BOLHBIX OCTaeTCSl Or'paHHYEHHOH,
TO MOXHO HAaXOIUTb MHTErpaj CTAHAAPTHHIMH YHC/IEHHBIMH METONaMH.

IIpuem 2— ob6pe3anne BepxHero npezena. BriGepeM HacTOABKO
Gogbitoe b, uToGH

S [ (x) dx
b

OBl MeHblle JOMycTHMOH OWIMOKH BulukcaeHuH. Torza ero MOXKHO

OTOPOCHTB, a
b

{F () dx

BBIUMCINTbD TO KBaipaTypHoH ¢opmyne. B6rusu BepxHero npenena
noAbIHTErpasnbHasi (QYHKUUS Maja, TO0STOMY BBIUHCIEHHE BBHITOLHO
BECTH Ha KBa3HDaBHOMEDHBIX CeTKaX, LIar KOTOPHIX BeJNHK MpH
x~b. Jlma yMmeHbllleHHs o6beMa BBIYHC/IEHHH lenecoo6pazHo MpH-
*OJIM2KEHHO BHIYHC/IUTBL OTOPOIUEHHYIO UacThb UHTErpajia U YYecTb Kak
MONMpPAaBKy; 3TO MO3BOJSAET BHIOMPATb MeHbllee 3HayeHHe b.

I[Tpuem 3—mucnoabsoBanune ¢opmyn I'aycca— Kpucrodipens.
U3 nopmiHTerpasbHofl GYHKIMH HAZO BBHIAENHUTH MOJOXKUTENbHBIH MHO-
JKHUTEJb, KOTODHIH MOXKHO paccMaTpHBaThb KaK BeC IJS JNaHHBIX Ipe-
JIeNIoB  MHTerpupoBaHus. Hampumep, ZAaguMm crnoco® BHIYHCIEHHS
HHTerpanbHOi sKcrnoHeHThl (2.50). CaBurasi HUXHHH npenes, npuBe-
JleM uHTerpaja K ¢opme

Ei (x) =

[oe]

B
o dt=e Smdt.

[eo]
e=(x+h

~

PaccmatpuBasi e Kak BecoBYl0 QYHKUHMIO U o0o3Hauas uepes &;, ¥;
HyJau MHorousneHoB Jlareppa Ly’ (f) u COOTBETCTBYIOLIHE Beca KBaj-
patypHo# GOpMyJILl, NMOTYYHM

n

Ei(g~e* Y et (39)

i=1

D10 BBHIpaXKeHHe MOXHO HCIOJb30BaTh Kak ° aNNpOKCHMHPYIOIYIO
¢opmyny. Hanpumep, ogHoMy M ABYM y3JaM HHTerDHPOBAHHA COOT-
BETCTBYIOT

=1 Con (k3 e
+1’ E1(x)~x2+4x+2.

Ecau mepBast u3 3TuX (opMyJ NPHUrofHA JHIIbL NPH GOJBLIHX apry-
MEHTax, TO BTOpas 1aeT YIOBJETBOPHTEIbHYIO TOYHOCTb ~ 59, yxe
npu x=1, a npu G0JBIIMX apryMeHTaX TOYHOCTL ele JYy4Yile,
ITpueM 4—nocrpoeHHe HeNHHEHHBIX KBalpaTypHEIX GopMyJI,
NpUMEeHHMBIX Ha GecKOHewHOM HHTepBase. Hanpumep, dopmyna (34)
npu B; <0 JonmycKaer cTpeMiieHHE X; K OeCKOHEYHOCTH, eClH X;_ 13

Ei (x) ~
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octaercs KOHeYHbIM. JlJIsi MpaKTHYecKoro nmpuMeHeHHsi Takux (opMy.
ya0o6HO BBeCTH KBa3MpaBHOMEPHYIO CeTKY Ha [a, o), ubo ee mocmaen-
HHH MHTepBaJs oO/alaeT TpeGyeMbIM CBOHCTBOM: €ro npaBasi TpaHHUA
ylaneHa B GeCKOHEYHOCTb, a cepelliHa ocTaeTcs KoHeuHoH. Kpome
TOrO, Ha KBa3HMDAaBHOMEPHBIX CE€TKaX MOMKHO YTOYHATb pEe3yJbTaT
MeTonoM PyHre — PomGepra.

Ecnu npepenas HMHTEerpuHpoBaHHS KOHEUHBH, 3Ha-

uuT, f(x) obpamaercss B GECKOHEYHOCTb B KaKHX-TO TOYUKAaX OTpe3Ka -

[a, b]. Bynem cunrarb, 4To B61H3U 0coGolt TOUKH | f (x) | << M- |x — X|%,
rie —l <<a<<0; cayuafi o=<—1, Korna HHTerpal CYIIECTBYET
B CMBIC/IE TIJIaBHOIO 3HaueHHfA, Hano paséuparb oTaenbHo. Ocobble
TOUKH pasbUBAlOT OTPE30K Ha yacTH. PaccMOTpUM NpHeMBl BHIYHC/IE-
HUS WHTEerpaja Mo OTAEJbHOMY OTPe3KYy, Y KOTOpOro OCOGHIMH TOY-
KaMH SBJSIOTCH TOJBKO OIHA HJIH 06e TpaHHIbL.

I[ITpuem 1—annuruBHOe BhlgeaeHHe ocobenHocTH. Ilocrapaemcs
pasbUTh MOIBIHTErpasbHY (YHKIHIO Ha CYMMY [ (x) = ¢ {x)+ ¥ (x),
rie ¢ (x) —orpaHvueHHas (bgmxuuﬂ, a P (x) uHTErpHpyercs abHaJan-

yeckumu Mertozamu. Torma Sxp(x) dx BEIUMC/AEM TOYHO, a Scp(x) dx

a a
HaXOZHM OGBLIYHBIMH YMCJEHHBIMH METOJaMH. 3aMEeTHM, 4TO OGBLIYHO
pasbueHHe Ha CYMMY [JeJaeTcs BblIeNE€HHEM OCOGEHHOCTH B HauGoJee
npocrom Buue. Hanpumep, ecaum f(x)=1// x(1+4x%), a wunrerpan
BhIyHC/A€TCA OT TOUKH X =0, TO OCHOBHasi OCOGEHHOCTb MMEET BH]
P (x)=1/)x; ecan monoxuts @ (X) =Ff(x).—p (x) =1/} x(1+x%) —
—1/V'x, To mnonyueHHas ¢yHKuus GyHeT OrpaHHYEHA, YTO H Tpe-
Gyercs.

[Tpuem 2 —MynbTHIVINKATHBHOE BhljejeHHe ocob6eHHocTH. Ipen-
CTaBUM TOABIHTErpa/bHYl0 GYHKIHMIO B BHIe f(¥)=¢(x)p (x), rae
@ (x) orpaHHueHa, a p (X) MOJIOXKHTeNbHA ¥ HHTErDHDYEMa Ha OTpe3Ke.
Torna MoXHO paccMaTpuBaTh p (X) Kak BECOBYIO (QYHKUHMIO M NpHMeE-
HATH KBajgparypHule dopmyanl 'aycca — Kpucrodxbens. Ecau na o6oux
KOHI[aX OTpe3kKa (YHKIHsS HMeET OCOGEHHOCTH CTENEHHOro BHIA, TO
y3/aMH HHTErPHPOBAaHUs GyAYT HYJU MHOrouneHoB Siko6u. Hanpuwmep,

1 n
e¥ n n /. 1
S mdx"ﬁ\u’z Z exi, X[=COST(1 —?>. (40)
—1 i=1

3pech HCMOJNBL30BaNMCh  MHOrousieHsl UeGhileBa mnepBoro poja
(cM. Tlpunoxenne). :
[Tpuem 3 —nocrpoeHHe HeCTaHZAPTHHIX KBaApaTypHHIX HOpMYI,
SIBHO YUHUTHIBAIOIIUX XapakTep ocoGeHHOCTH. Tak, /s NPHBELEHHOrO
Bhllle MHTerpana (40) Ha OTAeNbHOM HHTepBase CETKH (X;—;, X;) MOXKHO
aNNpoOKCHMHDPOBATh  TOABIHTErPAJbHYI0  (GYHKIHIO  BbIpaXkeHHeM

exp (% — 1/2)/)/ 1 — x?, MOCKOJIbKY YHCIHTENb — MEVIEHHO MeHsIowascst

N
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rJjagkas (IJYHKHHH H OCHOBHasi OCOGEHHOCTh CBsi3aHAa CO 3HaMeHare-
JeM. Ita allllpOKCHUMAaNUA JIETKO HHTErpupyercs H NPUBOLUT K KBaJ-
patypHo#t ¢opmyJe

Vi=x

1 N
e : : Ki—1/2
———dxre (arcsin x; — aresin x;-,) € ,

Yo=—1, xy=1. (41)

ITo norpemHocTH annmpoKCHMAUHH TOABIHTErPANbHON GYHKIHH MOXHO
3aKJIOYUTh, YTO OCTAaTOYHHIA 4YJieH 5ToH opMyJ/bl Ha NMPOU3BOJBHOH

2 o T
cetke He npesuimaer O (hhax). Ha cnenuanbHof cetke X; =COS —

sTa dopmy.sa eme Gosee TOYHA, HGO NPH TOM OHA NEPEXOAHUT B KBa-
parypayio ¢opmyny Taycca— Kpucropdens (40), Ho 310 yXKe ciy-
yaiiHoe o6croaTenbeTBO. OGBHIYHO XOPOLIO COCTAaBJEHHAsl HECTaHAapT-
Hast GopMy/ia HMeeT OIMH M TOT e MOPSAJOK TOYHOCTH Ha paBHO-
MEpHBIX H HEepaBHOMEDHHIX CeTKaX.

§ 3. Kparneie unTerpasi

1. Meron siueek. PaccmorpuM ABYKpaTHBI HHTErpaJj mo mpsMo-
yroneHUKY G (a<<x<<b, a<<y<P). I[lo ananoruu c Qopmyoi
CpeIHUX MOXHO NpHUGIIKEHHO 3aMeHUTb (PYHKLHIO Ha ee 3HaueHUe
B LEHTPaJbHOH TOUKE NPSMOYrOJbHH-
ka. Torza uHTErpasn JierKO BhIYHC-

9 JISeTCS:
£ 65
% {§7(x, y) dx dy~ Sf (%.. 9),
' S=(b—a)(B—a), (42)
M | 2 r=L@Hh, =t @th).
a b .

J171si NOBBIIEHHS! TOYHOCTH MOXKHO pas-
61uTb 00/1aCTb Ha NPAMOYTOJbHBIE Fuei-
K4 (puc. 18). IIpHOIHKEHHO BHIUHC/ISASA
HHTerpal B KaxIoi sfueHike mo dopMmy/ae cpeiHHX M 0603Hauas
yepe3 S;, %;, J; COOTBETCTBEHHO NJOMab SUEHKH M KOOPAHHATH ee
LeHTpa, MoJy4YuM

/= S Sf(x, y) dxdy~~ Z Sif (%is 71)- (43)

G

Puc, 18.

CnpaBa CTOMT HHTerpasnbHas CyMMa; CJeI0BaTeNbHO, 17 oGOl He-
npepeBHON f (¥, y) OHAa CXOOMTCA K 3HayeHHIO MHTerpana, Koria
TNepHMETPHl BCEX AYeeK CTPEMATCH K HYJIO.



§ 3] KPATHBIE UHTETPAJIBI 109

OrenuM norperiHocTh HHTerpupoBaHus. Popmyna (42) mo camomy
ee BLIBOAY TouHa AJs [ (x, y) =const. Ho HemocpencTBeHHO# mopcTa-
HOBKOH Jlerko yOenuTbes, uTo (opMyJa TOUHA U IJs J1I060H JHHEH-
HO#l (YHKIMH, T. €. OHA COOTBETCTBYET anmMNpOKCHMALHU NOBEPXHOCTH
z=f(x, y) miaockocTbio. B camom zene, pasnoxum GyHKUHIO O dop-
myne Te#sopa

[0 ) =F (% 9)FEatf +5 Bl B+ g 0ty (44)

rie E=x—X%, mM=y—7, a Bce NPOU3BOJHHIE OepyTcs B LEHTpe
suefiu. IlozcraBnss 3To pasjokeHHe B INpaBYI0 M JIEBYIO YacTH
KBanpaTypHOH ¢opmysel (42) ¥ cpaBHMBasg MX, aHaJOTHUYHO OLHO-
MepHOMY CJyyal JIErKO MNOJYYUM BHIPAXKEHHE -TIOTPEIIHOCTH 3TOH

dopMyJIbl
b

R={{f(x, y)dxdy—Sf(x, )~
~ g S[b—arfetB—c)Pfi],  (45)

H60 BCe UJeHB! pa3JIOKeHHS, HeueTHble OTHOCHTENBHO LEHTpa CHUM-
METPHH sueHKH, B3aUMHO YHHYTOXKaIoOTCH.

ITycts B o6oOuieHHOH KBajgparypHo# ¢dopmyJe (43) CTOpOHBI mps-
MOYTOJIbHHKA pa3CHThl COOTBETCTBEHHO Ha N ¥ M paBHBIX uacrefl.
Torga mOTpPEeLIHOCTh HHTErPHPOBaHHS (45) A/1s eXMHUYHOH SYeHKH

paBHa
Rime g Si[ (5572 Fost (BE) i),

CyMMHPYS 3TO BHIpaK€HHe MO BCEM SYEHKaM, NMOJNYYHM MOTpPeLIHOCTb
0606L1eHHOA (opMYJIbl

R~ g [(5’;—“)2 SGS Frodrdy + (E2)° SGS 1, dx dy] -
=0 (N24M"?), (46)

T. €. ¢opMysa UMeeT BTOPOH NOPSANOK ToyHOCTH. Ilpu sTOM, Kak u
IJif OJHOTO H3MEPEHHS, MOXCHO npumensmo memod Pyree — Pombepea,
HO Nnpu 00HOM OONOAHUMENbHOM 02PAHUMEHUU: CemKu NOo Kaxcood ne-
pemenHoll cayujaromes 6 00uHaKosoe 4ucao pas, m. e. omrouienue N/M
0Crmaemcs, NOCIMOSAHHBIM.

O6o6uM GopMysny siueek Ha Gojee CJOXHEE o6aacTH. Jlerko
coo6pasuth, uTo AJ1d JHHeiHo# ¢ymkuuu f(x, y) dopmysaa tuna (42)
Gyaer TouHa B OGJACTH TNpPOM3BONbHOH (opmbl, ecad moa S moA-
pasymeBaTh IJOManb O0JaCTH, a MOA X, §— KOOPIAHHATHEI LEHTPa
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TSXKECTH, BBIYHMC/sieMble 10 OGBIYHBIM opMysaM
1 1
S= dxdy, T=- xdxdy, 7=-g5 \\ydxdy. (47)
S GS S S GS S GS

PasyMeercsi, NMpaKTHYECKYIO LE€HHOCTb 3TO HMeeT TOJbKO AJs obja-
crefl mpocTofl GOpMBI, Tl€ IJIOUAAb H LEHTP THAXKECTH JIErKo onpese-
JISIIOTCSA; Hampumep, AJIS TPEYFOJbHHKA, NPaBHUJILHOTO MHOIOYrOJb-
Huka, tpanmeuud. Ho 510 3HAuHT, uTO OGOCIEHHYIO cpopmyny (43)
MOKHO TIPHMEHATb K OGJMAcTAM, OrPaHMUEHHSIM JIOMAHOH JIMHUEH, H60
Takylo o6JacThb BCerja MOXKHO pasOuTh Ha npﬂmoyro.nbnnxn H Tpe-
YTOJIBHHKH.

Ins obnactu ¢ KpUBoJMMHeHHO# rpanulelr dopmyay (43) npume-
HSIOT WHEIM croco6oM. Hasoxum Ha o6sacTe G NpsMOYrOJbHYIO
cetky (puc. 19). Te sueltku ceTKH, BCe TOUKHM KOTOPBIX NMpHHAMJe-
)KaT 06/1acTH, HA30BEM BHYMPEHHUMU; €CJTH
YacTh TOYEK fUeHKU NMpUHAI/NEXHT 06JacTH,
a yacTb — HeT, TO Ha30BeM SueHKY epaHuy-
Hoi. Ilnomaznp BHyTpeHHell AuefKH paBHA
npousBeneHuio ee cropoH. Ilnemanspio rpa-
HUYHOH siuefik¥ GyneM CUUTaTh IUIOIAAbL TOH
ee uacTH, Kotopas nonagaer BHYTpb G; aTy
N IJIOWA/b BBIUHCIAUM TPHOJIHKEHHO, 3aMeHss
\ B Mpenenax NaHHOH suefKH HCTHHHYIO rpa-

7. HUIY o6JacTH Ha XOpAy. ITH IJIoWanu
T NOACTaBUM B (43) ¥ BLIYHCAHM MHTErpaJl.

Ouenum norpemisocts Gopmyas  (43).
B kaxno#i BHyTpeHHeH suefike olIHGKa co-
craBiaser O (N-%) no OTHOIIEHHIO K 3HAUEHHIO
HHTerpana mo JaHHO# suefike. B Kaxno#l rpaHHYHOH syeliKe OTHO-
cutenbHas omubka ects O (N-1), ubo nentp NpAMOYTOJIbHOH YeHKHU
He COBNajiaeT C LEHTPOM TSKECTH BXoAsllel B HHTerpan yacrd. Ho
CaMHX T'PAHHYHBIX fueeK NpHUMepHO B N pa3 MeHblle, YeM BHYTPEH-
Hux. IlosTOMYy npH CyMMHDOBaHHM Mo fyeHiKaMm o6umias MOI'PEeLIHOCTb
6yner O (N-?), ecnu GYHKIHSA IBaXKAB HEMPEPEIBHO AHGdepeHIHpyeMa,
a rpaHula o6nacTH ecTb KYCOYHO-TJaakKas KpHUBas; 3TO O3HayaeT
'BTOPOH NOPSALOK TOYHOCTH.

Boluncienue niomagy rpaHUYHOH SuefiKH JIOBOMBHO pr,LLOEMKO,
u6o , TpebyeT oOnpeieseHHs IMOJOXKEHHUS TPaHMIL BHYTPH SYeHKHU.
MoXKHO BBHIUHCIAATH HHTETpaJbl N0 TPaHUYHBIM siuefikaM QoJiee rpyGo
HJIH BooOwle He BKJtouaTh HX B cymmy (43). IlorpeurHocTs npu stom
6yner O (N-), u naa xopomeﬁ TOYHOCTH norpebyercs Gosee nogpo6-
Has ceTKa.

Metox syeek mepeHocuTcss Ha GOJblee YHCIO H3MepeHHH. Ml
BUIEIH, YTO K O06GJacTH TNpPOU3BOJNILHOH (OpPMBI €ro TPYZHO HpHMe-
HATb; TO3TOMY BCEraa KeJjaTeJbHO 3aMeHOH NepeMeHHBIX Npeobpaso-

[ N

Y

Puc. 19.
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BaTh 006/1aCTb MHTErPUPOBAHHS B NPSMOYTOJbHBII - MapajieJenunen
(3TO OTHOCHTCSI MPAKTHYECKM KO BCEM METOJAAM BBHIYHCJIEHHSI KPATHBIX
HHTErpaJoB).

2. IocnenoBaTtenbHoe uHTerpuposanue. CHOBA paccMOTPHM HHTe-
rpaji 1o MpsIMOYIOJIbHUKY, pPasbUTOMYy CETKOH Ha sAueliku (puc. 18).
Ero MOXKHO BHIYMC/IMTH NOC/ELOBATEIbHBHIM HHTETPHPOBAHUEM

B
f(x, y) dxdy=F (y)dy,

¢4

I=

Reem &

F(y) =) ydx

R Qe

Kaxnpili OZHOKpATHBI MHTErpaj Jerko BBIYHCASETCS HA JaHHOH
cetke 1o KBajpaTypHeiM ¢opmystam tuma (3). Ilocnenosaresnnhoe
MHTerpUPOBAHHE N0 OOOHUM HANpaBJeHHAM NPHBOIUT K KyOaTypHHIM
(opmyJ1am, KOTOpLIE SBJSAIOTC NPAMbIM Npoussederuem OJHOMEPHBIX
KBaJpaTypHBEIX (OpMYJT

Fly)~ dief (5 4), 1= 6F (4),
]

i

HIIU
Ia Y cyf (xi, y)y  cy=ciCy. (43)
i f

Hanpumep, eciim no KaxJoMy Hampas/eHHIO BeiGpaHa o6o6LieH-
Has ¢opMyJa Tpameuud, a ceTka paBHOMEpHas, TO Beca KybaTypHoOH
¢opMynel paBHE Cy/(hchy) =1, '/ u '/, COOTBETCTBEHHO IJSI BHYT-
peHHHX, TPAHHYHBIX M YIVIOBBIX Y3J0B CeTKH. JIErko mokasaTh, uyTO
ISl JBaXAbl HEmpeprBHO AubdepeHnupyeMbX QYHKLUI 5Ta dopmyna
HMeeT BTOPOH MOPANOK TOYHOCTH M K He#l NPUMEHHUM MeTox Pyure —
Pombepra.

BooGuie rosopsi, IJs pasHbIX HANpaB/IeHHH MOXKHO HCIOJIb30BATh
KBaJpaTypHele (OpMyJBl PAsHBIX MOPAAKOB TOYHOCTH p u ¢. Torma
IVIaBHBIA WiIeH MorpemHocTd umeer Bui R =0 (h7+h). 1o nano

VYUTHIBAaTb B MeTofe PyHre: NpH CTyIIEHHH CETOK HAl0 COXPAHATb
OTHOLUEHHE /7 /A TMOCTOSIHHBIM, YTOGbI 3aKOH YGbIBAHHS MOTPEIIHOCTH

OblT M3BeCTHBIM. MHOIOKpAaTHO Crymarb CeTKY NpH 3TOM YCJAOBMH
HeJIeTKO, eC/M p = ¢; TMO03TOMY XKeJaTeJbHO IS BCeX HampaBJeHHi
HCII0/Ib30BaTh KBAaApaTypHEIE (GOPMYJbl OLMHAKOBOIO MOPSALKA TOY-
HOCTH.

MoxHo monoGpaTh Beca M TOJIOXKEHWE JHHHN CEeTKHU TaK, YTOGbI
Kaxnasa oJHOMepHas KBajpaTypHasa ¢opmyna 6blia TOUHA AJS MHOTO-
YjeHa MAaKCHMaJbHOH CTeneHH, T. e. Gbia Obl dopmynoi Iaycca;
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Toraa

y=5 =0 G- vy, n=a@+b)+40b-ak,
y=g@+p)+5B-0)E, 1<i j<n,

rae §, y—HYJH MHOTOY/JeHOB JIekaHApa W COOTBETCTBYIOLLME Beca.
Otu GOpMYJIBl PACCUUTAHBI HA (DYHKIUH BEHICOKOH IJIANKOCTH H JAlOT
I/ HUX GOJBLIYI0O 5KOHOMHIO B YHCJE Y370B IO CpaBHEHHIO ¢ GoJsee

MPOCTHIMU cpopmyJIaMH Hamnpuwmep,
7 LJst m u3MepeHudt kybatypHas ¢op-
mysaa Cumncona ¢ 3™ ysnamu H
dopmyna (48)—(49) c 2™ ysnamu
JAlOT TNIPUMEPHO OJMHAKOBYIO TOY-
HOCTb, XoTa Qopmyna [aycca npu
m=2 uMeeT BIBOE MeEHbIlE y3-
JIOB, a IpPU M =3 — BTPOE MEHbIIE,"
ueM KybGarypHas ¢opmyna Cumi-
COHa.

I[TpousBonbHasgs o6aacTe.
Merox  mocienoBaTenbHOrO - HMHTE-
TPHPOBAHHS MOXKHO NDHMEHSATH K
06/1aCTH  NPOHM3BOJNBHOH  (YOpPMBI,
HanpuMep, ¢ KPHBOJHHEHHOM rpaﬂuueu Ilns sToro mposeneM uepes
006/1aCTb XOpZbl, MapasjielbHble OCH X, U Ha HUX BBEIEM Y3I]H, pac-
NOJIOXKEHHBIE Ha KaxJIol Xopie Tak, Kak Ham Tpebyercs (puc. 20).
IlpencraBuMm uHTErpan B Buie

B
= SGSf(x, y) dxdy=F () dy,

9 (¥)

F ="\ Ff(x y)dx
91 ()

CHayajia BBIYHC/IMM HHTErpaj MO X BJONb KaxKI0OH XOpIbl MO KaKoH-
HUOYAb ONHOMEDHOH KBaJpaTypHO# ¢opmyJ/e, HCHONb3ysl BBENEHHbIE
yanbl. 3aTeM BBLIYHCAMM MHTErpal IO y; 3hech y3laMu GYAyT ciy-
JKUTh NPOEKLUHUH XOpA Ha OCb OpJAHHAT.

Ilpu BbUMC/IEHHH MHTerpasa 1o y HMEETCs OJHa TOHKOCThb. Eciu
o6JacTb OrpaHuyeHa IJIaAKOH KpUBOH, TO MPH y—>0o NJHHA XOPHBI

CTpeMUTCA K HYJAIO He JIUHEHHO, a Kak Vy o.; 3HauyuT, BOIU3U

sToff TOukM F (y)N]/y a. To xe Gymer mpu y—P. Ilostomy
HHTETpHPOBATh HernocpencTBeHHO F (y) mo ¢opMynam BEICOKOI'O NOpsiaKa
TOYHOCTH GeccmbicneHHo. Llenecoo6pasHo BuiienuTb u3 F (y) ocHos-

Hyl0 ocobenHocTh B Buae Beca p(y)=V (B —y) (y—), Koropomy

COOTBETCTBYIOT OPTOTOHA/NbHbIE MHOrouJeHsl eOhueBa BTOpPOro posa

(49)

Puc. 20.
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(cM. Ipunoxenne). Torma BTOpoe HHTErpHPOBAaHHE BHINOJHSETCS I1O
¢opmynam Taycca — Kpucroddens

‘3 n
1=\F@dy~ Y B5%pp(2FB+85%¢),  s50)
a i=1

rie Yy)=F (), a §=cos[nj/(n+1)] u y;—Hym u Beca
MHOrouwieHoB UebhlieBa BTOPOro popa.

YTo6sl MOXKHO GBUIO NPHMEHATb 3Ty (GOpMyJay, HaL0 OpAHHATHI
xopl Ha puc. 20 3apaHee BHIGpaTb B COOTBETCTBUH ¢ y3jamu (50).
Ecnu 3To He 6bLIO CIENaHO, TO NPUAETCS OTPAHHYHUTBCS HHTETPUPO-
BaHueM F (y) mo oGobuieHHoH (opMmy/ae Tpameuui, npuueM ee atdek-
THBHBIL TOPSJOK TOYHOCTH B 3TOM ciaydae OyIeT HHXKe BTOPOro
(cM. npumep B § 1, m. 6).

Kpome METOJ0B s4YeeK H TOC/JeNOBATEeJbHOrO HWHTErpHPOBAHUSA €CThb Apyrue

MeTOfibl, B KOTOPHIX HCHOJb3yercsi Ky6arypHas dopMmyna BHpa [ a::Zcif (ry).
12

MoXHO TOCTaBHTb 3ajauy —HaHTH ONTHMAJbHHIE Y3/IbI M Beca, T. €. Jalomue MH-

HHMaJlbHYIO NOTPellHOCTh Ha 3ajaHHOM KJjacce ¢pyHkuud YacThbit ciyyail stolt

3aja4H — HAaXOXJeHHe BecOB H Y3JIOB, NPH KOTOPHIX (OpMyJa TOYHA JJisi MHOTrO-

MEpPHOTO MHOIOYIeHa MaKCHMaJbHOH CTene4H.

OnTuManbHbie Y3JIBI M Beca ypaetcss HaliTH TOMbKO pJist ofsactel nan6osee
npoctoil GpOpMbl, TAaKHX KaK KBajpaT, Kpyr, cdepa. 3aTo HX HCIONb3OBaHMe 3a-
METHO yMeHbIUaeT 06beM pacyeToB. 3TO XOPOIIO BHAHO H3 TabaHuusl 15, B Kaerkax
KOTODO# NMpHBEAEHH MUAMMAIbHEIE YHCIA Y3JI0B, NPH KOTOPHIX m-MepHas KyGaryp-
Has (opMysna MOXKeT ObiTb TOYHA AJIS MHOTOUJieHa CTeMeHH 7 NPH [10C/ef0BaTeNlb-
HOM HHTerpHpOBaHMH N0 ¢opmysam [aycca H NpH HCNOJb30BaHHH ONTHMAIbHBIX
m-MepHbIX KO3(dHIHeHTOB.

Ta6nuna 15

N01234567
m

1 TlocniegoBaresbHbie 1 1 2 2 3 3 4- 4
Taycca ¥ onrHMab-
Hble

2 TocnenoBarenbHeie 1 1 4 4 9 9 16 16
Taycca
OnruManbHele 1 1 2 4 5 7 10 12

3 TlocnegoBaTebHEIE 1 1 8 8 27 27 64 64
Taycca
OnTuManbHble 1 1 3 5 9 14 21 | 30

§ 4. Mertol cTaTUCTHYECKMX HWCHBITaHH

1. Cayvaiinbie BeauuuHbl. IIycTb MBI H3MepsieM 3HaueHHe HeKOTO-
poit BequuuHbl £ (H3mpUMEp, OTKJIOHEHHE NPH CTpenande), Ha KoTo-
py!o BiHsA€T GOJIbILIOE YUCIO PasMUYHBIX (aKTOpoB. Mbl He MoxkeM
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yyYecTb MX JHeHCTBHE, NO3TOMY 3apaHee He H3BECTHO, KaKoe 3HaueHue
NpUMET 3Ta BeNHYHHA.
BenuuuHy § HasBIBAOT CAYHaliHOL € NAOMHOCMbIO PacnpedereHus
P (x), ecnu BEpOSTHOCTb TOTO, YTO BeJIMYMHA NIPUMET 3HAUEHHUS MEXKLY Xy
X2

U X, paBHA Sp(x) dx. Ilo cmeicny BeposTHOCTH, p (X) HeoTpHLa-
TeNbHA U Hopﬁuposaua N
p0=0, §p@dx=1. (51)

— o0

OueBumHO, ecMu 3HAuYeHHs] § BCeraa 3akJIOUeHbl Mexny a, b, To
p (x)=0 BHe yKasaHHbIX mpenenoB u uHrerpan (51) Hano Gpartb
TONMBKO TO OTpe3Ky [a, b]. Benuunna § wmoxkeT ObIThb THCKPETHOH,
T. €. TPHHHMATb TOJbKO OINpeJeJeHHbIe 3HAYeHHS X; C BEPOSITHO-
CTSIMH p; (HampuMep, YPOBHH 3HEPrHM KBAHTOBOH cucTeMbl). JlucKper-
HYI0 BEeJHYHUHY MOXKHO (pOpManbHO OOBEIVHHTb C HeNpephIBHOH, eciu
TIOJIOZKHUTb

p()=2pd(x—x), >0, Dp=1,

rae 6 (x—x;) ecrb §-pyHKUUS.

Ecin no 3nauenusiM cay4alHOH BEJNWYMHBEI BBIYKHC/ISETCS Kakasi-
au6o ¢yHkuus f(E), To 3HaueHHs1 3TOf (YHKUMH TaKKe SIBJISIOTCS
cJAy4yalHbBIMU BeJHYMHAMH. Takylo ()yHKUMIO MHOTAA HAa3bIBAIOT CIy-
qaiHoH.

PaBHoMepHO pacnpefejeHHas BeauuuHna., Paccmor-
PUM CJENYIOmYI0 CAyYaHHYIo- PyHKIHIO:

3
@)= 1§ padr (52)

Ona. npunumaer 3HayeHus 0<Cy<<l ¥ MOHOTOHHO 3aBMCHUT OT E.
BeposaTHOCTB TOro, 4TO Yy JEXKUT MeXAY v, =7 (§) ¥ v. =7 (§,), paBHa
BEpOSTHOCTH TOro, 4ro § Jexut Mexny & u E,. A mocjenusas se-

=
POSATHOCTb €CTb Sp(x) dx=%,—%;, T. €. OHA paBHA [JJHHE HHTEp-

3

Baja 1O Y U HE 3aBHCHT OT IOJOXKEHHS 3TOTO HHTepBaja. 10 3Ha-
uut, yTo Y () C paBHOH BEPOSATHOCTLIO NPHHHMAET JIQGOe 3HAYSHHE
Ha orpeske [0, 1]. Tlostomy ee HasbIBaIOT Ccay4aUiHOL 8eAudUKOL, pas-
HomepHo pacnpedenernoll na ompeske [0, 1]. IlmotHocTh pacmpenene-
HuA y paBHa p(y)=1 npu 0<y<<1 u p(y) =0 BHe 3TOro OTpeska.
2. PaspirpoiBanue csydaiiHoil BenuumHbl. VI3 Bcex cnyyafiMbIx Be-
JIHYHH TIpOlle BCEro pashbirphiBaTh (MOAENHDPOBAThb) PaBHOMEPHO pac-
npeje/eHHY0 BeauduHy y. PaccmoTpuM, Kak 3To jenaercs.
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BospbMeM Kakoe-ToO YCTPOHACTBO, Ha BHIXOAE KOTOPOrO C BEpOSAT-
HOCTbIO 1/, MOryT mosBasTbest Unbphl O wau 1; mosiBjeHue TOH WM
Inpyro#t nupel JOKHO OBITH CaydadHbIM. TakuM ycTpoiiCTBOM MOKET
ObITh GpocaeMast MOHETa,. UrpafibHas KocTb (ueTHo — 0, HeueTHo — 1)
WM CreluasbHbI reHepaTop, OCHOBAHHBIN Ha MOJCYETe YHC/IA PafHo-
aKTUBHBIX pacrmajoB WM BCIJIECKOB pajKollyMa 3a OIpejeseHHOoe
BpeMs (YeTHO WJH HEYeTHO).

3anuuieM y Kak ABOHYHYIO 1pobb i1 =0, a0y0s ... © Ha MECTO
noc/efloBaTeIbHEIX  pas3psifoB OyleM CTaBUTb LHUGPHI, BEHaBaeMble
reHepatopoM: Hampumep, yii=0,010110... ITockonbky B mepBom pas-
pslie ¢ paBHOM BepOATHOCTbIO MOryT crostb O uau 1, aTto yucmo
C paBHOH BEpOSITHOCTbIO JIEXKHUT B JEBOM WJIM IPaBOH IIOJIOBUHE
orpeska 0<<y<<1. Ilockonbky Bo BTOpoM paspsne Toxe O u 1 pas-
HOBEPOSITHBI, YUCJIO C PABHOH BEPOATHOCTBIO JEXKUT B KaxIOfl 1MoJo-
BHHE 3THX IIOJOBHH M T. 1. 3HAUMT, ABOMYHASA APOGH CO CIyYaiHBIMU
uudpamMd  NeHCTBUTENIBHO C pPABHOM BEPOATHOCTbIO NpPHHUMAET
Jio6oe 3HaueHHe Ha oTpeske 0 <<y <<l.

Crporo roBopsi, paseirpaTb MOXKHO TOJbKO KOHEYHOE KOJHYECTBO
paspsanoB k. Ilostomy pacnpenenenue GyneT He BIOJNHE TpeGyeMbIM;
MaTeMaTHuecKoe OxHIaHue My OKaxercss MeHbLIe !/, Ha BeTHYHHY
~ 27%-1 (460 3HaueHue y=0 BO3MOXKHO, a 3HayeHue y =1 HeBO3-
MOHO). UToO6bl 3TOT (haKTOp He CKashBaJjcs, cjaenyer 6paTb MHOTro-
paspsiiHble 4YHC/Ia; IpaBla, B MeTOAe CTATHCTHYECKHUX MCIBITAHHH
TOYHOCTb OTBeTa OGBIYHO He GhiBaer Bhime 0,19 =10-3, a ycroBue
e<<2* naer k> 10, uro Ha coBpemeHHHX 3BM mnepeBrIONHEHO
¢ GOJIbIIMM 3aMacoM.

IIceBrocnyyafinble 4yucJaa. PeajbHble TIeHepaTOphbl Cly-
YyaiHBIX YHCEJ HE CBOGOAHBI OT CUCTEMATHYECKHX OIUIMOOK: HECHMMeT-
PUYHOCTb MOHeTHl, Apeld Hynsa u T. A. ITostomy KauectBo BLIIaBae-
MBIX HMU YHCEJ TPOBEPSIOT CIelHalbHbIMH TecTaMHd. Ilpocreitmuii
TECT — BBHIYUCJIEHHUE /I KaXIOro paspsia YacTOThi NOSIBJIEHHS HYJS;
€C/Id 4acToTa 3aMeTHO OTJIMYHA OT !/,, TO HMEeTCsl CHCTeMaTHyecKas
omy6Ka, a €Cld OHA CIHUIKOM G6au3Ka K Y/,, TO uucaa He cay-
yaiiHble —eCTh Kakaf-TO 3aKOHOMEepHOCTb. bosee cloxHble Te-
CTBL — 3TO BBIYUC/AEHHE KO3(P(HLUHUEHTOB KOPPENSANUH MOCIeA0BATENb-
HBIX YHCeJ

%= (=) (Vs — 1)

WM TPYNI paspsifioB BHYTPH 4HCIa; 3TH KOI(QMUUHEHTH JOJKHBI
GbITh OMU3KUMH K HYJIO.

Ecnu Kakas-To MOC/TETOBATENBHOCTb YHCEN YIOBJETBOPSET 3THM
TECTaM, TO €6 MOXKHO HCIOJIb30BAaTh B pacyeTax Mo METOAY CTAaTHCTH-
YeCKHMX HCILITAHME, HE HHTEPECYsCh ee NpoUcXoxieHHeM. PaspaGo-
TaHbl aJTOPUTMbI MOCTPOEHHS TAKMX IOC/HELOBATeNbHOCTEH; CHMBOJIH-
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YECKH HX 3alUCHIBAIOT PEKYPPEHTHHIMH (OpMYJIaMH

Vi =1 (Vi-y) mmH
Vi=F (Viz1s Vi-2s -+v» Vi-w)-

Takue uHc/la Ha3bIBAlOT 1Ce800CAYHALIHBIMY W BHIYHCISIOT Ha DBM.
A10 06BIYHO YHOGHEe, UeM HCMOJb30BaHHE CIELHA/bHEIX I'eHEepaTopOoB.
Ho ans KaX[oro aaroputMa ecTb CBOE IIpeleNbHOe YHCIO Y/IEHOB
MOC/IENOBATELHOCTH, KOTOPOE MOXHO HCIIOJIb30BaTh B pacyeTax; IpH
6oJIblLieM 4YHCTIe YJIEHOB TepsieTcs CAYYalHBIA XapakTep 4ucesa, Hanpu-
Mep — oGHapyKHUBAETCS NepHOAHYHOCTD.

(33)

[epBLIii aMrOPUTM MOJyYEHHs] MCEBIOCAYYafHBIX 4uces] Obll npennoxeHn Heii-
maHoM. BosbMem uyucio M3 27 uudp (15 ONpefeseHHOCTH AeCATHYHEIX) H BO3Bele
ero B KBajjpaT. ¥ KBajpaTa OCraBHUM 2r CpPeIHUX HHGD, OTKHHYB 7 MOCJEIHHX U 7
(unu r —1) nepsouix. IToayyeHHOe yMc/IO CHOBA BO3BejeM B KBajpar H T. 4. 3Hade-
HHAS y; TOJyYaloTCs yMHOMeHHeM 3THX uuces Ha 10727, Hanpuwmep, nomoxum r=1
¥ BeiGepeM HauaslbHOe 4ucio 46; Torma moJy4yHM

46 — 2116 — 121 — 144 — 196 — 361 — 1296 ...
y=046 0,11 0,12 0,14 0,19 036 0,29...

Ho pacnpenenenne uncesn HefimaHa HejocTaTtoyHo PaBHOMEPHO (MpeofiajaroT 3Haye-
HHS y <<1/,, uTO XOpOWIO BHAHO Ha NpHBEJEHHOM NpHMepe), H cefiuac HX penko
ynorpeGasioT.

Haubonee ynompebumenen ceiiuac HECAONCHbIL U HENAOXOL ar20pumm,
ceasanubiil ¢ ebideseruem OpobHOU wacmu npoussedenus

i ={Av1} (54)

rie A —oueHb Gosbluasi KOHCTaHTa (purypHas cko6ka 0603Hayaer
IpoGHYI0 YacTb yucaa). KauecTBO mNCeBAOCHYYaHHBIX YHCEN CHJIBHO
3aBHCUT OT BHIGOpa BENUYMHE A: 3TO 4YHCIO B JBOMYHON 3amucH
JDOJKHO MMETb JOCTAaTOYHO «C/IYYaHHBIA» BHJ, XOTS €ro MOCJHeJHHEH
paspsn cienyer 6path efuHHUeH. BenuuuHa y, cnaGo BAuseT Ha Kaye-
CTBO MOCJeNOBATeNbHOCTH, HO OHJIO OTMEYEHO, YTO HEKOTOpblE 3Ha-
YEHUS OKAas3bIBAIOTCH HEYXAYHBIMH.

Ilpy nomory 3KCNEPUMEHTOB M TEOPETHYECKOTO aHAMM3a HCCIENO-
BaHbl U PEKOMEHAYIOTCH Takue 3HaueHus: A =513 u §,=2"% mqa
BEM-4; A=5' u y,=2 nas BICM-6. [Ins1 HEKOTOPHIX amepu-
kaHckux OBM pekomenayiores A =5 u y,=2"%% 5TH wuppH CBS-
3aHBl ¢ KOJIMYECTBOM Da3psfioB B MAHTHCCE U TOPSIKE YHC/IA, OITOMY
oA Kaxporo tana dBM onu cBou.

3ameuanue 1. B npunnune ¢opmysasl tuna (54) MOryT aaBaTh
OuyeHb JJIMHHEIE XOpOIUHE IIOC/IEeN0BATENbHOCTH, €C/IH 3alUCHBATh HX
B HEPEKYPPEHTHOM BHIE Y, ={A"y,} ¥ Bce YMHOXKEHHS BHINOJHATH
6e3 okpyraenus. OOGbyHOe OKpyrieHune Ha DBM yxyamaer KauecTso
nceBJOCyUYalHBIX YHcesn, HO TeM He MeHee 10 10° uneHOB mociefo-
BaTeNbHOCTH OGBIYHO TOAATCH.
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Gameuanue 2. KauecTBo noC/IeI0BaTeJbHOCTH YJyYIIaeTcs,
ec1u BBeCTH B alroput™ (54) HeGoJsibiude ciyyadHbe BO3MYIIEHHS;
Hanpumep, NOCJA€ HOpMAaJM3alud 4Yucia Y; NMOJIE3HO 3ackiaTh B IOC-
JefHHe JBOMYHbIE pas3psAnbl €ro MaHTHUCCHl JABOMYHBIA MOPSIOK
uncna Ay;.

Crporo roBopsi, 3aKOHOMEPHOCTb ICEBROCAYYAHHHIX 4HCes JOJXKHA
ObITh He3aMeTHAa MO OTHOLIEHHIO K TPeGyeMOMY YacTHOMY NpHMeHe-
Huto. [TosTOMYy B HeEC/IOXKHBIX MM yAA4HO chOPMYJIUPOBAHHBIX 3afa-
yax MOXKHO HCIOJb30BaTh MOCJAE0BATeNbHOCTH He OYeHb XOpOLIEero
KauyecTBa, HO NPH 3TOM HEOOXOAMMBI CIelyasbHble NMPOBEPKH.

IIpousBonbHoe pacmpepenenue. Jas paskrpeiBanHus
CJy4adHON BEJHYHHBI C HEPaBHOMEPHBIM paclpefieNeHueM p (X) MOXKHO
BOCIOJIb30BaThesl (opmynof  (52). PaspirpaeM y H omnpegenum §
H3 paBeHCTBa

§
Yi: S p(x) dx.

— ©

Ecnu unterpan 6epercsi B KOHEUHOM BHAe H (GOpMYyJa HeCJ0KHA, TO
370 Haubosee YHOOHBIA croco6. [l HEKOTOPHIX BaXKHBIX pacrpene-
nenuit — Faycca, Tlyaccona — cooTBercTBylomiye HHTErpasnbl He GepyTest
M pas3paGoTaHbl CNenualbHble CIIOCOGH pPasbIrPLIBAHHUSA.

3. Boiuncienne uHTerpada. 3HaueHue cayyafiHOH ¢yHkumu f (&)
3aKkmoyeHo MexAy f(x) u f(x-+dx), ecau E 3akmoueHO MeXAYy X
U X+ dx; BeposTHOCTb 3TOr0 co6HITHS paBHA p (x)dx. Herpyauo
NOHATb, YTO MaTEMaTHYeCKOe OXKHAAHHE CclydaiHOM (YHKUMH H ee
JHCIIEPCHS COOTBETCTBEHHO PaBHBI

+
M@®=§ [()p () dx, (55)

“+ oo
Df () =_S [F () — Mf ©)F o (v) dx=M[* &) — [Mf &)1 (56)

Takum 0GpasoM, 00HOMepHbLl utmeepar MOKHO PACCMAMPULAMSE KaK
mMamemamuseckoe oxcuOanue cayatnoil gynxyuu f(E), apryMeHT KoTo-
poil ecTb ciyualiHas BeJIMYHHA C IVIOTHOCTBIO PaCIpefeNeHus p (x).
Ha sTom OCHOBaH mepBBIY CIOCOG CTATHCTHYECKOTO BBHIYMCICHUS |
HHTETPAaJoB. )

MaremaTiyeckoe OXMJIAaHHE MOMKHO NPHO/HKEHHO BBHIYMCJAHTH Ha
OCHOBAaHHH LEHTPA/JBHOH NpEJENbHOH TEOpeMbl TEOPHH BEPOATHOCTEH;
ecau M ecmb CAYMAUHAA 8eAUMUHA, MO CpedHee apupmemuueckoe mHo-

aux ucnoeimarull
N
1
iv= 2 M
=1

S
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modxce ectb CAYHQUIHAS BEAUMUNA C MeM Je MAMmeMAmu4ecKum oxcuda-
Huem MGy = Mn, npusem npu N —co pacnpedererue {y crmpemumcs

K eayccosy (Hopmanrsromy) pacnpederenuto ¢ Oucnepcuerl D§N=—11VD7].

ITpu GosbluoM yucie HcmbiTaHUB pucnepcus {y Mana, T. €. 3Ha-
yeHHe cpefHeapu(METHYECKOro € XOpOIleH BepOSTHOCTbIO 6YAET 6IU3KO
K MaTeMaTHYecKoMY OXHAaHuIo. IT03ToMy MOXKHO MOJIOKHTH

.l_
§ 10e g den Zf@m (57)

rie t-—ciyyafiHasg BeJqMYHHA C IUIOTHOCTBIO paclpefiesneHus p ().
OueHuM IHCIEPCHIO OTAENBHOTO HCMBITaHUS Mo Qopmyde (66), 3ame-
HSST B Hell MaTeMaTHyecKHe OXMAaHHMs Ha CyMMbl Tuma-(57); Torza
Jucnepcus cpenHeapuMeTH4ecKoro NnpuG/IMKEHHO paBHA

N 2
Ay~5Df @ ~ 5= Zﬂw—LZf@ )

i=1 i?l

ITogBnenue nenurenss N —1 Bmecro N nepel durypHo#t ckob6koi 060-
CHOBBIBae€TC B TEOPUH BEPOATHOCTEH; IpaBAa, 3TO CYLIECTBEHHO
TOJbKO NpPHU OYEHb MaJ/bIX YHCJIAaX HCIBITAHUI.

OTBeT B MeTOfie CTaTHCTHYECKMX HCHBITAHUA HOCHT BEpPOSTHOCT-
HBIfl XapakTep U B NIPUHIMIE MOXKET CKOJb YrONHO CHJIBHO OTJIH-
yaTbCs OT TOYHOrO 3HaueHus uHTerpana. OnHaKo, COIVIaCHO CBOHCT-
BaM HOpPMA/lbHOrO paclpefeneHus, ¢ BeposaTHOCTbIO 99,7% omubka

He mpesocxonut 31 Ay. BeposTHoil HasbiBaior omnGKy 0,675 V Ay,
COOTBETCTBYIOL1YIO 509 -HO#l BEpOSITHOCTH; peasibHasi onm6Ka OOBbIYHO
0113Ka K 3TOH BeJIMYMHE — [IPUMEPHO  B/IBOE 6Gosibllle WJIU MEHBIIIE.
Takum ofGpasoM, BHIIOMHAS pacyeThl mo dopmynam (57) — (58), Mbl
OLHOBPEMEHHO C HHTErpajoM IOJYyYyaeM HEIIOXYI0 alnoCTepHOPHYIO
OLEHKY OLIMGKH.

Ilpu yBenmueHuu uucna ucnbiTaHuit N IOrpeLIHOCTb OTBeTa Gyer

y6biBaTh TpuMepHO, Kak 1/})/N. CKOpoCTH COBpeMEHHBIX 9BM nosgo-
JSIOT MHCNOJb30BaTh B pacyeTax N ~ 106, mosToMy Ha TOYHOCTb
Bomue 0,19 B MeTofe CTaTHCTHYECKHX HCMbITARMI: TPYAHO PACCYUTHI-
BaThb. B cloXKHBIX 3amayax mnorpemHocTb Bo3dpacraer no 1—109%.

ITocKONMBKY NOrpemHOCTb HMEET BEPOATHOCTHBIH XapakTep, TO

saBucumocts 1/)/N oTHOCHTCA He K caMoil TOTpELIHOCTH, & JIHIIb
K IIMpHHE [0BePHTENbHOro HHTepBana. [losToMy He/b3s-IPUMHCH-
BaTb METOJY CTaTHCTHYECKUX HCIBITAHUE CTPOTHH NOPANOK TOYHOCTH
(Bpome p=1/,) u Heavda npumensmo memod Pynee— Pombepea k pac-
yemam, COeAQHHBIM C pasrudnbimu N.
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BTopo#i cnoco6 CTaTHCTHYECKOTO BLIYMCIEHHS MPUMEHSIETCS
1

K HHTerpanam BmLaS f(x) dx, npuueM Ha OTpe3Ke HHTErpUPOBAHHUS
0

0<f(x)<<1. IlpousBoJbHEIA HHTErpaj] MOXKHO IPHBECTH K TaKOMY

BHUJy JIMHEHHON 3aMeHOH MaclITaboB.

BosbMeM cayyafiHBle 4YHC/Ia Y,, DPAaBHOMEPHO pacnpeleseHHbIE Ha
eIMHUYHOM OTpe3Ke. Bynem paccMmaTpuBaTh MOC/IENOBATE/bHbBIE NaphI
uncea (Yai, Yei+1) KaK KOODAHHATHI (X;, y;) TOYEK B €IMHHYHOM KBal-
paTe Ha IIOCKOCTH X, y (puc. 21). Iru
Toukd G6yAyT CAy4aiiHBIMH H pPaBHOMEpPHO P
pacrupeie/ieHHbIMH B 5ToM KBaapare. Ilosto-

MYy BEpOSITHOCTb IONAJaHHSl TOYKH NOX KPH- 7
Byl0 y={(x) paBHa IJOWANH, 3aKJIOYEHHOH .
moj. KPUBOH, T. €. HCKOMOMY HHTerpainy.
VenoBue mnomajaHHs TOYKH IIOX KPHBYIO f .
€CTh Yoi1 <[ (V2:); TA HOJsA OOLIEro uuciaa * .
HCTILITAHUH, KOTOpas YIOBJIETBOPSIET 3TOMY « "
yC/IOBUIO, faeT NPUOGIHMKEHHOe 3HaueHHe HH- * . * z
TerpaJja. : 7

4. Ywmenblenue gucnepcuu. TouHocts Me-
TOJA CTAaTHCTHYECKHX HCMLITAHUH MOXKHO YBe-
JIMYHTb, BHIGUpAs CHeNUAaJbHYIO CIyYaHHYIo
BEJHYHHY. O6osiaan g(¥)=f(x)p(x), Torna HCXOAHBI HHTErpa

o]

Puc. 21.

npumer Bun, F = S g (x) dx. Tlonoxum g (x) =f (x) p (x), rne dyHkuus
—o0

P (x)=0 u HopMMpOBaHa Ha eNHMHMIY, TAK YTO €€ MOXKHO CUHTATh

IJIOTHOCTBIO paclipelle/IeHHsl HEKOTOpOH clydaHHOH BeqnuuHbl. Kak

HaJo BHIGPATb P (X), YTOOBI CHeaaTh BLIYHCICHHS HauGOJIEE TOYHBIMH,

T. €. IHCIepPCHI0 pe3y/bTaTa — MUHHMAaJIbHOH?

B nucnepcuu ornenbHoro wucnbitanus (56) mocienHee ciaraemoe
[Mf (E)]? paBHO KBaipaTy HCKOMOrO MHTErpaja ¥ T€M CaMbIM He 3aBH-
CHUT OT BhIGOpa P (x). 3HauuT, Hajo TpeGOoBATh

- T
MPEE = § *(x)p(x)dx=min.
—
Jlo6aBnisisi ycIOBHE HOPMHPOBKH IIOTHOCTH, MEpENuINEM 3Ty 3anauy
cIenyIomUM 06pa3oM:

0o + o0
{ [WpE]de=min, | p(x)dre=1.

anpaBHHeM HYJ/II0O BapualUOHHbIE NPOU3BOAHBIE MO NJIOTHOCTH

“+ oo + o

§ e @P8xdx=0, § 8()dx=0,

—c0 —_
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OueBuzHO, A5 paBEHCTBA BapHALMOHHBIX NPOU3BOAHBIX HYJIO HEoG-
XOJUMO ¥ JOCTaTO4HO, 4TOGH! [g (X)/p (x)]* = const, umu p (x) =c|g (¥)|
IMpu stoM pucnepcusi He TOMBKO MHHMMAJbHA, HO JaXKe PaBHA HYJIO,
eciu g (X) 3HAKONOCTOSHHO. B camom fene, Torma f(x)=1, u maxe
OIHO HCIIbITAHHE CPasy JacT TOYHHIA pe3yJ/bTar.

Koneuno, Ha mnpakTuke B3fATb p(X) =c|g(x)| He ynaerca. s
pasbIrpLIBaHUSA CAYYaHHOH BEJIHYHHB C TAKOH NMJIOTHOCTHIO HEOOXOIUMO
peLlUTb YpaBHEHHe

§
vi={ lg()|dx,
— 00
T. €. BHUMC/IHTH HCKOMBIH MHTerpas:, Ja elle ¢ NepeMeHHbIM BepXHHM
npenenom! Ilostromy ofeuHO moxGupaior P (X) Tak, YTOGH
3
{ p(x)ax
— 0
IPOCTO BBIYMC/AJICSA, & CaMO P (X) GBLIO IO BO3MOXKHOCTH GJIHKE K g (X).

CMBICH yBETHYEHHSI TOYHOCTH HETPYAHO NOHATb. Ecnup (x) ~|g(x)|,
TO f(x) MOYTH NOCTOSIHHA M BCE OTAEJbHBIE HCIILITAHHS AAIOT GJIH3KHE
pes3yJIbTaThl.

ITpumep. Buuncium
[oe]

F={e»dx.
1

IMonoxum p (x) = cxe—*, rIe KOHCTAHTy C=2¢ ONpEeNENHUM U3 YCJo-
BUA HOpMHPOBKH. CiyyaliHylO BEIMYMHY C TAKOH IIJIOTHOCTBIO pasbl-
rpaem mno gopmyae

+ g

v=1{ p@de=e "% &=V1T—-Iny.

&
3nech ylo0Hee CUMTaTb NMEPEMEHHHIM HMXKHUA Mpefle] WHTerpHpoBa-
HHUS, 4TO TakXe JomycTumo. Temnepb JIErKo IOJyYaem

© N
1 1 1 1
i=1
IR
ANMH[W 2 "1“"")—1—1:2]'
i=1

ITpuembl yMeHblIEHHSI JHCIEPCHH MO3BOJSIOT YMEHBIIATh 06bEM
BHIYKC/IEHHH; OHH LIHPOKO NPHUMEHSIOTCH HE TOJNBKO NPH BBIYUCIEHHH
unrerpanos. Hanpumep, Bropdon s3ameTnn, yto MOXKHO ONpenesHTh
4uC/Io 7, 6pocas HIVIy Ha CEeTKY MapajuleJbHbIX JIMHUH M DErucTpH-
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pys TPOLEHT ciyyaeB, KOTAa HIJa TepeceKaercs ¢ JHHMeH (pHuc. 22).
Ho ana nonyyeHus Tpex BepHBIX 3HAKOB Tpebyercs.npumepHo 10*
ucnbiTanuil. OkasbiBaercs, ecjy 6parh CKpelJieHHble KPecToM HIOJKH,
TO [/ TOH Ke TOYHOCTH Haf0 B 25 pa3 MeHblle HCNBITaHWil, a TpH
CKpenJieHHble CHEXXMHKOH HroJIKH JalT 3KoHomuio B 135 pas.

3ameyanue. Hepenko mnoapiHTerpanbHas GYHKIHS HMeeT Ha
pasHbIX y4acTKaX CYILECTBEHHO pas3HOe MOBEJEHHE, H BBECTH XOpO-
N eNUHBIH BeC Ha BCEM OTpe3Ke HHTErPUPOBAHMS He YHaercs.
Torga BHIFOAHO NpEACTaBHUTb HHTErpal B BHAE CYMMBI HHTErpasioB
N0 OTHENbHEIM Y4YacTKaM M BBIYHCIATH Kax[Abll M3 HHX CO CBOHUM
BECOM. JTO YMEHBLIAET IHCIEPCHIO pe3yJbTara.

5. KparHele uHTerpassi. BTopofi cnoco6 serko o6obuiaerca
Ha MHOTOMEpHBIE HHTerpaisl [ = S f(x, y, 2)dxdydz no exunUUHOMY

¢

Ky6y G (414 ONpeNeNeHHOCTH Mbl BEIOHDAEM TpPeXMepHOe MpPOCTpaH-
ctBo), ecmu O0<<f(x, y, z)<<1 BHyTpH 3Toro Ky6a. PaccmoTpum
Ky6 G B 4eTHIp€XMEPHOM NPOCTPAHCTBE X, Y, 2, U U ClyYalHEIE PABHO-
MEpHO pacnpe/le/leHHble B HEM TOYKH;
KOOpJHHAaTaMH 3THX To4yeK OynyT Io- }Z
ciefloBaTesibHbBIe YETBEPKH CJyYadHBIX

/2
uucen Yyuwe, k=0, 1, 2, 3. Honsa cay- 7
LN

yalfHBIX TOYEK, YJAOBJETBOpAWOLIAS He-
PaBEHCTBY Viis3 <[ (Vai» Vairnr TYaire),
JacT TpUG/IHKEHHOe 3HAaYeHHe HCKO- \
MOrC HHTerpana.

HanomHuM, uyto uem GoJiblie YHC-
70 H3MepeHuil, TeM G6oJiee IKECTKHMHU Puc. 22.
TeCTaMH HaJ0 IMPOBEpPATb KayecTBO
CTyYyalHBIX MM TCEBJOCTYYaHHBIX YHMCEN, HCIOJb3yeMblX B pac-
yere.

ameuanue l. [Ina ¢yHKUME NpPOHM3BOJIBLHOrO BHIA MOMKHO
MONYYUTh TNIPH TOM 2Ke YHC/IE y3JI0B TOYHOCTb B HECKOJIBKO pas Goiee
BBICOKYIO, €C/TH HCMOJb30BaThb HE CydaHHble TOYKH, a OTPE3KH
TaK HasbiBaeMblX JI[T;-mocnefoBaTeNbHOCTEH. 3TO NOCAENOBATE N b-
HOCTH MHOTOMEPHBIX TOYEK, KOTOPHlE 00ecrneyuBarT Gosee paBHOMEp-
HOe pacrpejieieHHe H CaMHX TOUEK B NMPOCTPAHCTBE, H BCEX X MPOEK-
UH# Ha rpaHd M pe6pa MHoroMepHoro Ky6a. OcoGeHHO BHIFOIHO
B pacyeTax C TaKHMH MOC/EI0BATENbHOCTAMH BEIGHPATh 4YHC/Ia TOYEK
N =27, ubo dakrHueckas owHGKA NPH 3TOM OKAa3bIBAeTCS OOLIYHO
MHOTO MEHbILE, YEM MO OLEHKEe IHCIEPCHH.

3amevanue 2. [Ins raankux QyHKIHE MOXKHO MOMYYHTB GoJee
XOpOILHKe pe3yIbTaThl IPH HECTIOKHOM TIOCTPOEHHH CETKH, €C/IH BHIGpaTh
YuCI0 y3J0B N =k™, rie m —uucno usMepeHuii. Pasofbem enunuu-
HEIl Ky6 Ha N KyGHKOB co cTopoHo#l 1/k, B KaXIoM Ky6uKe Bbife-
PeM OZHY CyYaHHYIO TOYKY M BBIYHCIMM IO STHM TOYKAM HHTErpa.
Hucnepcus storo Metona ecte Ay =0 (N='/2=Vm) 1. e, ona MeHbIIe
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ouedku O (N-17?), nonyyamomelics npH O6BIMHOM NPHMEHEHHH METola
Monre-Kapio.

IMepBruit cnoco6. [Jucnepcuss BrOporo cmocob6a BesHKa,
M OGBbIYHO MEPBHIH €roco6 CTAaTHCTHYECKOrO BHIYHC/IEHHS HHTErpasoB
tounee. ITyctb p (x, y, 2)=0 ecTb MHOromepHas IJIOTHOCTb paclpe-
JleJIeHHs1 HeKoTopo#t ciyyaiiHO# BenuuuHBl. TOrzaa, aHaJOTHYHO OAHO-
MEepHOMY cJyyalo,

éf(x, y, 2)p (%, y, 2) dxdydz=Mf E n, {)~

N
~y X FE L) (69
1=1

Kak Hafitu ciyyaiiHyio TpeXMEpHYIO TOUKY C 3aJaHHBIM pacrpese-
JICHHEM IJIOTHOCTH IO TPOHKE DaBHOMEPHO pacHpeleNeHHBIX caydafi-
HBIX YHCEN Y1, Vai+1» Vsiwe? JUIS 3TOTO HAlO CBECTH pasbIrpHIBAaHHE
MHOTOMEDPHO# IIOTHOCTH K IOC/TEeJ0BaTeIbHEIM PasbirPHIBAHHSAM OLHO-
MepHBIX CJIYYaiflHBIX BeJHUHH C IJIoTHOcTsSIMH R (%), R(y), R(2).

Jist pashIrpEIBAHHST KOOPAMHATEL X NOCTPOHM OJHOMEPHYIO MJIOTHOCTH pacmpe-
JEeJIeHUsT 110 3TOM KOOPAHWHAare IPH NPOU3BOJNBHBIX OCTAaJIbHBIX KOOPAHHATAX

+ o
Rx)= SS o (x, v, 2) dy dz.

—

OueBuzHo, ¢yHKnus R (x) HeOTpHUArelbHa H HOPMHPOBAHA Ha €JHHHULY, T. €.
YROBJIETBOPSIeT NpPeAbABIsAEMHIM K INIOTHOCTH TpeGoBanuaM (51). Tlostomy dopmyna
Pa3bIrPLIBAHUS €CTh '

§

Y= § R(x)dr.

Tenepr opHa KoopAHHAaTa paskirpaa. Hano wafTd D/IOTHOCTE pacmpefesneHHs
10 BTOPOH KoOpIMHAre NpPH (HKCHPOBAHHOH NMepBOM KOOPAHHATE M IPOU3BOJNLHOH
TpeTheil. Eciiu mepBylo KoopauHary (MKCHpPOBaTb, a 1O TPeThbeH NPOMHTErPHPOBATH,
TO TMONYYyeHHOE BHIPAXKEHHE He YJOBJIETBOPSET YCIOBUIO HOPMHPOBKH (HHTErpan
no y He paseH 1). HopMupys ero, mosyyum HCKOMYIO IIGTHOCTBb

+ o0
Ry 8)=R1E) | oG v 2)dz
— 0
Bropast koopjuHara paswrpriBaetcs no ¢opMyse
b
Yan= § R &) dy.
— 00

TInotHOCTL pacnpenenieHus MO TpeThbeH KOOpAHHATe NPH (QUKCHPOBAHHEIX Nep-
BBIX JABYX KoopAuHarax mnponopuuoHambua p (§;, m; 2). 1 HODMHPOBKH Hajo

NIOJIOXKHUTh
Rz &, M)=RTE)RI(mi; &) o G M, 2
TOrJ@ HMHTerpal mo z paBeH efuHune. COOTBETCTBEHHO (JOPMyJa pasHICPLHIBaHHS
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HMeeT BHJ, ¢
!

Ysa= § R(z & m)dz
—oo

MMozcraBasist mojyueHHsle KoopAuHATHL B (59), BEIYHCIMM HCKOMBI HHTErpa.
Bce, uto roBopusiock B . 3 O TOUHOCTH PacyeTa, IOJHOCTHIO OTHOCHTCS K MHOIO-
MePHOMY CIy4aio.

Henerko mnono6path TakoH BHA IIOTHOCTH Q (X, Y, 2), YTOGH
OHa cofepxKajla OCHOBHBIE OCOGEHHOCTH INOABIHTEIPaJbHOH (GYHKIHH
M NIpH 3TOM $BHO GObl BBIYHCISJICH BCE€ HHTETPasbl, BO3HHKAOLIHE
IpH pasbrpblBaHHU KOOpAHMHAT. OGBMHO MBITAIOTCH BHIAEMHTH ILIOT-
HOCTb BHIA P (X, Y, 2) =Py (¥) P2 (y) Ps (2), ubo Torna Kaxpmas Koop-
JMHaTa pasbIrpPLIBAETCA HE3aBHCHMO OT OCTalbHHIX MO (opMmyJe
Buga (52), u Jjerye nmopo6paTh HHTEPHUPYEMbIE BHIpAXKEHUS JJI OJHO-
MEpHBIX NJOTHOCTeH; K O6lleMy BHAY MpPHOETarT, TONBKO €CIH TOY-
HOCTb TaKOTO MpeACTaBJeHHs HeLOCTaTOYHA.

Kakumu wMmeronamy YHOOHee BBIYHCAATh HHTErpajibl — CETOYHKIMH
WIH CcTaTHCTHYeCKHMH? TOYHOCTh MeTOZa CTaTHCTHYECKUX HCIBITAHH #
HeBeJNIWKa, W JJIs1 ONHOKPATHBIX MHTETPAJOB OH $IBHO HEBHITOJEH.
[1s1 MHOTHX H3MepeHHl NOJIOXKEHHE Pe3KO MeHseTcs.

IlycTs ¢yHKIUA m NepeMeHHBIX HHTErPUPYETCS MO CETOYHBIM
¢dopMyJsaM p-ro mopsAKa TOYHOCTH, IPHYEM CETKA HMEeT 7 LIAroB
Mo KaxJoil nepemeHHo#. Toria Tio/HOE YHCIO Y3/10B ectb N =nm™,
a MOTPELIHOCTb pacyeTa € ~ 1P (pasymeercs, Npeinoaraercs Cyuecr-
BOBaHHE p-X KYCOYHO-HEMPEPLIBHBIX NPOH3BOAHBIX (GyHKLKM). [IoaTomy
YHCJO Y3/0B, TpeGyeMoe IJs1 JOCTHXKEHMS JaHHOH TOYHOCTH €, €CThb
N ~ (1/e)™/P; OHO 5KCMOHEHUUAJBHO pacTeT DNpH YBEAMYEHHH YHC/Ia
U3MepeHuH.

Ilpu uHTErpHpPOBaHHH METOLOM CTATHCTHYECKHX HCIBITAHUH MOTper-
HOoCTb €~ N—!/2, TlosToMy mnosHoe 4YHCIO Y3/70B ecTb N ~ (1/e)?
HE3aBHCHMO OT YHCJa H3MepeHHH.

OueBHIHO, €CJAH YHCAO H3MepeHHH m < 2p, TO CETOYHbLIE METOJIHI
Tpe6YIOT MeHbIIEero 4YHcaa y3loB M Gojee BBIFOAHH. Ecmu m > 2p,
TO CTaTHCTHYEeCKHE MeTOAbl BhirogHei. M yem Gosblle yHclo usamepe-
HHH, TeM GOJIBIIMI BHIMTPHII AJIOT CTATHCTHYECKHE METOJHL.

B MHOromepHOM ciydae peJKO MOXKHO DPaCCYUHTHIBATh Ha JIyYIIHH
MOPSANOK TOYHOCTH, YeM p=2; TOrAa TPeXMepHble HHTErpaisl BBHIMOJ-
Hell BBIYHCISATH CETOYHBIMH METOJaMHM, a MATHMEpPHBIE — YXKe CTaTH-
crHueckuMH. Ecnu ke QyHKIHS HMeeT TOJNbKO IEPBbIE NPOU3BOJHEIE,
TO p=1, H CTaTHCTHYECKHE METOJAEl CTAHOBATCHA BLIFOAHBLIMH JaxKe
JJIsl TPEXKPATHBIX HMHTErpajioB.

6. Jlpyrue 3apaud. MeTOJbl CTATHCTHYECKHX HCNLITAHUR NPHMEHSIOT HE TO/b-
KO K YHCJEHHOMY HHTErPHPOBaHHIO, 4 H BO MHOTHX JAPYTHX CHIyyasx: 3afiaul
MaccoBOro OGC/Ty)XKHBaHMS, HAXOKJeHHe KPUTHYECKHX NMapaMeTPOB SePHOrO peak-
TOpa, pacyeT 3aUIHTLl OT M3JY4eHHA H T. J.

Hanpumep, paccMOTPHM pacyeT HANEXKHOCTH CJIOXKHOH KOHCTPYKIIHH, COCTOAUIEH
H3 MHOTHX 3/eMeHTOB, KaXJplll 371eMeHT OGHIYHO HCHBITHIBAIOT HA H3TOTOBJSIONLIEM
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€ro 3aBOJie H CHHMAIOT TaK Ha3HIBAaeMYIO Kpueyic omkasos (puc. 23, a); 3To Beposrt-
HOCTb BBHIXOZA 5/€MEHTa M3 CTpOsl IOcje ¢ 4acoB pa6orsl. UTOGH CHATL Takyio
KPHBYIO, HAaJ0 3aCTaBHTb GOJbIIYI0 NAPTHIO 3JeMeHTOB pafoTaTb HO IIOJNIOMKH.
$IcHO, YTO HCIILITEIBATH TaK TOTCBYI0 KOHCTPYKIHIO CIHLIKOM JOPOro.

PaccMOTpHM KOHCTPYKIHIO, COCTOSMLYIO H3 YeThIPeX 3JIeMEHTOB, IPHUeM IIOJIOMKa
JMOGOTO 3/leMEHTa BLIBOAHT KOHCTPYKLHIO H3 cTposi. CaMblil HeHAJEXHBIH 3/eMeHT
Mbl 1y6aupyeM Tak, 4TO IIOCJIe NOJIOMKH 3JeMeHTa BKJloyaercs Aydnep (pHc. 23, 6).
Torza KOHCTPYKLHS CJIOMaeTcsl, eC/IH CIOMaloTcst 06a TPCTbHX sJeMeHTa WM 6ol
Ipyrofi. Ecnu BpeMs KH3HH OTHAENBHOTO 3JIeMEHTa €CTb fp, TO BPeMsl MKH3HH
KOHCTPYKLHH PaBHO

T=min (4, t;, t+13, £,)- (60)

[TposeneM MareMaTHuyeckoe MCHLITAHHE KOHCTPYKIHMH. PasmirpaeM BEIXOA Kax-
JOro 3JieMeHTa H3 CTPOsi NpH MOMOLM PaBHOMEPHO paclpefieieHHBIX CJy4YaHHbIX
yHcen ;. OTK/MajpiBag y; Ha OCH ODPAHHAT KPHBOH OTKA30B MepBOr0O 3JEMeHTa,

pet)
I —
3
bzi | 1 2 4
| : 3
0 ;
‘) 9)
Puc. 23.

MOJYuHM Ha ocH a6cuucc ero BpeMst Ku3HH (puc. 23, a). Bpems xH3uH BTOpOro
3/eMeHTa ONpCJe/INM MO YHCHY Y, M T. I.; Pa3yMmeeTcsl, GTKa3 KaxJAoro ay6iupyio-
lero 3jieMeHTa Ha4O pasbrpaTbh OTAeJNbHO. 3areM mo dopmyae (60) Hafizem Bpems
AH3HH KOHCTPYKHHH B JAHHOM HCIBITaHHH.

TToBropsisl TakOe HCNbITAHHE MHOrO Pa3 MOXKHO HaHTH cpelHee BpeMsl PaGOTHI

KOHCTPYKIHH
_ILZT
= 7\7 3
]

H MOCTPOHUTb €e KPHUBYIO OTKAa30B. Ecau HaZo HCOBITaTh CJerka U3MEHEHHYIO KOH-
CTPYKIHIO, 3TO MOXKHO CJenarb IO TOH XKe nporpamMMe, H3MEHHB B HEH TOJIbKO

¢opmyny (60).
3A0AUYHU

1. Cocraputh H3 0G0GweHHEIX ¢opmyn Tpanmeunit (8) u cpeauux (17) Takyo
NHHEHHYI0 KOMOWHAIHIO, 4TOGBl COKPATH/IHChL [IJIaBHBIE YacTH HX MOrpellHOCTed.
ITokasarb, yTO MpPH 3TOM MNoJydaercss oGoGeHnast ¢opmyna Cumncona (12).

2. IlokasaTe nnsa ¢opMyJel Tpamneunii Ha KBA3HPABHOMEDHOH CeTKe acHMITO-
THUeCKYIO OleHKY norpemnocTd (10).

3. TIoCTPOHTb TPeXTOYEUHblE pA3HOCTHbE BhIPAKEHHS A1 f' (X) Ba KOHmax
.oTpe3ka HHTerpupoBanus. Iloacrasiasis ux B dopmyay Diinepa (21), BeisecTH
KBanparypHylo ¢opmyay I'peropu. HaliTh norpemnoctb 310 ¢GOpMyJIH.

4. Jlna npuvepa HHTErpHpoBaHHs ¢yHKuuH f(x)=x|x|, npuBenenHoro
B Tabnuue 14, HaitTh mo Ta6nuue 13 MaXOPaHTHYIO OUEHKY IOrpPelIHOCTH MpHMe-
HeHHEIX KBafpaTypHBIX Qopmya. TIpoBeputb, HaCKOJbKO (baKTHUECKAs OLWHOKA
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Ha KaxX[OH CceTKe OTIHuYaeTcsl OT MaxopaHTHOH. Y6enuTbcs, uyTo (akTHYecKas
NOI'PelIHOCTh He HMeeT BHAa R =~ ahV.

5. HailTn morpellsocts HellHHeliHOH KBajpaTypHol dopmynbl (33) Ha pasHo-
MepHO#H ceTke.

6. Hailtu morpeliHocTs KBafapaTypHOd dopmynst dumona (38), ananoruusol
dopmyne Tpamenni.

7. Ins cnaGo meHsomuxcsi GyHKUHH GOPMY/IBl CpeflHHX U TpameuHil G1H3KH
no ToyHocTH. [ToueMy HX aHajoru HJIsl GBHICTPO OCHMJVIKPYIOWHX (hyEKIHH (35) u
(37) uMeIOT CYIIECTBEHHO Pa3Hyl0 TOYHOCTH?

8. BriBectu gopmyny DunOHa, COOTBEICTBYIONIYIO KBaAPAaTHUHON annpoKCHMAaLuu
aMIUIMTYABl N0 TPeM coceXHuM yanaM. CpaBHUTbL ee ¢ dopmyisoii CaMICcoHa.

9. 4lila1°m1 aCUMNTOTHYECKOe BBIDaXKEHHe IOTPElHOCTH KBAJPATYpHOi hop-
Myas (41).

¥ 10. Haitrn dopmysly Aus onpeneneHust urcaa n cnoco6om BrogppoHa (§ 4, n. 4)

W JHCMEePCHI0 3TOIO Ccnoco6a; /s 3TOro yRoGHO CBeCTH GPOCAHMS K BEIYHCJIEHHIO
HATErpajia CTaTHCTHYECKMMH MeTOAamu. ClenaTh TO ®e A MIONOK, CKDEIJIEHHBIX
KPecToM H CHeXHHKOM.



FTTIABA V
CUCTEMblI YPABHEHU#

B rnase V paccMOTpeHE! MeTONb! pellieHHsl CHCTEM ajireGpaHuecKHX ypaBHeHHi.
B § | wu3noxeHo pelleHHe JHHEHHBIX CHCTeM MeTOZOM HcKJouenus Taycca,
a TaxxKe BhIYHCTEHHe OMNpefeauTens H OOGpaumeHHe MAaTpHIb;; LaH 0630p APYrux
MeTOZI0B pellleHHs 5THX 3afay. B § 2 mpuBeleHHl pas/HyHble MeTOAbl HAXOXKIEHHS
KODHSl OIHOrO TPAHCIEHAEHTHOro ypasHeHHs. B § 3 HekoTOpHle U3 3THX MeTOROB
060611eHbl HA CHCTEMBl HeJIMHeHHBIX ypaBHReHHH.

§ 1. Jluneiinbie cucTeMbl

1. 3anaun JuHeidHON anre6pel. BrinensioT yeTsipe OCHOBHLIE 3a1a4ul
JIUHEHHOH a/re6phl: pelleHHe CHCTEeMH JIHHEHHBIX ypaBHeHU# Ax =b,
rie A —KBajJpaTHast MaTpHIa U X, b — BeKTOpHI; BLIYHCIEHHE OMpe-
JeNuTeNd; HaxoxJeHHe oOpaTHOil MarpHIbl; onpejejeHHe coGCTBEH-

HBIX 3HAayeHUH H COOCTBEHHHIX BeK-
v TOpOB MaTpuupl. B stom naparpade

s

MBI TOAPOGHO pPacCMOTPUM INIEPBYIO
3ajayy M TONYTHO peLIHM BTOPYIO

CTBEHHO CJOXKHel, W eH NocBAlleHa
clenyomas rJjasa.

HspsectHo, uto ecau detA =0,
TO CHCTeMa JIMHEHHbIX YypaBHEHHH
HWJIH He UMeeT DelUeHHS, UM HMeeT

Puc. 24. Gecyrc/eHHOE MHOXKECTBO pelIeHH.
\ Ecin xe detA=0, To cucrema
HMeeT pelleHHe, NPHUTOM eIHHCTBeHHoe. Jlanblue Mbl GyjAeM paccMar-
pHUBaTh TOJBLKO NOCJAEIHHE Cayyai.

Bce 3TH ciyyam XopoluO W/IOCTPUPYIOTCS TEOMETPHYECKH Ha
cucTeMe JABYX ypaBHeHHH (puc. 24). KaxjoMy ypaBHEHHIO COOTBETCT-
ByeT mpsiMas B IVIOCKOCTH X, Y, a TOYKA MepeceyeHHs 3THX HPSMBIX
€CThb pelleHHe CHCTeMB! (A/11 n ypaBHEHHH pelleHHe eCcTb To4Ka mepe-
CeueHHsI BCEX A THNEPIVIOCKOCTeH B n-MepHOM mnpocTtpancTtse). Eciiun
det A=0, To Hak/OHB NpPAMBIX PaBHE, H OHH JHGO MapaJeNbHh,
nu6o coBnajawT. B npoTHBHOM cyyae mpsMble HMEIOT €IMHCTBEHHYIO
TOYKY IepeceueHHs.

u tperbio. UerBepras 3ajaya cyie-
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Ha npakTuke KpoMe CYILECTBOBAHHS H €IAHHCTBEHHOCTH pEeIleHHs
Ba)KHa ellle YCTOHYHBOCTb OTHOCHTEJNBHO IOrpELIHOCTell NMPaBOW 4acTH
M 5/eMeHTOB MaTpuusl. PopmanbHO NepenHiieM JHHEHHYIO CHCTEMY
B Buge x=A-'b. Bapeupys 3To paBeHCTBO H ompejeasis BapHa-
M0 o6paTHOM MaTpHilbl U3 cooTHolleHHs OE =08 (AA-1) =A8A1 +
+84 A1 =0, monyuum ‘

dx=A"1(8b—9%A - x).

dopManbHO YCTORYHBOCTD ecTh, H60 npu det A £ 0 o6paTHas Marpuua
cymecrsyer. Ho eciu marpuna A-! umeer Gosblive 3/1€eMEHTH, TO
MOXHO yKa3aThb TaKOH BHJ MNOIPELIHOCTH HCXOJAHBIX JAaHHBIX, KOTOPHIH
CUJIbHO M3MEHHT pelleHHe. B 3ToM cilydae cHcTeMy HasbIBAIOT II0XO
o6yc/0oBeHHOH (MO-BHAMMOMY, MJoXas OGYCJOBJEHHOCTb GblIa H3Be-
crua eme Tayccy). OueBHaHO, Y 1J10X0 06YC/IOB/IEHHBIX cucTeM det A ~~
~=0; OJHAaKO 3aME€THM, UTO 5TOT IIpH3HAK IJIOXOH OGYC/IOBJIEHHOCTH
SIB/IsieTC HEOOXOAUMBIM, HO HeJOCTaTOYHLIM.

ITnoxe o6ycnoBieHHAss CHCTEMA T[eOMETPHYECKH COOTBETCTBYET
NOYTH TNapajyeNbHBM TNpsaMbIM. IIpu 5ToM HeGosblloe H3MeHeHHe
HaKJIOHA HJIH CABHUT ONHOH NpPAMOH CHJILHO MEHSAIOT IOJIOXKEHHE TOUKH
nepeceueHus (puc. 24, nyHkTup). B MHoromepHoM ciyuae reomerpuye-
cKas KapTHHa MOXeT GHTb 6oJiee cloxXHOH. Tak, M Tpex nepeMeHHbIX
BO3MOXKeEH c/y4yal MJIOXOH 06YC/IOBJEHHOCTH, KOTAa COOTBETCTBYIOLIHE
TPEM YpaBHEHHAM IUIOCKOCTH NepeceKaloTcsl Mo GOJbIIHMH yrJlaMH
(T. e. ZajeKH OT IapaJjyeIbHOCTH), HO IMHHH MX TIONMAapHOro mepeceye-
HUS TOYTH NapaJjieJbHBbI.

B TeopeTHUeCKHX HCC]eIOBAaHHAX OOGYCIOBJEHHOCTb ~ HACTO XapaKTepH3YioT
yaciom %==||A|| - ||A7ll| DTo uHCcAO BaBHCHT OT TOrO, Kakas HOpPMa MarpHIl
Bbi6paHa, HO NpH 6ol HopMe x == 1. Uem Gomblle 3TO 4HCIO, TeM Xyxe 0Gy-
C/IOBJIEHHOCTb CHCTEMBI; OObIYHO % ~ 108 — 104 yxKe O3HauaeT MIOXYI0 OGYCJHOBEH-
HOCTb.

B mpakTHYECKHX pacueTrax STHM OIpelleJleHHEM IIIOXOH O6GYCJOBJIEHHOCTH
HOJIB3YIOrcsl pelko, MO0 A ero INpOBePKH HAZ0 HAXOAWTh OOPATHYIO MAaTPHILY,
YTO IpH MI0X0 0GyCIOBJIeHHOH MaTpuIe A Heslerko cuenars. Yame orpaHHyHBAjoTCS
nposepkoil ycnousi det A == 0, Xorsh OHO siBASIeTCS] HEOGXOXMMELIM, HO HeJOCTaToY-
HBIM, YTO BHAHO H3 mpoctoro npuMepa. ITonoxum A=eE, rae E—exuHHuHas
MmaTtpuua; toraa det A=¢", n naxe NpH He Ouelib MAaNbIX € JeTEDMHHAHT BHICO-
KOro mopsifka n odeHp Man. Ho cucreMa c auaroHanpHO# MaTpHueH Xopoio
o6ycnoBneHa, u gasi Hee KpurepHil %= ||A|l- |47l =1 nanGonee GmaronpusTeH.

MeTojibl pelueHHs NUHEHHBIX CHCTEM JeNATCA Ha MNpsMbIE U HTepa-
nyonnple. IlpsiMEle MeToIBl JAlOT peilleHHe 32 KOHEYHOoe YMCIOo Ael-
CTBHi, TPOCTHl ¥ HauboJee YHHUBEPCANbHBl; OHH PacCMaTPHBAIOTCSH
B atoM naparpade. ns cucrem HeGosbuioro mopagka n << 200 npwu-
MEHSIIOTCS TPAKTHYECKH TOJIBKO NPSIMBIe METOLH. HTepaloHHbEIe METOIBI
npuBeleHsl B § 3; OHH BBIFOJAHBI JJIi CHCTEM CIENHAaNbHOTO BHIA, CO
cJ1a60 3aMo/IHEHHOH MaTpHIel oueHb GOJBIIOrOo Mopaika n Az 103105,
CpaBHUTENBHO HEJNABHO /IS PELIeHHs II0XO0 OOYCJOBJEHHBIX CHCTEM
CTa/Ji NPHMEHATb METOABl PeryJsapH3alHH.
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2. Merox uckmouenuss Iaycca. Kak usBecTHo M3 Kypca juHei-
HOH a/Jre6phl, pelleHHe CHCTeMbl JHHEHHBIX YpaBHEHHH MOXKHO BhIpa-
3uThb Mo mnpaBuny Kpamepa uepes orHolleHue onpenenuteneid. Ho
9TOT crnoco6 HeynoOeH AJIA BLIYHC/ACHHH, HOO ONpejesInTeNIb HAaHTH He
npolie, yeM HEMoCPeICTBEHHO PELIHTb HCXOIHYIO CHCTEMY

Xy + QXo 4. ..+ AyaXn = by,
a21x1 T+ QgpXp . . A QonXp = bz , (1)

AniXy + AmaXo+. o - AppXn = b
HJIH KOpoue

Za,kxk—b,, l<i<n.
=1

Jlanee Mbl yBHMAHM, YTO PELIHTb 3Ty CHCTEMY MOXHO NPHMEPHO 3a
%/sn® apudMerHyeckux AedcrBuii. Ho maxe ecim ucnonb3oBaTh AJs
BLIYHC/IEHHA oOnpefenuTeneii HaubGosee OBICTPBIA METOJ, ONHCAHHBHI
B .3, TO A/ HaxoXJeHUd Bcex TpebyeMelx mo npaBuiay Kpawmepa
onpenenureneil Hapo 2/3nt nedicrsuit! Takum ob6pasom, ¢dopmyna Kpa-
Mepa ynoGHa JJIs1 TeOpeTHYeCKOro HCCJeNOBAHHS CBOHCTB pelleHHd,
HO OYeHb HEBHIOJHA 1/ €ro YHCJIEHHOTO HaXOXAeHHS.

Haunem wuccnenoBanne cucrembl (1) ¢ dYacTHoro ciydas, Korjia
YHCMIEHHOe pelleHHe HaxoiuTcst ocobeHHo mnpocro. Ilyers matpuna
CHCTEMBI TpeyrosibHas, T. €. BCE 3/JEeMEHTHl HHXKe IVIaBHOH AMaroHasu
paBHbl HyJ0. Torna u3 mnocsiefHero ypaBHEHHs CPasy ONpelessieM X,.
Iloncrapnsis ero B mpenmnoc/ienHee ypaBHEHHe, HAXOAHM X,, H T. X.
Obwye opmyssl UMEIOT BHA

n

o= (b — Y ) k=non-1,,0,1, @)

Qrk
I=k+1

ecnn ap =0 npu k>1.

Merox T'aycca pns mpoH3BONIBHON CHCTeMBl OCHOBAH Ha NpHBeje-
HUH MaTpHIBI CHCTEMBI K TpeyroJbHOH. BrhluTeM u3 BTOporo ypaeHe-
HUs cucreMel (1) mepBoe, yMHOXKEHHOe Ha TakKOe YHCJO, YTOGHI
VHHUTOXKHJICS KO3(GUIIMEHT NPH X;. 3aTeM TakKdM ke 06pa3oM BHIUTEM
nepBoe ypaBHEHHE H3 TPETbero, YETBEpTOro H T. A. TOraa HCKJIO-
yarcAd Bce Kod(PpUIMEHTH TepBOro Cro/bua, Jexkaliue HHXKe IJaBHOH
JMaroHasi.

3aTeM Npu MOMOLIM BTOPOrO YpaBHEHHA HCKJIOYHM H3 TpPEThEro,
YeTBEPTOro W T. A. YypaBHeHHH KO3(M(pULUUEHTH BTOPOro croabua.
IMocnenoBarenbHO NMpoAOMKAS STOT MPOLECC, HCKJ/OUHM H3 MaTpPHIEL
Bce Ko3(ULMEeHTHl, Jexallue HHUKe IVIaBHOH JHaroHalji.

3anumem ofmue GopMyssl nporecca. IlycTb mpoBeneHO HCKIIO-
yeHHe KoapduuueHntoB u3 k—1 cron6ua. Torma ocramnch Takue
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YpaBHEHHSA C HEHYJIEBBHIMH 3JIEMEHTAMH HHXKeE IVIaBHOH JHaroHasu:

n
Y aPx =0, k<i<n. 3)
=k

YMHOXHM k-10 CTPOKY Ha YHCJIO
— gtk R
Cop = Apblay  mM>k, (4)

U BblyTeM H3 m-#i cTpokH. IlepBrIfi HEHY/eBOH 3/]eMEeHT 5TOH CTPOKH
o6paTuTcsi B HYJb, a OCTa/JbHbIE H3MeHATCA Mo Qopmy/aaMm

R+l — glt) — k

it b =af) —c 0, )

bﬁﬁ-l-l)’:bg:) —kabsak)’ k<m, léﬂ.

IMpousBopss BHYHCAEHHs TO 5TUM (opMy/aaM MpH BCEX YKa3aHHBIX
MHJEKCAX, MCKJIIOUMM 3JeMeHTH k-ro cron6ua. Bymem HasweiBath
TaKOe MCKJIOUeHHe yuxkaom Tporecca. BrimojHenne BceX IHKJIOB
Ha3bBIBAETCH NPAMbIM X000M HCKJIOYEHHS.

3anumeM TpeyroJbHYIO CHCTEMY, IOJYYalollyIocs MOC/e BbINOJHE-
HHUs1 BceX UHUKJOB. Ilpy NpHBENEHHH CHCTEMBI K TPeyrolbHOMY BHAY
0CBOGOJATCS KJETKH B HHKHEH MOoJIOBHHE MaTrpuikl cucteMul (1). Ha
OCBOGOJMBIINECST MECTa MATpPHLbl NOCTABHM MHOXKHTENH Cpp; UX CllE-
IyeT 3anoMHHaTb, H60 OHH MOTpe6yIoTCA TNpPH O6pAlleHHH MaTpHILbI
U1K yrouHeHHH peleHHs. Tosyuum

n
3 aflx =0, l1<i<n,
k=1

(1) (1) (1) (1) [§8] (6)
afy ey afy .. oa b
(2) (2) (2) (2)
€y G5 G .- O bg
(3) (3) (3)
€y Cyp G oo Ogh b§

Cag Cnz Cng e Gon OO

TpeyroabHass cucrema (6) J€rko pewaercs obpamueim xo0om 1O
¢opmynaM (2), B KOTOPBIX BCEM KO3(pQHIHEHTAaM HaA0 MpPHIHCATDb
BBEpXY (B ckOOGKaX) HHIAEKC CTPOKH.

CrenaeM Heckonbko 3ameyaHui. Mckmouenne 1o  dopmysam
(4)—(5) Henb3s MPOBOAMTB, €CJAM B XO[€ pacuera Ha IJIaBHOH JHaro-
HaJ/M OKasajcs HysneBoH snemedT a® =0. Ho B nepsom crosGue
TPOMEXYTOUHOH CHCTEMH! (3) BCE I/IEMEHTH HE MOTYT OBITH HYJIAMH:
510 o3Hayano 6bl, uto det A =0. IlepecTanoBKOH CTPOK MOXKHO mnepe-
MECTHTL HEHYJIEBOH 3/€MEHT Ha TJIaBHYIO [MAaroHajb H MNPONOJIKHTH
pacuyer.

5 H. H. Kaautkus
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Ecin snement Ha rnapHoft nuaromanu o) Man, TO sTa cTpoKa

YMHOXA€TCsA Ha OOJBIIHE YHUCAA Cpp, YTO NMPHBOAMT K 3HAUHTENbHBIM
omun6KaM OKDYTIJIEHHS TpPH BBUHTAHHAX. UTO6H H36ekaTh 3TOrO,
KaX/bIH IHKJ BCErJa HaYMHAIOT C NEpecTaHOBKH CTpoK. Cpenu ae-

MEHTOB cToJfLa a,(,’;}z, m=~k, HaxXomAT eAagHbli, T. €. HAUGOJbIIH

no MOAyJio B k-M cTon6ue, H NEpeCTAHOBKOH CTPOK MEPEBOAAT €ro
Ha IJIaBHYIO JHaroHajb, NOCJAE€ YEro JealoT HCKJOYeHHus. B memode
Taycca ¢ 6vi6opom 2AaBHOZ0 3NEMERMA NOZPEULHOCITIL OKPYEACHUS 0BbIHHO
negeauxa. TonMbKO ANS NJIOXO OGYCNOBNEHHBIX CHCTEM YCTOHYHBOCTh
9TOrO METO/la OKAa3blBaeTcst HeJOCTaTOYHOH.

IlorpewHocTb OKPYIJIEHHST MOXKHO €I€ YMEHBIIHTb, €CAH BHIOH-
path B KaxX/OM LHKJIe 3JeMeHT a®), m, |=R, MakCHMalbHHI IO
Monyso Bo Bced Marpuie. OIHAKO TOYHOCTb NpPH 3TOM BO3pacTaer
He CHJIBHO IO CPaBHEHHIO CO c/JyYyaeM BHIGOpa IJIaBHOTO 3/IEMEHTA,
a pacyer 3aMETHO YC/IOXHsAeTcsl, MO0 TpebyeTcss IepecTaHOBKA He
TONBKO CTPOK, HO H CTOJ6HOB. 3TOT Crnoco6 HeBhrofeH aas JBM
H TpHMeHseTC TOJNbKO IIPH pacyeTax C HeGOJBIINM KOJHYECTBOM
3HAKOB Ha KJ/aBHILIHBIX MallHHaX.

Jlns KoHTpOsMsl pacyeTa MOJE3HO HANTH HeBA3KU:

n
rp="by— Z apx;, l<<k<n. (7)

i=1

Ecnmu oHM BesqukH, TO 57O O3Hayaer rpy6ylo OLIHGKY B pacyere
(ommbka B mnporpamme, cGoéi DBM). Ecnu onu manb, a cucrema
Xopowo o6yc/0B/AeHa, TO pelIeHHe HafIeHO NOCTaTOYHO aKKYpaTHO.
IMpaBna, ans maoxo OOGYC/TOBJIEHHBIX CHCTEM MasiOCTb HEBSI30K He
rapaHTHpyeT XopolleH TOYHOCTH pelleHHs.

Merox Taycca ¢ BHIGOpDOM IVIABHOTO 3JEMEHTa HAafjexeH, IPOCT
W HauboJiee BHITOJEH AJA JHHEHHBIX cHCTeM OOIIEro BHAA C ILIOTHO
sanosHeHHOH Matpuuefi. OH TpeGyeT npuMepHO n? syeeKk B emepa-
THBHOH mamardH OBM, Tak uyro Ha B3CM-4 MoXHO pellaTh CHCTEMEI
no 60 mopsaaka. Ilpu BhIYMCIEHHAX NPOHM3BOAHTCA ~ %/3n® apudme-
THYECKHX NEHCTBHA; M3 HHX MOJIOBHHA C/IOXKEHHMH, MOJOBHHA YMHO-
XKEeHHH U 1 JeneHui.

3. Onpenemurenr M oGpaTHas MaTpULa JIETKO BBYHC/IAIOTCA
METOJIOM HCKJIoueHHsa. B camom jene, BBIYHTaHHE CTPOKH U3 CTPOKH
HE MEHsSeT 3HaueHHe OnpenenuTess. 3HAYyHT, B NpoLECCE HCKIIOYEHHS
s/1eMeHTOB (4)—(5) abconoTHas BeJHYHHA ONpeENeNUTeNs He MeHsercs,
a 3HaK MOXKeT M3MeHMTbcst 6/1arojapsi nepecraHoBke cTpok. Ompene-
JINTeJIb K€ TPeyroJbHOH Marpuubl (6) paBeH NpOH3BEIEHHIO QHaro-
Ha/JBbHBIX 3JeMeHTOB. IlosTomy oH BeigHcAsiercs no dopmyie:

det A =ikHl of, @®)
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rlie 3HaK 3aBHCHT OT TOro, YeTHOH HJIM HeyeTHOH Obl1a CyMMapHas
nepecTaHoBKa CTPOK. JlJA BHIUHC/IEHHS ompelenurens Tpebyercs
npuMepHo n? sYeek NamMaTH M 2/;n®  apudMeTHyecKHX AeHCTBH.

Ha npHMepe BHIYHC/ACHHA ONpelenuTe/ns MOXKHO yéenm'bca B 35KOHOMHUHOCTH
XOPOWIUX YHCJIEHHBIX METOJLOB. BenomHEEM QJOpM(".JIbI-Ioe onpejae/ieHue onpeneaurend
KaK CyMMEI BCE€BO3MOXKHBIX npousBeJ.:eHnﬂ 3/IEMEHTOB, B3ATHIX U3 pasHHX prOK u

cron6uos. Takux npoussenennti Hveetca nl ~ V 2nn (n/e)”, v npaAMOe UX BLIYHC/TEHHE
yXe NpH HeGonbwHX n =30 TpeGyeT acTPOHOMHYECKOTO d4Hc/la AeHcTBHI — Gonee
1030, yrto Bpsix M Korjga-HHGYAb CTaHeT mop cuay DBM. A MeTon HCKJ/OUEHHS
JIETKO TMO3BOJISET BBIYHC/IATE OMpeNe/HTeNn COTOro H Gojee MOpAXKa.

IMepeiineM x Bbluuc/AeHUI0 ofGpaTHO#t Marpuubl. OGosHauuMm ee
5JIEMEHTHl yepes o;,. Toraa cooTHoweHne AA~'=E MOXHO 3amucarh
TaK:

Z aikak,=6,~1, léi, l<n. (9)
k=1

Bunso, uto ecaum paccmartpuBarh /- cros6er O6paTHOH MaTpHIB!
Kak BeKTOp, TO OH SBJfIETCA pelleHHeM JIHHeHHOH cucreMmsl (9)
c marpuued A U cCnenuasbHOH NpaBoH yYacTbio (B KOTOPOH Ha [-M
MeCTe CTOMT €[MHMIA, a HAa OCTA/JbHLIX — HY/IH).

Takum oGpasom, Ajd oOpallleHMs MaTpHLBl HAJO PEILIUTb 7 CH-
cTeM JIHHEHHBIX ypaBHEHHH C OIWHAKOBOH MaTpuuedl A U pasHEIMH
npaBbMH yactsiMd. IlpuBeneHue matpuupl A K TpeyroJbHOH 1m0
tdopmyaam (4)—(5) menaercs mpu STOM TOIbLKO OAMH pa3. B nanbueii-
meM IMpYU TOMOLIM YHCeNd Cn 1o dopMmyse (5) mpeobGpasyiorcs Bce
npaBble YacTH, U A KaXIoH IIpaBoOH 4yacTH JeslaeTc o6paTHBIE XOZ.

Ilpu xoporueit opraHHsanyy BEYHCICHUH 1/ OGpAILEHHsT MaTpPHIBL
3THM METOAOM TpebyeTcsi NpHMEpHO 2n? siveeK omepaTHBHOH MaMSATH
9BM u 2n® apudmernyecKHx IeHCTBHH (MOXKHO YJIONKHUTBCS B 3/,n?
A4eeK, HO 3TO CHJIbHO YCJIOXHSET NpOorpaMMy M YBeJH4YHBaeT BpeMms
cyeta). 3aMeTHM, YTO NpPH OGpalleHHH MaTPULl KOHTPOJHPOBAaTh pac-
yeT BBIYHC/IEHHEM HeBS3KH R =FE — AA-! HeBHIOQHO: NEpeMHOXKe-
HHe MaTpul TpeGyeT CTOJNBKO ke AeHCTBHH (2n), Kak M obpauieHue
Marpuupt! .

JI1060MNBITHO OTMETHTb, 4TO ofpallleHHe MaTPHIBl CBOAUTCS K pellle-
HHIO 7 CHCTeM JIMHeHHBIX ypaBHEHMH, a Tpe6GyeT JHIIb BTpoe GoJiblile
NefCTBUi, yeM pellleHHe OJHOM CHCTeMBl ypaBHeHUH. DTO 0OBSCHAETCS
TEM, YTO MpU peLIeHHH JHHEHHOH cHcTeMbl GOJbllasi 4acTb BHIYHCIIE-
HUH CBs3aHa C MpUBEIEHHEM MAaTpHIBl K TPEyrolbHOMY BHIY, UYTO
npH o6palieHdd MaTpHlbl JesaeTcsi TOIbKO OAMH pa3. O6parHblil
X0l M npeoOpa3’oBaHHS MPaBbIX YacTel BBINOJNHSIOTCA MHOTO GhICTpee.

ITostomy, ecnn TpeGyeTcss HECKOJNBKO pas peLIUTb JHHEHHYIO
CHCTEMY C OfHOH M TOH K& MaTpHIeH, To BHITOAHO IIPUBECTH MaTpUILY
K TpeyroJbHo# ¢opme (6) TOJbKO OAHAMKIBI, HCNOJb3YS BEIUUUHEL Cryp
BO BCEX IOCJEAYIOIMHX BBIYHC/IEHHSX.

5*
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4. O ppyrux npsmbix meropax. EcTb oueHb MHOrO APYrHX HpSIMBIX METOLOB
pemienus 3ajau JHHeHHON anre6pel. PaccMoTpuM QopMalbHblE XapaKTepHCTHKH
Haunbosiee H3BECTHBIX METOJOB.

MeTo ONTHMAaNbHOrO MCKJIIOYEHHSI HMeeT Ty e CKOpOCTb M TpeGyeT To#f Xe
namaTH, uyto u MerTon Iaycca. Ho ecau MaTpuma BBOJHTCS B OMEPaTHBHYIO
namaTe DBM He Bes cpasy, a mocTpouHo, To ans Mertopa [aycca TpeGyercst 1/yn2
sYeeKk, a I8 MeToja ONTHMAaJbHOrO HCKJIOUEHHS pocTaroyHo 1/4n? syeek. ITpakTu-
yecKas IEHHOCTb 3TOr0 NMpPeHMyllecTBa HeBeJHMKa, HG0 NMOCTPOYHBIH BBOJ O3HAUAET
MHOro O6paileHHH K BHeLIHe#l NaMmsaTH, T. €. CHIbHOE YBe/JHUYeHHe BpeMeHH pacuera.
Kpome Toro, mpH MOCTPOYHOM BBOJE HEBO3MOXKHO BhIGpaTh IVIABHBIA 3/1€MEHT, uTO
CKa3blBaeTcsl Ha OMMOKax OKPYTJIeHHS.

MeToji oKaliMleHHs] Mano OTJIMYaeTCs OT METONA ONTHMANbHOI'O HCKJIOUEHHS H
HMeeT Te XKe XapaKTePUCTHKHU.

Meroy orpaxenuii TpeGyer BjBoe GoJblllero uMcna jeificTBuii, yeM Meton [aycca
(omepaTuBHas MaMsTbh Ta XKe).

Merton oproronanusamuu Brpoe MepeHHee Metopa I'aycca. MM nuTepecoBanuce
B HajeXJe HA TO, YTO OH IO3BOJNHT pellaTb IJIOXO OGYC/IOBJEHHHE CHCTEMBI.
Ho BmisicHusIOCH, 4TO npu GONMBUIMX 7 CaMa OPTOrOHAJIM3alMs MPHBOAUT K GoJblUof
noTepe TOYHOCTH (CPAaBHUTE C pasjioKeHHeM (YHKIHH MO HeOPTOTOHAJNbHEIM (YHK-
HHAM), H JIyYlle HCMOJb30BaTh METOAb peryJ/isipu3allkH.

Merop JKopnama wuMeer Ty Ke CKOpocThb, uTO H MeToZ I'aycca; mpu pelleHHH
JIMHeHHBIX CHCTEM OH He JaeT HHKaKHuX mpeumymects. Ho npu obpalleHHH MaTpHIb!
OH TpefyeT MeHblleli OmepaTHBHOH MaMSTH— BCero n? suyeek. .

Jns pewmeHust Xopowo oGYC/JIOBJAEHHBIX JHHEAHBIX CHCTeM OOGLIEro BHAA METOJ
laycca sBnsieTCS OAHMM M3 JIYYIIMX; NpH o6pamieHHH MaTPHUBI HEMHOI'O BHIMOJHee
metop JKopnana. Ho jpns cucreM crensasbHOro BHAa (HampuMep, comepiKauux
MHOTO HYJIEBHIX 3/IeMEHTOB) CYUIECTBYIOT Goslee GbICTphle MeTonel. HekoToprie H3 HHX
GyLyT M3JIOXKeHBl fanee.

5. Mporonka. ITycts marpuna A conepXHT MHOTO HYJEBBIX 3Je-
MEHTOB, PaCMOJIOXKEHHBIX B MaTpHIe He GecrnopsifoyHO, a IJIOTHHIMH
MacCHBaM{ Ha 3apaHee H3BeCTHbIX MecTax. lorga pacueT 1o MeTopy
Faycca MoxkHO opraHn3oBaTh TakK, YTOObl HE BKJIOYATh 3TH 3/IE€MEHTHI.
Tem campiv o6bem BbluHc/eHHIH U TpefyeMmas NaMmATb YMeHbIIAIOTCH,
3a4YacTyi0 OYeHb CHJIBHO.

Ha puc. 25 mpuBefeHbl CTPYKTYpbl MaTpHIl, KOTOpbHE Hepeako
BCTpeyaloTc B 3ajauax (U3HMKH W TeXHHKH H JOINYCKaloT TaKoe
YCKOpEHHe pacueTa; FOpH30HTAJbHBIMH JIHHHAMH H306pakeHbl I0JIO-
JKeHHsl HeHYJIeBBIX 3JIEMEHTOB, OKaiMJIeHbl I'PaHHIIbl MaCCHBOB HYJ/EBBIX
H HeHyJIeBbIX 3/1eMeHToB. K TakuM MaTpHIlaM OTHOCSATCS JIEHTOYHBIE (a),
SILHYHBIE (8), KBasuTpeyrosbHele (0), MOYTH Tpeyro/abHble (e) H
MHorue apyrue *). MoXHO MOKa3aTb, 4TO NMpPH 06XOAE HYJEBHIX 3Je-
MEHTOB pellleHHe CHCTeMBl C IOYTH TPEYroJbHOH MaTpHied Tpebyer

*) HanoMHHM TNpPHHSTYIO TepMHHOJOrHIO. Marpuua HasbiBaeTcsl BepXHel Tpe-
yronbHOM, ec/iH Bce 3/eMEHTH HHMXKe IVIaBHOH IMaroHadH paBHbl HyJMIO (@, =0 mpu
i > k); aHaJOrMYyHO OMpEJEe/IseTCs HWKHAA TPeyroabHas MaTpuna. IToutu Tpeyrons-
HOll Ha3bBaeTCS MaTpHIlA, 3JEMEeHTH KOTOPOH YHOBIETBOPSIOT COOTHOLICHHIO @;p =
=0 npu i>k-+41, T. e. HeHyJeBble SMeMEHTHl HMEIOTCS He TOJNLKO B BepXHeM
TpeyrofbHHKe, HO M B NpuMbiKawuleil K HeMy «GoKoBoil puaronamu». Tpexpuaro-
HaJIbHOH Ha3bIBaeTCsl MaTpHIA, y KOTOpoil HeHyJ/eBble 3/eMeHThl HMEIOTCS TOJNBKO
Ha [VIABHOHM [uAarOHami M TNpPUMBIKAOWHX K Hel, T. e. a;,=0 npu |i—k&|> 1.
HetpyznHo 3anucath onpejeneHHs ;pyrHX THIOB MaTpHL, H300paxeHHbIX Ha puc. 25.
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Bcero 2n? JeficTBMH, a C JIEHTOYHOH — Jaxke !/,k%n, rae k— mm-
pHHa JIEHTHI, T. €. BHIUTPHII BO BPEMEHH CUETa OYEHb BEJHK.
Bri6op HauGoJibLIEro 3/eMeHTa B TaKHX pacyerax AE€/aTh Hesb3s,
u60 MepecTaHoBKa CTO/IOLOB paspyllaeT CHENHANbHYIO CTPYKTYpY
MaTpHuibl. B MaTpumax ¢ CHMMeTpHYHOH CTPYKTYPOH HEONMyCTHM

N\
AN —_—
AN AN
AN
AN —
a) 7) 0)
] ) —
2) ar el
E
}.____.__
X) 3)
Puc. 25.

naxe BblGOp rJyaBHOro 3j1eMeHta. Ho OOGLIYHO B 3TOM HeT Heo6Xonu-
MOCTH, IIOCKOJIbKY TOJNOGHbIe ¢Qu3HyeckHe 3ajlaud IpPUBOAAT, Kak
NpaBUJIo, K XOpOLIO 06YyC/IOBJEHHBIM MaTpHuaM ¢ OOJIBIINMH 3J1eMeH-
TaMd Ha TJIaBHOH JMaroHald, AJAS KOTOPbIX OIUHMGKH OKpYIJIEHHs
B meTole ['aycca HeBeJHKH. .

HauGosiee BaXKHBIM 4YacTHBIM cCJydaeM Meroda ['aycca sBisiercs
MemoO npocoHKuW, TIPUMEHSIeMbIH K CHCTeMaM C TpeXAuaroHajJbHOH
MaTpuieil (OHH 4YacTO BCTPEYAIOTCS MNpH PEIUEHHSX KpaeBbIX 3ajay
a5 JaddepeHIHalbHEIX YPaBHEHUE BTOPOro MOpsaKa). Takue crcTeMsl
OGLIYHO 3aMHMCBHIBAIOT B KAHOHHYECKOM BHIE

aiXi—y —bixitexig=di,  1<i<n,

om0, (10)
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®opmyna (10) HasbiBaeTcs PasHOCTHBIM ypaBHEHHeM BTOPOTO MOpPALKa,
WM TPEXTOYeYHBIM ypaBHeHWeM. B srom ciyuae mpamoit xon (Ges
BEIGOpA TJIABHOTO 3JIEMEHTa) CBONMTCS K HCKJIIOUEHHIO 3/IEMEHTOB a;.
Ionyuaercsi TpeyronbHas CHCTeMa, COlepKallass B KaXJIOM ypaBHe-
HHU TOJbKO [Ba HEH3BECTHBHIX, X; U X;.,. I[lo3ToMy ¢opmyssl obpar-
HOT'O X0Ja HMeIOT CJeAyIomui BHA:

=& 1Xir1+ Mives i.——:n, n—1,..., L. (11)

YwmenbinM B ¢opmyse (11) uHIEKC Ha EIHHHNY H TOACTAaBHM
B ypaBHeHue (10):

a; B+ i) — bixy - cixiny =d.
Bripaxas OTCIONA X; UEpe3 X;,y, MONYUHM

& +dm¢—di
Ti—af T b —ag;
Yro6rl 3To BhlpaxeHHe cosmaso ¢ (11), Hamo, 4To6H CTOfALIME B €ro
npaBoil uyacTH JAPOGH OBIIM PaBHEI COOTBETCTBEHHO iy M Miyg.
Otciona moJayuuM yIo6HYIO 3amich GOpMYJ MPSMOTo XoAa

Eivi=Cci/(bi—ag), (12)
Ny = (@i —d)/(bi—aEy), i=1,2,..., n.

HOHYTHO MOXHO Ha#TH OIIpenenuTe b TpexnnarOHaanoﬁ MaTpHUIBL

n
det A4 =H (aigi — bi) (13)
1=1
Boiuncnenuss mo ¢opmysaam mporoHku (12) — (11) Tpe6yior Bcero 3n
A4eek naMsATH H 9n apudMerHuecKMX NEHCTBUH, T. €. OHH ropasio
SKOHOMHee O6MUX (GopMyJ MeToja HCKJ/IOYeHHS.

.B dopmynax npsmoro u o6paTHOro Xoja Ha4yasloO cyeTa «3aMacKH-
poBaHO»: I/ Hauana (passsasku) pacuera ¢opMmajabHo Tpebyercs
3a1aTh BeNHYMHBI §;, 1, U X,.,, KOTOpble Hen3BecTHbl. ONHAKO mepen
STHMH BeJHYMHAMH B QOpMYJaxX CTOSAT MHOXHTENH @y WIH &,y q ~ Cp,
paBHBIe HYJI0. DTO I03BOJISET HAuaTh BBIYUC/IEHHS, NOJIArasi, HapH-
Mep, & =M= Xn41=0.

ITokaxeM, 4TO eCc/H BHIIOJNHEHO YCJIOBHE npeobaadanus OuazoHar-
HbIX 3MeMEHMOB

. 10| =|ai|+|eil (14)
(mpuuem xoTsi 6Bl [J1 OZHOTO [ HMeET MEeCTO HepaBeHCTBO), TO B ¢op-
MyJax mnpsmoro xoxa (12) He Bo3HHKaeT JesNeHHS Ha HYJAb, H TeM
caMbiM HcxXoiHasi cucrema (10) uMeerT eIHMHCTBeHHOe pelleHue. [lns
3TOro Npeano/oxkuM, uto |§;| << 1 npu HeKoTOpOM 3HaYeHHH HHJIEKca.
Torna nerko mposepsercs Ienoyka HepaBeHCTB

|Girgl =1l bi—a|<<|c|/(b:i| —|a]|&:]) <
<|alllc|+]al—|alx|&) <1

X =g
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TTockonbKy MOXKHO MOMOXKHTD & =0, oTCIOfa 1O MHIYKIHH CJenyer
|& | << 1; smaumr, | b; —aki|>]|c;|=0, uTo 1 TpeGoBasoCh JOKA3aTh.
Ilpu BuimonHeHuu ycnoBus (14) GopMmyJbl TNPOTOHKM He TOJBKO
6e3aBOCTHE], HO H YCTOHYHBBEI OTHOCHTEJNbHO OLIMGOK OKpYIJIEHHSI H
TO3BOJIAIOT YCMEUIHO pellaTb CHCTeMbl YPaBHEHHH C HECKOJbKHMH
COTHSIMM HeH3BeCTHBIX. .

Ycnosue (14) sBiasfercs AOCTAaTOYHBIM, HO He HEOGXOAHMEIM: YCJIO-
BHEM YCTOHYMBOCTH NPOToHKH. KOHEYHO, MOXHO MOCTPOUTBH MPHUMEpPHI
HEYCTOMYMBOCTH MPH HecoO/MoleHHH 3Toro yciaosus. Ho B mpakTu-
yecKMX pacyeTax /IS XOpOIIO oOyc/aoBleHHEX cucreM THma (10)
TNPOroHKAa YacTO OKas3blBA€TCs [OCTATOYHO YCTOHUMBOH Jaxke mpH
HapyIeHUH YCJOBUS Npeo6/ajaHusl AHAroHA/IbHBIX 3/JIEMEHTOB.

3ameTuM, 4TO K JIHHEHHBIM CHCTEMaM C TPeXAHaroHaJbHOH MarpH-
nefl O6bIYHO NPHBOAAT TPEXTOUEYHBIE DPA3HOCTHbIE CXEMBI IJIs AHG-
depeHIHaNbHEIX YDaBHEHHH BTOporo mopsiaka (rnasa VIII, § 2).

6. Merton KBaIpaTHOrO KOPHsSl. DTOT MeTOJ IPUTOAEH TOJBKO IJIs
JIUHEHHBIX CHCTeM ¢ 3pMuTOBOH *) marpuueii A =AH, u dopmy.s
pacyera IpH 5TOM HECKOJIBbKO CJIOXKHeH, ueM B Merofe ['aycca. 3aro
MeTOZ KBaJpaTHOro KOpHs BABoe GblcTped meroma ["aycca.

Meton ocHOBaH Ha IpeACTaB/JIE€HHH 3DMUTOBOH MATPHLBI CHCTEMBI
B BHJE NPOU3BEJEHHS TPeX MAaTpHIL

A =SHDS, (15)

3nece D — puaroHajpHas MaTpHua C 3jemeHTamu dy=-+1, S —
BEpXHSAl TpeyroibHas Matpuua (s;;=0 npu i > k), a SH —spmutoso
conpsiKeHHass K HeH HHXHAS TpeyroibHas Matpuua. Jias mosHoH
ONpEeNe/IeHHOCTH Pa3JIoXKeHHsI MoTpeGyeM BeleCTBEHHOCTH H IOJIOXKHU-
TEABHOCTH JHATOHAJBHBIX 3/JEMEHTOB Sy > 0.

Iepenumem coorHomenue (15) B cienyolliem Buie:

min (&, )

.n
3 .
QA = Z Sikdusu = Z dyiSikSus

i=1 1=1

OrpaHUYEHHE BEepXHEro nmnpejesa B CyMME CB§I3aHO C o6pameHHeM
B HyJIb 3J/JIEMEHTOB S HUXe T/aBHOH JMaroHaJH. I]oc.ne)mee paBeH-

CTBO MOXKHO 3aMHCATh B Takoil dopme:
k

Ge= 2, du|su |
1=1

k
Qp = Z‘, dystesy, k<,

i=1

*) HanomuuM, yTo MaTpHIla HA3LIBAeTCs SPMUTOBOH, ec/u a;k=a7§i; 5PMHTOBA
MaTpHua C BEIECTBEHHEIMH 3JIEMEHTAMH ABJAETCH CHMMETPHYHOH.
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WM OKOHYaTeJbHO
E—1
dpe = sign (akk — Z, dii | Sir lz) ’
=1
Ske = ‘/ are— ) dis|sie |
=1
E—1

See=(ar, — D) dustesu)/(rddee) mpr k+1<<i<n.
py

k—1

(16)

’

B srux dopmynax cuauana mosaraeM k=1 U mociefoBaTeNbHO
BLIYMC/IIEM BCe 3JEMEHTB NepBOi# CTPOKH MaTpuubl S; mpu k=1
Bce cymmel B dopmynax (16) orcyrcrBytor. 3areMm mnosaraeM k=2 u
BBIUHMC/ISIEM BTOPYIO CTPOKY M T. X.

Korza Bce sjeMeHTH MaTpull HaHJeHH, TO pelleHHE JHHEHHOH
cucreMbl Ax=> cBoAMTCA K IOC/TENOBATEIbHOMY pELIEHHI0 Tpex
CHCTeM, ABYX TPeYro/JbHbIX M OHOH AHAaroHa/bHOMH:

SHz=b, Dy=2, Sx=y, (17)
4To JejjaeTcsl OOBIYHBIM OOGpaTHHIM XOAOM IO dopmyJsam
Y1 = by/sudyy,

i—1

yi= (b= > dyyist)isudy, =2, 3,...,

i=1
xn=yn/snn: (18)
Xi=WUi— D) sux)su, i=n—1,n—=2,..., 1

I=1+1

OnpenenuTens MaTPULB! BBYUC/IAETCA 10 GopMyJe

det A = H d,‘,’SE;. (19)

i=1

Merox xBaipaTHOro KopHfi TpeGyeT mHpuMepHO /;n® apudmern-
YECKHX JEHCTBHE, T. e. mpu GOJbLIHX 7 OH BABoe OHICTpeH MeToaa
Taycca, W 3aHMMaeT BJBOe MeHble sueeK MaMATH. ITO MOHATHO,
160 METOJ MCMOJb3yeT HHPOPMALMIO O CHMMETPUH MATPHLEL.

Kpome Toro, nns JeHTOYHOH, SUIMYHOA M HEKOTOPHIX APYTUX
cTpykTyp Matpuusl A (puc. 25, a—e) mMarpuua S 6yaer UMEThb aHalo-
THYHYIO CTPYKTYpPY, T. €. COLEepKaTb MacCHBHl HYJIEBLIX 3JIEMEHTOB
Ha 3apaHee H3BECTHBIX MecTax. Y4YeT 3TOro IO3BOJSET CHJIbHO
COKpaTHTh 06beM BblUHCIeHHi, Kak W B Merode ['aycca. OmHako
3aMETHM, YTO JJSl JIEHTOYHBIX MAaTpHI C Y3KOH JIEHTOH, 0COGEHHO
ISl TpexAuaroHalbHBIX, MeToJ KBajpaTHOrO KOpHSl 1O CKOPOCTH
MaJjio OTJHyaercs OT MeToja ['aycca ¥ MoxeT ObITh JaXe MeJieH-
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Hel, M60 Cpelu NPOM3BOAALLMXCA B HeM JAEHCTBHUH €CTb H3BJEueHHE
KOpHf, MeJJIeHHO BHINOJHseMoe Ha OBM.

Hau6o/siee uacThli Ha MpaKTHKe cJy4ad 3PMHUTOBOH MAaTpHIBI —
3TO BeulecTBeHHas cumMerpuyHas Marpuuna A. Torza Hukakux
KOMIUIEKCHBIX YHCeJ TIpPH BbIUHCJAEHHSX He BO3HHKaeT, TaK 4TO
MaTpuua S Toxe BellecTBeHHasi. Ec/n B10o6aBok MaTpuua A Mo/oxKu-
TeJbHO ONpeleNeHHass (IS 3TOro Heo6XOoAHUMa H A0CTAaTOYHA MOMOXKHU-
TeJBHOCTh BCEX €€ IVIaBHHIX MHHOPOB), TO Bce d;;=1, u dopMyJbl
(16) — (19) MOXHO HEMHOTO YIpPOCTHTb.

Pacuer mo ¢opmynam (16) HeBO3MOXKeH, €ClM TPH HEKOTOPOM
3HayeHUH HHJEKCA 3JIeMeHT S, =0 (B uacTHOCTH, S;; =0 npu a;; =0).
OT 3TOrO MOMKHO H3GaBHTbCSH, MEPECTaB/sAsl HAa MECTO Qe APYroH
NVaroHaJbHBIA 3JeMeHT a;;5~0, T. e. Hajo NEepecTaBUTb U CTPOKH H
cTon6upl, HA TepeceyeHHH KOTOPLIX JIekaT 3TH 1Ba 3/1eMeHTa.

MerTos KBaApaTHOTO KODHS NMPHMEHSIOT B OCHOBHOM IIPH YHCJeH-
HOM pElleHHH HHTerpalbHbIX YpaBHeHU#i PpearosbMa ¢ CHMMETPHUUHBIM
snpoM, M60 3Ta 3ajaua CBOAMTCA K JIMHEHHOH CHCTeMe C CHMMeT-
pUUHOH MaTpHueH, OOBYHO He COAEpIKaled HY/IEeBbIX 3/IEMEHTOB
(mpH pery/nspHsalyy TaKUX 3a1a4 CUMMETDHs MaTPULbl COXPAHSETCS).

7. Maoxo o6ycnoBiaenHbie cuctembl. Ecau cucrema Ax = b mioxo
o6yC/IOBJI€Ha, TO 3TO 3HAYUT, YTO MOTPELIHOCTH KO3((hUIHUEHTOB
MATpHUILl U [PABbIX yacTedl WM TOTPELIHOCTH OKPYIVIEHUSI TPU pacye-
TaX MOTYT CH/IBHO HCKa3uTb pemueHne. [/ yMEHbILEHHS Iorperl-
HOCTeH OKpYIVIEHHSI MOXHO Obiio 6bl TpoBecTH Ha IOBM pacuer
¢ IBOMHBIM WJIM TPOHHBIM 4HC/IOM 3HakoB. Ho npu Haauuuu morperu-
HOCTH Ko3(puIHeHTOB 3TO Gecro/ie3Ho, H HYXKHO peryJspu3oBarh
HCXOIHYIO 3ajauy. .

Ucxonuyio cucremy (1) MoxkHO mepenucatb B 3KBHBAJEHTHOH
dopme (Ax —b, Ax—b)=0. Eciu xo>duuueHTsl MaTpuUbl HIHA
TnpaBble YacTH M3BECTHBl He TOYHO, TO peLIeHHe TaKke SBJSETCS
npubamkenHbM. IlosTomy Ha camoM Jele Mbl MOXeM TpeGoBaTh
TONBKO TpuGAHKeHHOro paBeHcTBa (Ax —b, Ax —b)~0. 3anaua
CTAHOBUTCS HEOTpeJe/eHHOH, U IJi OIpeNeNeHHOCTH Halo A06aBHUThb
KaKHe-TO JIOMOJIHUTE/IbHEIE YC/IOBHSA.

TakuM ycioBHeM MoOxeT GbiTh TpeGoBaHHe, uTOOBI pellleHHe KaK
MOMKHO MeHbIlle OTKJOHSJIOCH OT 3aJaHHOTO BEKTOPa Xy, T. €. UTOOBI
CKa/NsipHOE MPOHU3BEeHHe (X — X, X — X,) ObuI0 MUHHMaNbHO. Toraa
pery/isipu30BaHHas 3anaua GopMyJupYeTcss CleAYIoWHM 06pasoM:

Ax—b, Ax—b)+a(x— x4 X—X)=min, a>0. (20a)
9710 MOXHO TNepenucath B SKBHBaJEHTHOH dopme

(x, AHAx)—2 (x, AHb)+ (b, b)+
+al(x, X)—2(x, X5+ (X0, Xo)]=min, (206)

e o — MaJsblii TOJIOKHTENBHBIH yrIpaBidiomuit mapamerp u Af —
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3PDMHTOBO cONpsXeHHas Marpuua. Bappupys x B (20), nomyuum
clelyiollee ypaBHeHHe:

(AHA +aE) x = AHb +ax,, @1)

rie E —enunnyHasg wmarpuua. Pemas ero (Hanpumep, METOIOM
uckatoyeHus aycca), HaiiieM pery/spH30BaHHOE 3HAUEHHE Xy, 3aBUCH-
lee OT IapamMerpa .

OcranoBuMca Ha BHIGope napamerpa. Eciu o =0, To cucrema (21)
NepexoJUT B IJIOXO oOycloB/ieHHYIO cuctemy BHaa (1). Ecin xe o
BeJIMKO, TO peryJspusoBaHHas cHcrema (21) 6yner xopollo o6yc/oB-
JieHHOH G6Jiarofiapsl NPHCYTCTBHIO B JIeBOH 4acTH XOpolo 06YCI0BIEH-
Ho#i Martpuuel aE; Ho cama cucrema (21) mpu GOJIBLIOM O CHJIBHO
OTJIHYaeTCd OT HUCXONHOH CHCTeMBl, W PEryJsipi30BaHHOE PelleHHe Xy
He Gyler GIM3KHM K HCKOMoMY pelueHuo. IlosTomy c/iuIIKoM Majoe
HWJIH CJIHMIIKOM Gosblioe ¢ HenpuroAHsl. OueBHIHO, ONTHMANbHBEIM
6GyleT HauMeHblllee 3HaueHHe o, IPH KOTOPOM OGYCJOBJEHHOCTb
cucTeMbl (21) elle yIOBJIETBOpPHTENbHA.

Hns ¢GakTHYeCKOrO HaXOXKAEHHS ONTHMYMa BBIYHCJSIOT HEBSI3KY
Po=AXx,—b u cpaBHHBalOT ee 110 HOpDMe C H3BECTHOH IIOTPEILHO-
CThIO NpaBbix yacrefi 6B M ¢ BIAHSHHEM MOTPELIHOCTH KO3(dHIHeH-
ToB MaTpHusl 84 -x. Eciu o CAMIIKOM BeIMKO, TO HeBSi3Ka 3aMETHO
GoJiblile 3THX [OrPELIHOCTEH, €C/HH CAHIIKOM Majo—TO 3aMeTHO
menbile. IlpoBoasAT cepHio pacueToB ¢ pasqUYHBIMH O¢; ONTHMAJBHBIM
CYHTAIOT TOT, B KOTOpPoM || 7g ||~ |l 8b ||+ 1| 64 - x|

Jns BeIGOpa X, HYMXHBI JOMOJHUTEJNbHbIE COOOpaKeHHS; eCsd
HX HeT, TO MoJaraiT X,=0.

OGocHOBaHUE H3JI0KEHHOIO METOZa NaHO B rnaBe XIV. 3amerum,
yTto Marpuuma cucremsl (21) spmuTOBa, TAK YTO I/ €€ pellleHHs
MOXHO TPHUMEHSTb MeTOJ KBaJpaTHOro KOpHS.

§ 2. YpapHeHHe C OJHHM HEH3BECTHBIM

1. Hccaeposanne ypaenenuda. Ilyctb 3amaHa HempepbiBHas QyHK-
nusa f(x) u tpebyeTcss HalTH BCE HJM HEKOTOpHIE KODHHM YpaBHEHHS

f(x)=0. (22)
3ra 3ajaua pacmajaercsi Ha HECKOJNBKO 3ajay. Bo-mepBhIX, Hajo
HCCJIeoBaTh  KOJIMYECTBO, XapakTep H  pacrnoJiokeHHe KOpHeii.
Bo-Bropbix, Ha#TH npuG/MKeHHbIe 3HaueHHs KopHei. B-TpeTbux,
BHIOpaTh M3 HHX HHTepecylollle HaC KOPHH H BLIYHCIHTD HX C Tpebye-
MOH TOUYHOCTBIO.

IlepBast u BTOpas 3amaud peLIAIOTCS AHAJTUTHYECKHMH H rpadu-
yeckuMH Mertozamu. Hanpumep, MHorouses

P,(x)= D] apx
k=0



§2] YPABHEHME C OJHUM HEU3BECTHBHIM 139

HMeeT 1 KOMIJIEKCHBIX KOpHel, He o6s3aTesbHO pasUyHBIX, H BCE
KOpHH JieXXaT BHYTPU Kpyra
1
lxp|<l+[7n|'max(laol’ 'al" AR Ian—1|)°
ﬂpaBIla, 5Ta OLEHKa He ONTHUMa/IbHAasl; MONYJH BCeX KOpHeHd MOryT
6RITb MHOIO MeEHblIe€ [IpaBOH uYacTH HepaBeHCTBa, B 4YeM Jerko

n
y6enuThbcsl Ha npuMepe MHOrousneHa P (x) = Z (x—k).
k=1

Korga uumyrcsi TONBKO JHeHCTBHTENbHblE KOPHH ypaBHEHHS,
TO MOJIE3HO COCTaBUTb Tabsuny 3HaveHdd f(x). Eciu B gByx cocen-
HUX y3/lax Tabjuubl QYHKIHUS HMEET pasHble 3HAaKH, TO MEXAY 3THMH
y3/1aMH JIEXKHT HEUYETHOE YMCJO KOpHeH YpaBHEHHs (0 MeHbIUei
mepe onuH). Ecaum 3tH y3nel 61M3KM, TO, CKOpee BCEro, KOPEHb
MeX1y HHMH TOJbKO OAMH. Ho BEIABHTH Mo TaG/IHLE KOPHH YETHOH
KPaTHOCTH CJIOXKHO.

[lo Tabanue MOXHO MOCTPOMTH Tpaduk OYHKUMH y=f(x) u
rpadguyecKkd HAaHTH TOYKH €ro IMepeceyeHus c ocbio abeuuce. 10T
cnoco6 GoJsiee HAIVIZEH H JaeT Hemloxue MpUOJIHKEeHHbIE 3HAYEHHS
KopHe#i. Bo MHOrMx 3ajauax TeXHMKH Takas TOYHOCTb YiKe J0CTa-
TOYHa. B TexHHKe elle NONY/spHLI rpaduyecKue METOABI PELIEHHS YPaB-
Henu#t (Homorpadms). Ilocrpoenne rpaduka sauacTyio mno3BoJseT
BHIIBUTH Jlake KODHH YETHOH KpPaTHOCTH. .

Huorna ypaercs 3amMeHUTb YypaBHEHHE (22) 5KBHUBAJIEHTHBHIM €My
ypaBHeHHEM @ (X) =1 (X), B KOTOPOM (QYHKUHMH Yy =@ (X) U yp =1 (X)
uMeloT HecaoxHele rpadbuku. Hanpumep, ypaBuenue xsinx—1=0
yAoGHO mpeoGpasoBaThb K BHAY sinx=1/x. AGcuuccel Touek mepe-
ceyeHHs 3THX I'papuUKOB GYAyT KOPHAMH HCXONHOTO YpaBHEHHS.

[pu6nuxenHble 3HauYeHHsl KODHEH YTOYHSAIOT Da3MHYHBIMH HTEpa-
[UOHHBIMH MeTonaMH. PaccMoTpuM HauGosiee 3(heKTHBHEIE U3" HUX.

2. [Juxoromus (feneHue momosam). IlycTb Mbl HalIH TakHe
TOUKH Xo, X;, 4TO [ (%) f (%) <<0, T. e. Ha orpeske [x,, X;] JMexKHT
He MeHee OJIHOTO KOpHs ypaBHeHHsi. Hakjem cepennHy orpeska
Xy = (X +X;)/2 ¥ BIMCIHM [ (X,). F13 1BYX NOMIOBHH OTpe3Ka BeiGepeM
TY, A8 KOTOPOH f (%) f (Xpaw) <<0, nOO ONMH M3 KOpHEH JeRHT
Ha 3TOH ImoOJIOBHHE. 3aTeM HOBBI OTPE30K ONATH AENHM IIONOJaM U
BhIGEpEM Ty MOJIOBHHY, Ha KOHLAX KOTOPOH (YHKLUMA HMeeT pasHbie
3HaKH, U T. O. (puc. 26).

Eciu TtpeGyeTca HaWTH KOpeHb C TOYHOCTBIO €, TO MPOJOJIKAEM
JleJleHHe [MorosiaM 10 TeX TIop, MoKa JJMHA OTpe3Ka HEe CTaHer
meHbure 2e. Toraa cepeinHa MOC/JENHEr0 OTpe3Ka JacT 3HaueHHe
KOpHA C TpebyeMOH TOYHOCTBLIO.

- JluxoToMMsi TpOCTa M OYEHb HAJEXHA: K IIPOCTOMY KODHIO OHa
CXOAUTCS AJSA JIOOBHIX HeNnpephlBHBIX (GYHKUME [(x), B TOM uHcae
HedepeHIupyeMbIX; MPH 3TOM OHA YCTOHYMBA K OIUMOKAM OKpyriie-
Hus. CKOpPOCTh CXOAMMOCTH HEBE/NHKA; 33 OJHY HTepalHI0 TOYHOCTh
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yBeIHUHBaAeTCsA INPUMEPHO BJIBOE, T. €. YTOYHEHHe Tpex uudp Tpe-
6yer 10 urepauuii. 3aTo TOYHOCTb OTBETa TapaHTHpYeTc.
Ilepeyucaum Hemocratku Mertoxa. A Hayana pacuera Hajpo
HaHTH OTPE30K, Ha KOTOpoM (YHKUHS MeHseT 3HaK. Eciu B sToM
OTpesKe HEeCKONbKO KOpHeH, TO 3apaHee HEH3BECTHO, K KaKOMY
U3 HUX CcOHjercs mpouecc (XOTSl K ONHOMY H3 HHUX cofinercs). Meron
HeNnpyMEeHHM K KOpHfAM ueTHOH KpaTHocTH. Ilia KopHell HeueTHOH
BBICOKOH KPaTHOCTH OH CXOJMTCS, HO MeHee TOYeH M Xy¥Ke YCTOHYUB
K OWHOKAaM OKpYIJIEHHS, BO3HHUKAIOMUM IIpH BBIUHCIAECHUH [ (X).
HakoHen, Ha cucTeMbl ypaBHEHHH IMXOTOMHS He obobliaercs.
JuxoToMua mnpuMeHsieTcsl TOrna, Korga TpeGyeTcss BHICOKas
HaJleXXHOCTb CyeTa, a CKOPOCTb CXOILHMMOCTH MAaJIOCYLIECTBEHHA.

fz)

Zg Z2 Zy

Z3 I

Puc. 26.

3. Ypanenue kopHeil. OnuH U3 HENOCTATKOB AUXOTOMHH — CXOLH-
MOCTb HEH3BECTHO K KaKOMY KOpHIO — HMeeTcsl IIOYTH y BCeX uTepa-
IMOHHBIX MeTONoB. Ero MOXHO yCTpaHUTb yJAajeHHeM YKe HaHIeH-
HOTO KOpHSA.

Ecau X, ecTb npocToii KOpeHb ypaBHeHHs (22) u [ (X) JHOILHAL-
HErnpepelBHA, TO BcroMoraTesnbHas OYHKuUHA g (x) =f (x)/(x — X,)
HemnpepeiBHA, MpHYeM Bce HYJIH yHKuua f(x) u g(x) coBmaparor,
3a HCK/IO4eHHeM X;, H60 g(%,)=0. Ecau X, —KpaTHbI KOpeHb
ypaBHeHHs (22), To OH 6yleT HyJeM g(X) KPaTHOCTH Ha eIHHHILY
MeHblle; OCTaJbHble HYJIH 00eux QYHKUHE mo-mpexkHeMy OYAYT
OJlMHAKOBHI.

ITostomy Ha#feHHBIH KOpeHb MOXHO VAA/JHThb, T.e. IepedTH
K tyHkuun g (x). Torna HaxokneHHe ocTaNbHBIX HYJed f (x) cBegerca
K HaxOXIeHHIo Hy/ne# g(x). Koraa Mel HailinleM KakoH-HHOYAb Ko-
peHb X, QYHKUMH g (X), TO 3TOT KOpPeHb TOXKe MOMKHO YIa/HThb, BBOAS
HOBYIO BCTIOMOTaTeNbHYI0 GYHKLHIO @ (x) =g(x)/(x — %g) =F (X) /(x — %{) X
X (x — X5). Tak MOXKHO .TOC/eL0BaTeNbHO HAHTH BCE KOPHH f (X).

Crporo roBops, Ml HaxoiHM JIHUIb NpPHGJIHKEHHOE 3HaueHHe
KOpH ¥~ X. A ¢yHKuusa g (x)==f(x)/(x — %,) UMeeT HYJb B TOUKE X"
H mojioc B G/IM3KOH K HeHl Touke X; (puc. 27); TOJIbKO Ha HEKOTO-
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POM pPacCTOSIHMM OT 3TOro KOpHS OHa G6JM3ka K g(x). Yrobel 31O
He CKasbiBaJoCh INpPHU HAXOXKIEHHH CJeAYIOMHX KOpHeH, HAlO BbHI-
YHC/ATh KaXABH KOPEeHb C BHICOKOH TOYHOCTBIO, OCOGEHHO €CJIH OH
KpaTHBI# HJIM BGJIHM3H HEro pacrnojioXeH APYrod KopeHb YpaBHEHHS.

Kpome Toro, B /1060M MeTofe OKOHYATE/bHBIE HTEpAly BG/IHM3H
OIpefieNIIeMOr0 KOpPHSI PeKOMeHAyeTcsl AefaThb He 1Mo (GyHKUHUSAM THMA
g(x), a no ucxonuo#t ¢ynkuuu f(x). IlocienHue uTepamuu, BBIYHC-
JeHHble 1O (YHKIMH g (X), HCNOJIb3YIOTCA IIPH 3TOM B KauyecTBe
HyneBoro mnpubGamkeHdsi. OcoGeHHO BaXKHO 3TO MNPH HAXOKIEHUU
MHOTHX KOpHe#, H60 4eM GoJjblle KOpHe# ylajeHo, TeM MeHbille

HYJIH BCIIOMOTaTeJbHOH (GYHKIUU G(x)=f(x)/H (x—%;) 'coorBerct-
i

BYIOT OCTalbHHIM HYJAAM (yHKUHH f(x).

YuuThiBasg 3TH INPENOCTOPOXKHOCTH U BBIYMCAAA KOpHH ¢ 8—10
BEpHBIMH JECATHYHBIMH LUDpaMH, 3aYacTyil0 MOXKHO ONpPEAeNHThb Jie-
cfiITKa [iBa KOpHeH, O pacmoJIOXeHHH KOTOPHIX 3apaHee HHUEro He
M3BECTHO (B TOM YHCJe KOpHeH BBICOKOH KPaTHOCTH p~ b).

4. Mertop mpocTbiX HTepauuii. 3amMeHUM YypaBHeHHe (22) 3KBH-
BaJIeHTHLIM €My YpaBHEHHeM X = ¢ (X). DTO MOXKHO CleJaTb MHOIMMH
crmoco6amMy, HampuMmep, MNOJMOXKHB @ (x) =X+ (x)f(x), rme ¢ (x) —
Npou3BOJIbHAS HeNpephiBHAS 3HAKOMNOCTOSIHHAA (YHKuUSA. Bribepem
HEKOTOpOoe HyJ/eBoe NMPHOGMMKEHHe X, M BBIYHC/IHUM JIajbHeHllne NpH-
6avxenuss no ¢opmysaam

Xp=9(x,), n=0,1,2,.. (23)

OueBHIHO, €C/IH X, CTPEMHTCS K HEKOTOPOMY Ipeleny X, TO 3TOT
npefen ecTb KOpeHb HCXOIHOTO ypaBHEHHS.

Hccnenyem ycnoBust cxoiumocTH. Ecau ¢ (x) Hmeer Hempepbis-
HYI0O NPOM3BOJHYIO, TOTAA

Xnpg — X =@ (%) — @ (X) = (ta — X) @ (), (249)

rjie Touyka § JIeXHT MeXIy ToukamH X, U X. IlosTomy ecam Bciomy
¢’ (x) |<<g <<, To OTpe3KH |x,— %| YyObLIBAIOT He MeNJIeHHEH uJle-
HOB reOMeTpHYECKOH Nporpeccuu co 3HaMeHaTeleM ¢<<1 W mocie-
JOBaTeNbHOCTb X, CXONMTCS TpH JIOOOM HYJEBOM NPHGJIHKEHHH.
Ecmu | ¢’ (%) |>1, To B cuiy HempepelBHOCTH |’ (x)| GoJblle enu-
HHLB! H B HEKOTOPOH OKDECTHOCTH KOPHS; B 3TOM CJydyae HTepauuu
He MOTyT cxoiuTbcsd. Ecaum |@'(X)|<<1, HO Bpamu or KopHS
|¢’ (x)|>1, To HTepamUU CXOUATCH, eCIH HYJeBoe NMPHOMHKEHHE
BBIGPAHO JOCTAaTOYHO GJIM3KO K KOPHIO; NMPH TNPOU3BOJBHOM HYJIEBOM
OpUGJHKEHNH CXOLUMOCTH MOXKeT He OBITb.

ITH paccyX/eHHs NepeHOCATCS Ha JHIMLIIUL-HeNlpepbiBHEE (QYHK-
MK TIPaKTHYeCKH Ge3 M3MeHeHHH.

OueBNIHO, 4TO YeM MeHbIle ¢, TeM GblcTpel cXoaumocThb. B6ausu
KOPHS aCUMITOTHYECKasl CXOAUMOCTD ONpefie/ifAeTcsl BeJHYHHOH | @ (X)|
u 6yner ocobeHHo GblcTpoit npu ¢ (X) =0.
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3HauyHT, ycmex Merola 3aBHCHT OT TOTO, HACKOJNBKO YAayHO
BeIGpaHo ¢ (x). Hampumep, Ajsi H3BJeYeHHS KBaJpaTHOIO KOpHS,
T. €. pellleHUs ypaBHeHHs x%==qa, MOXKHO IOJIOXKHTb @ (X) =a/x HJIH
@(x)=1/3[x+(a/x)] © COOTBETCTBEHHO HamHcaTb TaKHe HTepalHOH-
Hble TPOLECCH:

xn+1=;a‘ uJi xn+1=%(xn+?a‘)- (25)
n n

TlepBriii mpouecc BooOuie He CXOQUTCH, a BTOPOH CXOAMTCS NpH
JoGoM x, > 0; CXOAUTCS OH OYeHb GbICTpo, HG0 ¢’ (X)=0. Bropoi
MpOLECC HCMOJBb3YOT INPH H3BJEYEHHH KOPHS Ha KJAaBHIIHBIX
MauiyHax.

KakoB mnpakTHYeCKMH KpUTepHH CXOAHUMOCTH, T. €. KOTAa Hajlo
npekpaiath urepauuu (23)? M3 (24) BugHo, uTo ecau ¢’ (x) <O,
TO UTepalyy TmonepeMeHHO OKasblBAIOTCA TO C OAHOH, TO C APYyro
CTOpPOHBI KODHS, TaK YTO KOpeHb 3aKJ/IOueH B HHTepBajde (X, X,-1).
IT0 HajexkHas, XOTH HEeCKOJbKO rpybas oueHka. Ho oHa HenmpuMe-
HuMa npu @' (x) >0, Koria HTepauuy CXOAATCSH K KOPHIO MOHOTOHHO,
T. €. C OfHOH CTOPOHHL.

B6su3y KOpHSI MTepauMH CXONATCS MNPHUMEPHO KakK reoMeTpuye-
CKasi TIPOTPecCHst CO 3HaMeHaTeleM ¢ = (X, — Xp—1)/(Xp-q3 — Xn-s).
UTo6hl cyMMa HasbHeHIIHX ee YJIE€HOB He MPEBOCXOAUJA €, JOJIKEH
BBLINOMHATLCSA KPHUTEpHH CXOIHMOCTH

Xn—Xn-1
l—q

(Xp—%p_1)* <e, (26)

T 2%y —xp—Xpa |

q

IIpy BBIMOJNHEHHH 3TOTO YCJOBHMS HTepallMd MOXKHO IIpeKpaiiarhb.
JIerko 3aMeTUTb, UTO BbIpaXkeHHe B JIeBOM YaCTH €CThb IONMpaBKa
Ofitkena (4.24). Ecau nociensue TpH NpPOCTHE HTepalUH YTOYHUTB
npoueccoM JHATKeHa, TO 3TO OOCBLIYHO 3aMETHO MOBBIIIAET TOYHOCTD
pacuera YU TO03BOJISI€T OTPAHHUYUTHCA MEHBIUIMM UYHCJIOM HTeparuil.
Merop npoCTbIX HTepauMi M TOYTH BCe APYrHe HTepalUOHHbIe
MeTOJbl KMEIOT Ba)KHOe MJOCTOMHCTBO: B HHUX He HaKaIJMBAalOTCA
omu6Ku BblUKCAeHUH. OmubKa BBIYUC/AEHHI SKBUBAJEHTHAa HEKOTO-
poMy VXYAUIeHHI0 oueperHoro mnpubmikenus. Ho 3Tto oTpasurcsa
TOJBKO Ha uHCJIe UTepaluil, a He Ha TOYHOCTH OKOHYATEJbHOI'O
pesyabrata. [logoGHBIE METOZEI YCTOAYMBEI Ja)ke IO OTHOLIEHHIO
K rpy6eiM ommGkam (c6osam OBM), eciu Tonpko omuGKa He BEIGpa-
CBIBaeT ouepefHOe MPUOJMKeHHe 3a Mpefesbl 067acTH CXOLUMOCTH.

Ipu o6paGoTke sKCNepHMeHTa BO3HHKAIOT crioxacmudeckue 3a0aqu, The OUIHGKH
onpefeseHdsl QYHKIWH BeJHKH-H HOCHAT caydaiiHbli xapakTep. [lorpemsocts dyHK-
nun Of npusogmT K morpemHocTH KopHs 8% =0f (%¥)/f’ (¥). OnHaKO NOCKOMbKY
ommn6KH HOCAT cJydaiHBH XapaKTep, TO MeTOZAaMH CTaTHCTHKH MOXHO OMpeJesuTh
KOpeHb ropasfo GoJiee TOYHO, YeM IO yKa3aHHO# omeHke. PaccMOTpuM mpocthie
HTepamun

Xp4I=%n —anf (xp) sign f' (x) (279)
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NpH JOMNOJIHHTE/bHHIX YCIOBHSX

o o
a,>0, ¥ &<, I a,=0o, (276)
n=1 n=1
KOTODEIM YJOBJIeTBOpseT, HalpHMmep, MNOcjefoBaTeJbHOCTb a,=(l/n). IlokasaHo
[47], 4TO X, —X Tpu n—-0O C BepOATHOCTbIO efuHMma. Mcmoab3oBaHue B op-
myJie (272) 3HaKa NPOM3BOJHOH He O3HAYaeT, YTO HAfO BBEIYHUC/ATL STy MPOU3BOJ-
HYI0: AOCTAaTOYHO JHUUIL ONpeJesIuTh €e 3HAaK IO Pa3sHOCTH JBYX 3HaYeHM (l:)yHKIJ.HH.

Hal’IOMHHM, YTO CTpeM/JiIeHHeM K Ipejeay C BepOATHOCTbIO efHHHIla Ha3biBaeTcs
CXOJIHUMOCTb K mpenesy X B nojasjdmooueM OOJbUIHHCTBE ciaydyaeB ('I‘. €. IpH pas-
HBIX HyJeBBIX MPUOJHAKEHHAX M pasHbIX BelfOpax mocJefoBaTeqbHOCTEH @), XOTS
B OTAEJIbHBIX CJy4YasX NpoOLecC MOXKEeT He CXOHPlT‘bCSI HJIH CXOAUThCA K Apyromy
npepeJay. CroxacTuyeckue Mpouecchl CXOuATCS MeJJIEHHO, NO03TOMYy K AeTepMUHHU-
POBaHHBIM 3ajauaM HX Heuenecooﬁpasﬂo NPpUMEHSATD.

5. Merog, Heiotona. OH HasbiBaeTCs TaKKe MeETOLOM KACAMeAb-
HblX WJIH METOZIOM Auxeapusayuu. Eciu x, eCTb HeKOTOpoe MpUGJIH-
XKeHHe K KOPHIO %, a f(X) HMeeT HenmpepelBHYIO IPOU3BOAHYIO, TO
ypasHenue (22) MOXHO NpeoGpa3oBaTh CJEAYIOWUM 06pasoM:

0=F(x)=F (tn™+ (¥ — %)) =F () + (X — %) ' ().

[TpuGauxenHo 3ameHsaAs f'(E) Ha 3HaueHW€ B H3BECTHOH TOYKe X,,
MOJIyUYUM TaKOH HWTepalHOHHBIH Ipolecc:

X,
xn+1=xn_%((—x';)7'- (28)

FeoMeTpuuecKH 3TOT Ipomecc O3Hayaer
3aMeHy Ha KaXIoH wuTepauud rpaduka
y=[(x) kacarembHOH K Hemy (puc. 28).

Merox Helotona MoXHO paccMaTpH-
BaThb KaK YacTHHIH CJayyall MeTozxa IIpo-
CTHIX MTepauuil, ec/lH IOJNOKHUTb @ (X)= L, Zz
=x—[f(®)/[' (x)]. Torna ¢’ (x) =(f{"/f?). lxz; z Z; &y
Eciu X ecTb p-KpaTHblH KOpeHb Ypas- .
Henua (22); To BOMM3H Hero f(¥)~c Puc. 28,
A a(x— X)P; OTCIONa HETPYAHO NOJYYHThb
o (N)=@p—1/p, T e 0<¢ (¥)<l. daa mnpocToro KopHs
p=1u ¢ (¥)=0. Hcnonbsys pesyaprathl 1. 4, MOXHO copMmMynH-
pOBaTh CJIenyIolHe YCJIOBHS CXOAMMOCTH HTepauuit (28). Ecau Hyae-
80e npubausicerue 6bIOPaHO 00CMAMO4HO GAUSKO K KOPHIO, HbIOMOHO0B-
CKue umepayuu cxo0amcs; CKOPOCTb CXOJMMOCTH BeJHKa IJS IpO-
CTOTO KOpHSl U COOTBETCTBYeT CKOPOCTH IeOMeTPHYECKOH INPOrpeccHH
AJs1 KpaTHOTO KopHsi. IlpH NpOM3BOMIBHOM HYJ/IEBOM MNPHGIHKEHHH
uTepauuu cxonsrcs, ecau Bciony |ff"|<<(f')%; B nmpoTHBHOM ciyuae
CXOAUMOCTb GyJeT He NIpH JIOOOM HYJIEBOM INPHOJHXKEHHH, a TOJBKO
B HEKOTOPOH OKPECTHOCTH KOpPHS.

CxonuMoCcTb BO/MH3U J/IOG0r0 KOPHS MOHOTOHHA, YTO JierKo BHIEThb
U3 puc. 28; HO BAaJM OT KOpHS BO3MOXHAa HEMOHOTOHHOCTH HTepa-
nuii. OrmeruM, yTo pHC. 28 ykasbiBaeT elie Ha OAHO JOCTAaTOYHOE

Ay
ftz)
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ycnosue cxomumoctd Hurtepanuit. Ilyers f7(x) =0 cnpaBa or kKopus
Ha oTpeske [%, a]; ecau x, BHIGPaHO TaKXKe CIpaBa OT KOPHS Ha
3TOM OTpe3Ke, TO UTepauuu (28) cxopdarcsd, HpUYeM MOHOTOHHO. To
xe Gyzer, ectu ' (x)<<0 creBa or KopHS Ha oTpeske [b, X], u Ha
5TOM 2Ke OTpe3Ke BLIOPaHO HyJeBoe NpuGIUkeHHe. Takum obGpasom,
UTepALUHU CXOLATCS K KOPHIO C TOH CTOPOHEL, ¢ KoTopo# f (x) f* (x) = 0.
OleHNM CKOPOCTb CXOAMMOCTH BGJM3M mpocToro KopHs. Ilo
OMpeJle/leHHI0 NPOCTHIX HTepauui, X — X,= ¢ (X) — ¢ (X,-,). Pa3naras
npaByio yacTb Mo (opmyJe Tefnopa u yuuTeiBast paBeHcTBO @' (X) =0,

TMOJYYUM .
Xp—X= l/2 (xn—l - 2)2 (P” (g)r g S5 (xn—lr x)a (29)

T. €. TOTPelIHOCTb OYepefHOTO NPHUOGJMKEHHs NPUMEPHO paBHA KBaj-
pary MOrpeiuHocTd MpeawbAyliero npubamxkenusa. Hanpumep, ecnu
(n—1)-9 urepanus naBasa 3 BepHBIX 3HaKa, TO n-f1 JACT NPHUMEPHO
6 BepHEIX 3HaKoB, a (n—+1)-1—

Ta6nuna 16 ppyvepno 12 3HakoB. 10 wimO-

f)=x*—4=0 CTPUpYeT OBICTPYIO CXOAUMOCTD
BO6/U3H KopHA. Pasymeercs, Bna-
n X o - JHU OT KOpDHA TNOAC6HEIe cooGpa-

metof HbroToHa METOJ, CEeKyIHX KEeHUS HeanMeHHMbI.

Ecnn  BeUHMCasieTcs  KOpeHb

? %’?,888 %2888 BBICOKOH KpaTHOCTH, TO [’ (X) B
3 20500 1.8571 sHameHarese Qopmysel (28) cra-
4 2,0001 1,9836 HOBUTCSI MaJoH BOJM3U KOpHA.

Urobrl He 6GbLIO NOTEPH TOYHOCTH,
otHoilenue f(x)/f’ (x) Hamo BhI-
YUCAATh JOCTATOYHO akKkKypaTHO. K oCTa/lbHBIM NOrpemHocTsM pac-
yeTa MeTol IHBIOTOHA XOPOINO YCTOHYMB.

HOns HaxoxneHNs KOpHed MpOU3BOJBHOH auddepeHuupyemoi
(GyHKUHHM damle BCero NpuUMeHsIOT MeTof, HbloToHa, ocoGeHHO ecsiu
H3BECTHBl pa3yMHble Haya/ibHble MPHUOJMKEHUS JJas KOpHeH.

I[Tpumep. Paccmorpum pemenne ypaBHeHUs f(x)=x?—a=0.
Torna o6uias cdopmyna merona HeioToHa (28) mpuHHMMaeT BHI

x:—a 1 a

= tam Tl = (b )
Mpl nonyuusau Bropylo ¢opmyay (25), KoTopas, KaK OTMeyaJoch
paHbllle, MO03BOJISIET OYeHb OBICTPO HAXOJUTh KBAaJpaTHHIH KOpPEHb
C TIOMOINBIO TOJNBKO CJIOXKEHHS d jJendeHus. Jlas HAMIOCTpalUUHd B Tab-
jquie 16 mpuBemeH XojA uUTepanUi NPH HM3BJEUEHHH KBaApPaTHOrO
KOpHA U3 a=4. BuiHo, 4yTo CX0IUMOCTb OuYeHb GhICTpasi; HECMOTPS
Ha HeBaXKHOe HyJeBoe INPUOJIKEHHe, YXKe TpeTbsl UTepauus Jaer
troyHocth 0,005%. TlomyTHO MOXHO 3aMeTHTb, 4TO BGJH3H KOPHS
UTEpaLUH CXOAATCA C ONHOH CTOPOHHI, T. €. MOHOTOHHO, XOTf MepBas
uTepauusl AaeT nepeGpoc Ha JAPYTYIO CTOPOHY KOpHS.
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6. Mpouecchl BLICOKHX MOPSAAKOB. B MeTofe mpocThIX HTepanuil BolOepem GyHK-
IMIO @ (x¥) TaK, YTOOBI BHIIOJIHAJIOCH

¢ E=¢"®)=..=0PP@=0, P ()F0. (30)

Urepauuonnuiii npouecc (23) c¢ Takol ¢yHKIHell HA3LIBAIOT CMAYUOHAPHbLIM NpPO-
yeccom p-20 nopadxa. CKOpPOCTb CXOZMMOCTH 3TOTO Hpolecca BOIH3H KOPHS MOXKHO
MOJIYYUTb U3 CJEAYIOUHX PaBeHCTB:

1 =
X1 —X=Q (x) — ¢ (£)=~p,— xn—2)P @7 ), E& (xn, %). (31a)
Ectu | @'P (x) | < My, T0 oTciona cienyer
| 2,— 2| < (Mp/p) 0" = V=D | _z}p". (310)

CxofuMOCTh NpH p=1 Ha3HIBAIOT JMHEHHOH (3TO COGCTBEHHO METOX MPOCTHIX
urepauui), npu p=2—KBajpaTnyHO# (Hanmpumep, Metox HeloroHa), a mpu
p=23—xy6uueckol. OueBHzHO, yeM Gonbile p, TeM OhICTpe CXOAATCS WTEpaUUH
B6JIM3M KOPHS; K COXajleHHIO, TeM MeHbllle 06/1aCTh apaHTHPOBAHHOH CXOXHUMOCTH
3THX NpPUGJIHXKEeHHH.

DaKTHuecKH Y NPOHECCOB BLICOKOTO MOPAAKA BLIXOJA Ha MX aCHMITOTHYECKYIO
CKOpocTb cXoguMocTH (31) OGBIYHO HaCTymaeT TOJILKO TOMa, KOTJa HTepalyH yikKe
MOYTH COLIIACh, T. €. JJs TOJyueHMs BceX BeDHBIX pa3psijoB 4YuCJa OCTajoCh
cpesaTh OfHY —TpH HTepanud. [losTomy Takue mpomecchl (3a HCKJIIOUEHHEM MeToAa
napa6oJ) pefKo ymoTpebJsiOTCS.

7. Meron cekymux *) [48]. B wmeroge Heiorona TpeGyercs Bhi-
YHC/IATh NPOU3BOAHYIO (YHKIHMH, YTO He BCeria yAoOHO. Moxuo
3aMeHHUTh NPOM3BOAHYIO TI€PBOH pasfe-
JIEHHO# pPasHOCTBIO, HalaeHHOH 1o AByM AY
NOCJeIHUM WTepalusM, T. €. 3aMEHUTb #z)
KacareqbHylo cekyme#. Torma BmecTo
npouecca (28) nomyuum

(tn—%n) f (xn) (32)

X1 = T G T ()

Jas Hauajna mpouecca Halo 3alaTb X, U z
X uc. 29). Takue mpoueccel, The AJs = ——
Bil‘{(HpCJleHI/ISI) oqepenHmPo NpUOGIHKEHUS EEAA
HafO 3HATh JBA NMPEIBIYIIHX, HA3bIBAIOT Puc. 29.
08YxLia208bIMU.

OrtH, Kasajochb Obl, HeOOJbIINE H3MEHEHHS] CHUJBHO BJHSIOT HA
xapakTep urepauuit. Hampumep, cxoIMMOCTh WTepanuil MOXKET ObITh
HEMOHOTOHHOH He TOJIbKO BJal¥ OT KOpHS, HO M B MajO# OKpecT-
HoCTH KOpHA. CKOPOCTb CXONMMOCTH TaKKe H3MeHsercsi. Himocrtpa-
upefl CAYXKHUT NPHBEAEHHBIA B Tabauue 16 pacuer mo MeTony Ceky-
mux; JJsf yAo6CcTBa CpaBHEHHsi C MeTogoM HelotoHa mnepBhie 1Ba

*) B MalemarTHuecKoii JuTepaType 5TO HasBaHHe Hepegxo YNOTPeGASIOT As
ApYroro MeTona, KOTOPBI MO €ero reOMeTPHYECKOH HHTepNpeTaudd CAeZOBajo Obl
Ha3bIBaTh METOJOM XODA.
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npuG/auKeHuss B3ATH ONMHAKOBHIMH. BHAHO, 4TO METOA CEeKYIMX
CXONHUTCH MeJJIeHHee.

CKOpOCTb CXOZHMMOCTH MOXHO OLEHHTb, pasjaras Bce QYHKIUH
B (32) no ¢opmyne Te#mopa ¢ mentpom %. [lonyuuM ¢ TOYHOCTBIO
10 GeCKOHeYHO MaJsblX GoJiee BBICOKOTO NOpsJKa

- o = " (%)
Sng—F=a (5= ) (=),  a=T70. (33)
Pelrenye 3TOr0 pEeKYPPeHTHOIO COOTHOLIEHHS €CTECTBEHHO HCKaTb
B BUAE X4 — X=a%(x,— X)B, amanoruynom (29) unau (3la). Ilox-
cTaBjisisi 3Ty (GopMy B COOTHOLIeHHe (33), MOJNyYUM

ap=1, p2—p—1=0. (34)

ToJIBKO TOJIOXKHUTENbHEI KOpeHb [ KBajpaTHOTO ypaBHeHHA (34)
COOTBETCTBYET YyOBIBAHHIO OIMHOKH, T. €. CXOAseMYc TMpoLeccy.
CiienoBaTeqbHO, B METOAE CEKYIIUX

Xnyy — X = al’B (%0 — Z)B;
B=1 (/5 +1)~ 1,62, (1/B)~0,62,

B TO BpeMsi Kak B Merofe HblotToHa omubGka y6biBaeT OblCTpelt
(cootBercTBysa ff =2). Ho B Merome HrloToHa Ha Kax[IoH HTepanuu
HalO BBIYUCAATH U (PYHKIHIO, U NPOH3BOJHYIO, @ B METOZE CEeKYILUX —
TonbKo ¢yHKuuio. [losToMy npu onwHAaKOBOM o0GbeMe BBIYMCIEHUH
B MeTOJe CeKYIIHUX MOXKHO c[ejaThb BABOe GOJblle HTepaluil u Nojay-
YHTb GOJiee BBICOKYIO TOUHOCTb.

B 3namenatene ¢opmysbl (32) CTOUT Pa3sHOCTb 3HauUeHUH GYHKUHU.
Blanu oT KOpPHfI 3TO HeCYIIeCTBEHHO; HO BGIM3U KODHS, OCOGEHHO
KOpHS1 BBICOKOH KPaTHOCTH, 3HayeHHS (PYHKIHU Malbl U O4eHb GJH3KH.
BosHukaer mnoreps 3Havamux nudp, NpHUBOAAIAT K «pa3boO/ITKE»
cyeta. JTO OTrpaHHYUBAET TOYHOCTb, C KOTOPOH MOXKHO HAHTH KOPEHB;
I/ TIPOCTEIX KOpHEH 3TO orpaHuueHHe HeBENIHMKO, a I KPaTHBIX
MOKeT GBbIFb CYIIECTBEHHBIM.

3amerum, uto MpHBOAMTH Gopmyay (32) K o6liemMy 3HAMEHATEJo
He C/lefyeT: YBeJMYMTCS MOTepsl TOYHOCTH B pacyerax.

Or «pa3GoNTKH» CTPaxyIOTCS TaK HasblBaeMbiM npuemom Iapsuxa.
Broibupaior He OueHb Majioe €, BeNyT HTepauud IO BHIIOJHEHHUS
YCJOBUSA |Xp4y — X, | <<€ W 3aTeM MpPOJOJKAIOT pacyeT A0 TeX Mop,
NOKa | X, — X, | yOeBator. IlepBoe »xe Bo3pacTaHMe OCLIYHO O3Ha-
yaeT Hayalo «pasbOJITKH»; TOrJa pacyeT MNPEKPaIlaloT H MOCAEIHIO
UTEpalyIo He HCMOJb3YIOT.

8. Meron mnapaGon. Merox cekymux MOXKHO paccMaTpHBaTh
KaK 3aMeHY (QYHKUUH [ (¥) HHTEpPNOJALMOHHBIM MHOTOYJEHOM I1epBOH
CTEMeHH, TNPOBEJEHHEIM IO y3JlaM X,, X,,. llo TpeM mnociexHuM

(35)
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UTepanusM MOXKHO NMOCTPOUTh HHTEPNONANHOHHBI MHOrOY/IEH BTOPOH
CTeneHu, T. €. 3aMeHUTb rpadpuk (QyHKUMH mnapaGoyoft. 3anuinem
MHTePNOJAIYOHHEIH MHOrouleH B ¢opme Hbrotona

"732 (x) = f (xn) +, (x - xn) f (xm xn—l) + (x - xn) (x - xn—l)f (xm xn—h xn—z)-
HpHpaBHHBaH €ro HYyJI0, NOJY4YUM KBaJApaTHOE YpaBHEHHe

az?+bz+c=0, (36a)
rze
2=X—Xp, a=f(xnr Xn-1» xn—2)’

bza(xn_xn—l)'l‘f(xm xn—l)’ c=f(xn)'

Tor u3 #Byx KopHeft KBazpaTHoro ypaBHeHHS (36), KOTOpHI MeHbIie
0 MOIYJIO, OmpeflesisieT HOBOe MPHO/MKEHHE Xpiq = X, -} 2.

OueBugHO, 1M Hayala pacyeTa HajO 3ajaTh TPU NEPBHIX IPH-
6JHXKEHUS Xy, X;, X, (OOBIYHO Hayrajg BBIGMPAIOT TPHU YHCJIA), T. €.
npouect ABAAETCH MPexuiaz06biM.

Meroz mapaGos MOCTpoeH MO 0Gpa3sily METOAOB TPEThETO IMOPsIAKa.
OznHako 3aMeHa NPOM3BOAHBIX Paslie/leHHBIMH Pa3HOCTSIMH MPHUBOIUT
K CYIIeCTBEHHOMY YMEHBIIEHHIO CKOPOCTH cxoxumocTH. Paccyxne-
HUAMM, AQHAJOTMYHBIMH pacCyXIeHHSM B M. 7, MOXKHO II0Ka3aTh,
yTo BOJM3M IPOCTOTO KOPHS BHINOJNHSETCS COOTHOLIeHHE

117 (%) 10,42 _

| 1=z, (37)
T. €. CXOAUMOCTb JlaXke MeJJieHHee KBaJpaTHyHOH. B6musu KparHoro
KOPHS CXONMMOCTb e€llle MelJieHHee (XOTs H Gojee GwICTpasi, ueMm
JWHeHHas). 3aMeTHM, YTO CTPOUTH AHAJOTHYHBIE METOAH C HCHOJb-
30BaHHeM HHTEepIO/IANNOHHOTO MHOrou/eHa eile Gojiee BEICOKOH cTe-
NeHH HEBHIOJHO: CXONHMOCTb BCE PaBHO OyHeT MeNJeHHeH KBajpa-
THYHOH, @ pacyeT CH/IBHO YCIOXKHSETCH.

B Mmerone mapaGoJs «pa3Go/Tka» cyeta BOIM3H KOPHS CKa3blBAeTCsS
elle CHJbHEH, yeM B METOle CeKymuX, HOO B pacueTe YyacTBYIOT
BTOpBIe pasHocTH. TeM He MeHee KODHH MOXHO HaiTH ¢ Xopoluel
TOYHOCTDBIO; JJIfl ONpEJeNeHHs ONTHMANbHOTO YHC/Ia UTepanmuil yiao6HO
nosnb3oBaTbcsl npuemMoM ['apBHka, onucaHHOM B m. 7.

Meron napabos MMeET Bax<HOe NOCTOMHCTBO. Jlaxe eciu Bce mpe-
Aplnymue npuOAHKeHUsl JeACTBUTENbHBl, YypaBHeHHe (36) Moxker
NpUBECTH K KOMILIEKCHBIM uucaaM. [Tosromy mporecc moxKeT ecrect-
BEHHO COHTHCb K KOMIIJIEKCHOMY KODHIO HCXOJHOIO YypaBHEHHS.
B Meronax mpocTHIX HTepamui, KacaTelbHBIX HJIM CEeKYIIHX /s
CXOIHUMOCTH K KOMILIEKCHOMY KODHIO MOXKeT NOTpeGOBaThCA 3ajaHHe
KOMIIJIEKCHOTO HadaJbHOro MNpuGauzkeHus (ecad f(x) BelnecTBeHHa
IpU BEIECTBEHHOM apryMeHTe).

Kopuu MHoroumena. Merong napaGon okasajcs HCKJIIOYH-
TeqbHO 3({eKTHBHEIM A/ HAXOXAEHHUA BceX KOpHeH MHoroujeHna
BBICOKOH cTenenu. Eciu f(x) — anreGpanueckuil MHOTOY/IEH, TO, XOTS

(366)

[ — %]~ |
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CXOAMMOCTb MeTOJa NpH IMPOM3BOJBHOM HAyaJbHOM MPHONHKEHHH
H He J0OKa3aHa, HAa NMpaKTHKe HTepallUH BCETJa CXOAATCA K KaKOMy-
HHUGYAb KOpHIO, mpHuem GeicTpo. [asi MHOrouIeHa yacTHoe f (X)/(x — X)
€CTb TOXKE MHOI'OYJ/IEH; II03TOMY IOC/e0BaTe/NbHO YAa/lsAs HaiJeHHbIe
KODHH, MOXHO HaHTH Bce KOpPHH HCXOJHOTO MHOIOYJeEHa.

3ameuyanue 1. Ecau [(x) —MHOrouneH BEICOKOH CTENeHH, TO
BO3HHUKAIOT JOMOAHUTEJNbHBIE TPYIHOCTH. MHoOrouneH GBICTPO BO3pa-
CTaeT NMpH YBeJUYEHUH apryMeHTa, MO3TOMY B mporpamme Ans OBM
JoMXKHA OBITh CTPAaxoBKa OT nepenosHeHusl. OGBIYHO BBOAAT Macli-
TabHble MHOXKHTEJH, BeJHYHHA KOTOPBIX CBfi3aHA C AHAINa30HOM H3Me-
HeHUS apryMeHTa.

3ameuanue 2. HauGonmpmve 1mo MoAy/i0 KOPHM MHOrouY/leHa
BBICOKOH CTENEHH MOTYT ObITb OY€Hb UYBCTBHTENBHbI K NOrPELIHOCTH
KO3(QxpULIMEHTOB MpH CTapIUKX CTeneHsax. Hampumep, KOpHAMHU MHO-
roujiesa

20
Py (%) = H (x—Fk)

k=1

SIBJISIIOTCA MOCJIe0BaTeAbHEIE Leqable uueaa X, =1, 2, ..., 20. A cierka
U3MeHEeHHBIH MHOTOWIeH Py, (x) = P,y (X) — 2723x1° umeeT Takue KOpHHU:

1,0; 2,0; ...; 8,0; 8,9; 10,1*0,6¢; ...; 19,6+ 1,9; 20,8

(3mecp mpuBeleH TOJNBKO ONMH 3HAK nocie 3anstoi). KpaTHele uiau
6JIM3KHe KOPHH MOTYT OHITh €/1a60 YCTOHUMBLIMH JaKe NPH MEHBIINX
CTeNMeHAX MHOTOYJeHa.

Gameuanue 3. [ns ynaneHus BBIYHCIEHHBIX KOpHeHl Hano
JeJIUTh MHOrOY/leH. DTO BHOCHT MOTPEIIHOCTb OKpYIJIeHHS B K03(-
GUIMEHTHl W BJAMSET HAa TOYHOCTb HAXOXKIEHHUS CENYIOMHX KOpHEH.
Ha npakTuke oTMeyeHOo, 4YTO ecH CHavala yJalsaThb MeHbIIHe M0
MOAYJ/I0 KOPHM, TOYHOCTb MNajaeT Maslo, HO €CJAH HayaTb ylaseHue
¢ OGoJbIIMX KOpHeH, TOYHOCTb MOXKET YHacTb KaTacTpodHUecKH.
ITosTtomy 3a HayanbHOe mnpubIHKeHHe 6epyT X,=—1, x,=-1.
X,=0; Torja urepanyuu O6BIYHO CXOIATCA K HAHMEHBIUEMY IO MOAYJIO
kKopHi0. Ero ypansiior 4 mo TakoMy ke HayaJbHOMY IPHGIHKEHHIO
HIYT clAefyHoWUd KopeHb M T. A. IIpu Tako# opraHusauuy BBEIYKC-
JIEHHA TNOTepsi TOQUHOCTH 6yAeT HeGOJbILIOH.

9. Merox kKBajpupoBaHHsl. ITOT Me10j MO3BOJIseT HafiTH Bce KOPHH MHOro-
yjieHa, 3anHilleM MHOTO4YJIeH n-fi crelleHH AByMs cnocoGamu:

P, (x)= }n] apxk=a, ﬁ(x—i,), (38)
k=0 =1

Fle X,—KOpHH MHorouseHa. CpaBuuBas oGe (OpPMBI 3amucH, MOJYYHM PAGEHCMEA
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Buema
n
- a = = = a -9 - = Qp_
2 Xp=— Z ) Zxk"l=+ g 2 XpZ Ry =— ;3, (39)
n n
E=1 E>1L E>l>m n

Ipenno/o:KMM, UYTO KOPHH MHOrOuJieHa CHJIBbHO pasjiuyaiotcs no abcomoTHOM
BelHuHHe: | %y | > | %[> ... > | %, |. Torpa us paeencts Buera momyuamtes npu-
GHKeHHEIE 3HAYEHHS KOpHei

- QAn_1 - Qp_.
[AP ORI C W AP NS SO I (40)
an n-1 a

Ecau Monynn KOpHeldl Majo pasjiHyaroTCsl, TO 3TH GOPMYJIBL CAUIIKOM HETOYHHI.
Ho xkBagpaTsl MopyJel GynyT pasnuuaTbCs CH/IbHeH, yeM camH MonynaH. [ToMeHsiem
B MHorowieHe (38) 3HaKH BceX KOpHeiH, 4TO 5KBHBAJ€HTHO CMeHe 3HaKa y BCeX
HEeYeTHHX KO3((HUUHEHTOB, YMHOXasl H3MEHEHHBI MHOTOuJieH Ha HCXORHBIH, mony-
4HM

3 ek |- 21 (—hrtapt|=a ] (2—%)=Q @), z==1. Q)
m=1

k=1 =

Mtuorouser Q, (2) HMeeT n-10 CTeNeHb M HAa3HIBAETCSH KBAOPUPOSAHHLIM MHO204AEHOM.
Ero xopHU paBHBHI KBajgparaM KOpHel HCXOJHOro MHorousesa. Haxoxnaeuuwe kBajg-
PHPOBAHHOTO MHOTOYJieHa CPABHUTENBHO TPYAOEMKO; €ro Ko3(hQHIIHEHTH MOMHO
BBIYUCAATL NO (OpPMyJsiam

o
bi= 3 (—rmaymam, o=min(l, n—1). 42

m=—o

Jlnsi $aKTHYeCKOrO BHIMOJHEHHsI STHX BBIYHCIEHHH YROGHO 3amucaTbh NMpOHM3BeNEHHS
K03(h}ULUHEHTOB C HYXHBIMH 3HaKaMH B QopMé Tabmumel 17; 3HaKM craBsTCs
B IIaxMaTHOM mnopsake. IIpousBeneHHss CYMMHPYIOTCS 1O KOCHIM CTPOKaM, Kak
yKa3aHO CTpeJKaMH.

Ta6Ganuna 17
Qo a as e a,
2/} Qo — Qoay 222 cen =+ a2,
ai — a0y any — 0y ver * qa,
as [22% 1} — Qa0 [+ 20 .ee =+ axa,
see @ o = 0 ¢ 8 6 ® e ¢ s & b B B e s 2 8 02 0 0 e 2 s s s e 0
en =+ a9 T e * aua, eee o,a,

Jlns KBagpHpOBarHOrO MHorouwleHa KOpHH mo dopmynam (40), rze BmecTo ap
Hajo BCTaBUThL by, OmpenensiTcsi ToyHee. Ecau pesynbTar GyneT Majo OTIHYAThCS
OT MNpembAylIero, TO HA HeM MOXHO OCTaHOBUThCSl. Ec/H OTIMYHE 3aMeTHOe, TO
KBaJpHpOBaHHe HANO NOBTOPUTh. [TOBTOpAS KBajpHPOBaKHE MHOrO pas, MOJY4HM
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6LICTPO cXonsmuiics HTepalMoHHBI Mpolecc (MOXHO MOKa3aTh, YTO €ro CXOAUMOCTb
6yzeT KBagpaTHYHOI).

IMpn pasnuuaomuXcs N0 MOXY/I0 KOPHAX MOC/Ae MHOFOKpaTHOrO KBajpHpoBa-
HUS BBUIOJNHAKTCS COOTHOUIEHHS

bn—i bn-z

by |7 B |7

Ecan cpenw kopHeli ecTb paBHBle IO MOAYJIO (B YacTHOCTH, KpaTHEIE), TO 3TO
cooTHolleHHe Hapymaercd. Hanpumep, ecnnm Bropoli KopeHb 6yAeT ABYKpaTHBIM,
TO MOMY4YHM

b
by

bn—4

bn-3

bn_i bn—a bn-3

b, B >...

Ec/u KOPHM PaBHEL TONBKO TO MORYJIO, HO Xp 5% %; (HanmpHMep, KOMIIEKCHO-
compsKeHHEIE KODEH), TO 3TO ciydafiHoe coBnageHue. Takhe KOPHH YHOGHee BCero
pasnenstb cxBUroM. PaccMoTpuM MHorowneH R (x)=P, (x—E), rae § —cayuaiiHo
BEIGpaHHOEe KOMILJIeKcHoe uucjo. KopHH MHorownena R (x) OynyT yxe He paBHBI
Mexay co6oit mo Moxyno, H6O OHH OTJIHYAIOTCS OT KOPHEH HMCXOLHOTO MHOTOUJIeHA
Ha KOMILJIEKCHYIO BeJHYHHY §.

KpartHble KOpPHH pasfenuTb cABMroM Heab3sd. [lns HMX HaJo COCTaBJIATH Clie-
I HaJbHble QOPMYJIbl, SBHO YUHTHIBAIOIIMe, KaKOH KOpeHb KaKyiO KPaTHOCTb HMeEeT.
OnpenesuTh KPaTHOCTb KOPHe#l MCXHO IO NOBEJEHHIO OTHOIMIEHHH COCENHHX KO3(h-
¢dumnueHTOB.

OGpatHEI nmepexox OT KOpHeH KBaJpHpOBaHHLIX ypaBHEHHH K KODHSM HCXOA-
HOTO YypaBHeHHs OCYIUeCTBJISIETCS IIOC/efOBaTe/bHbIM H3BJeU€HHEM KBaJpaTHOro
KopHs. ITpu 3TOM NOSBJAIOTCA JIOXKHBIe KODHH; HX Hal0 OGHAapYXKHTb MONCTAHOBKOH
B MCXOJHOe ypaBHeHHe H OTGDOCHTB.

MerTon KBajpHUpPOBAaHUA TO3BOJISET JIEFKO BHIIOJHHTbL BCe pacyeThl Ha KJaBHII-
Heix MampHax. OH re TpefyeT 3ajaHHsl Kakoro-Au60 HyJNeBOTO MPUGIHKeHHS.
Ho nas mporpammuposanus Ha OBM 310T MeTOn He ocoGeHHO ymnoGeH. Bo-nepsrix,
foc/ie HeCKOJbKHX KBajpHPOBaHHMI B pacyeTe BO3HHKAIOT OGHIYHO GOsIbilMe uHc/a,
H BO3MOXHO IepenojHeHHe, OT KOTOPOro NpPHXONHTCA CTPAaxoOBaThCs BBeJeHHEM
MaclTabHbix MHOXHTeell. Bo-BTOpEIX, NpH HalMYMH KPaTHHIX KopHell TpeGyercs
MPOHM3BECTH JOBOJBLHO IPOMO3JKHMI JIOTHYECKHH aHA/HM3 M NPHUMEHHTb HeCTaHJApT-
Hule (hOpMYJIBI BHIUHMCJIEHHS.

bp-i

§ 3. CucreMbl HeJqMHEHHBIX YpaBHEHHIt

1. Meroa npoctbix Htepauuii. CucreMy HelHHEHHBIX ypaBHEHHH
MOXKHO KpaTKO 3amMcaTb B BEKTOPHOM BHJE

: fx)=0 43)
unu Gosee MoApoGHO B KOOPAHHATHOM BHIE
fo(X1y %oy ...y X,)=0, 1<k<n.

Takue cucTeMbl pellalOT MPAKTUYECKH TOJBKO HTEPALHOHHBEIMH METO-
zamd. HyseBoe mnpuGnuxkeHue B Ciaydae [BYX NepeMEHHBIX MOXKHO
Ha#iTu rpaduyecku: TNOCTPOHUTb HA IIOCKOCTH (X3, Xp) KpHBHE
fi (*ys X)=0 u fy(xy, %,)=0 u HAHTH TOuKM UX nepecedyeHus. Jas
Tpex u GoJjlee NMepeMeHHBIX (4 TaKKe [1J1s1 KOMIUIEKCHBIX KOpHeH) yno-
BJIETBOPUTEIbHBIX CINOCOOOB MOJGOpa HYJEBHIX NPHOIHMKEHHH Her.
PaccMoTpuM MeTop npocmeix umepayuti, Ha3blBaeMbIA TaKKe MeTo-
JIOM  nocaedosamenvrolx npubausicesull. AHATOTHYHO OLHOMEPHOMY
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clyyalo, 3aMeHHM HeNTHHefHyIo cucreMy (43) 5KBHBaJEHTHOH CHCTe-
MOl CheluajbHOro BHAA X =@ (Xx). BroibepeM HekoTopoe HyJIeBoe
npubMMKeHHe M JanbHelllle NpUGIMKEeHUs Ha#izeM o QopMmynam

- x(8+1) =@ (x(s)) (44)
XHD = qp (9, %9, ..., x¥), 1<k<n.

Ecnu utepauyu CXORATCS, TO OHH CXOAATCA K PEIIEHHIO YDaBHEHHS
(mpenroJiaraeTcs, 4TO pelIeHHEe CYLIECTBYET).

CxoauMOCTb HTEpalMil HCCIELYeM TaK e, Kak IJIsi OLHOH mepe-
MeHHOH. OGO3HAYHM KOMIIOHEHTHI pelLleHHs yepe3 ¥, U npeoGpasyem
TMOTPEIIHOCTh OYEPENHOH HTepauHH

x;:'l" l)—)-Ck=(Pk(xi$)’ ey xs:))_ P (x'l’ e, xn)=
=@ (x(s)) — Qr (—‘x) = [aQ)k (gk)/al] p (x(s), -‘—x‘) =
= X (4 — %) (09 (4)/05:],

rae | —HanpaBjieHHe, COEHHSIOUlEE MHOrOMepHHe TOukH X&) u x,
a §,— HeKkoropas TOYKa, Jexailas MexIy HAMH Ha 5TOM HampabJe-
HHM. OTO pABEHCTBO O03HAYaeT, YTO BEKTOP MOTPELIHOCTH HOBOTO
NpHOJIMKEHUS] DAaBEH MaTpHIe MPOH3BOAHBIX, YMHOXKEHHOH Ha BEKTOP
TIOrPEIIHOCTH  TPEAbIAYIIEro - npubauxenus. Ecan Kakasa-HUGYIb
HOpMa MaTpHIbl NMPOU3BOAHBIX {0¢y (§:)/0X;}, cornacoBaHHasi C HEKO-
TOpPOH HOPMOH BEKTOpa, MEHbIIE €JUHMIIbl, TO HOPMa IOTPEIIHOCTH
yOblBaeT OT HTEpalUMH K HTEepalHH 1O TeoMETPHYECKOH MpPOrpeccui.
Oro 03HayaeT JUHEHHYIO CXOXHMOCTb METOJa.

Ha npaktuke ynoGHeli paccMaTpuBaTb MaTpHLY C 3JIEMEHTaMH
My =max | 0¢,/0x;|. HopMbl 3TOH MaTpHIBl MaXKOPHUPYIOT COOTBET-
CTBYIOLIME HOPMBl MATpHIbI MPOHU3BOAHBIX, IO3TCMY GOCHIAMOYHbIM
ycnosuem cxodumocmu seasemcst || My | <<1. Tlpu wucnonb3oBanuU
PasHbIX HOPM MATpHIL[ 3TO YCJOBHE NMPHHHMAET Takhe (opMbl:

n n n
ZMki<l9 WIH Z Mki<1’ WU Z Mi < 1. (45)
i=1 E=1 Bim1

Kaxnas HopMa MaTpHubl COIJIacoBaHa C ONpeNeNeHHOH HOPMOH BeK-
TOpa, HO B KOHEYHOMEDHOM MPOCTPAHCTBE BCE HOPMBI 3KBHBAJEHTHEI.
3HAYUT, €C/IH HTepallUH CXOAATCSH B OJHOH HOPME, TO OHH CXOASTCA
H BO BCEX OCTa/JbHBIX HOpMaXx.

ITocko/bKYy CXONHMOCTb JIMHEHHAsi, TO OKAHUHBATh HTEPANUH
MOXHO IO KDHTEPHIO CXOAMMOCTH (26), BLINMOJHEHHE KOTOPOTO HAjo
NpOBEPATH /151 KaXI0H KOMIOHEHTHl. JINHEHHAA CXOAHNMOCTh JOBOJIbHO
MeJJIEHHA; TO3TOMY MOJIE3HO YTOYHATH PE3yJbTaT MporeccoM JHTKeHa
0 TPEM MOC/EIHHM HTEPanHUsM.
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Camn BBHIUHCIEHHS B METOAE MOC/AEIOBATENbHBIX MPHUGIHKEHHUH
npoctel. Ho 3aTo cloxHO HalTH TaKylo CHCTEMY X = ¢ (X), KOoTOpas
Ge1a 6bl 3KBMBA/NEHTHAa HCXOAHOH cucTteMe f(X)=0 ¥ OZHOBpEMEHHO
obecrnieunBajsa 6Bl CXOXHUMOCTb.

CxoauMocTb MeToaa HCpeAKO ynaeTcsa YyAYy4YIIHTb. B MeToje NpOCTHIX m-epaunﬁ
HalileHHOe npﬂ6.aneHue x;:"") HCTNIONB3YeTCs1 TOJMBbKO JJIs1 BBEIUHC/IEHHS Cleaylo-

mel HTepaUHH. MoOXHO HCIONB30BaTh €ro yxe Ha JlaHHO#H HTepalHH A/ BBIYHCIIE-
HUSA CaeayIoMHX KOMITOHEHT:

s41) __ s+41 s+ 1 s+ 1 s s s)

AT V=g, (x50, xFHD, 28D, £, %0, L, 1D, (46)
CXOIMMOCTh 3TOTO BapHaHTa MeTOJa TOXe JHHeHHas; NeTaJbHO ee HCCIENOBATh He
Gymem. [IpH pYUHBIX pacueTax MOMXHO elle YCKODHTh CXOJHMOCTh 33 CueT mepe-
CTaHOBOK  OTAG/bHBIX ypaBHeHHH Ha OCHOBe aHAH3a HX HeBSI30K rf) —
=1 e, () =2 —xFtY; Ho anm pacseros na IBM s10 HeymoGHO, G0
0GLIUHO TaKOH AHATM3 MONYHHTYMTHBEH M IUIOXO aIrOPHTMH3HDYeTCS.

2, Merox Hbniotona. IlycTb H3BECTHO HEKOTOpOe NpHOIHKEHHE
x9) k kopmio x. Kak u /s OfHOH MepeMeHHOH, 3aMHIIeM HCXOLH VIO
cucreMy (43) B Buge f(x'9 +Ax) =0, rre Ax = x — x'). Pasnaras
5TH ypaBHEHHS B Ds/bl H OTPAHUYHMBASCh NEPBEIMH AuddepeHunasamu,
T. €. JIHHeapu3ys (YHKIHIO, MOJTYYHM

d a (s)
2 fkaf: )Ax;{s) __ fk (x(s)), l<k<n. (47)
i=1

910 cHcTeMa ypaBHEHUH, JHHEHHBIX OTHOCHTENBHO mpupaimeHuit Ax{),

BCE KO3(ULHEHTHl 3TOH CHCTEMbl BHIPAXKAIOTCA Yepe3 IOC/enHee
npubnuxkenue x'). PeUIHB 3Ty CHCTEMY (HanpuMep, METOLOM HCKJIIO-
yeHHs), HalZeM HOBoe MPHOMIKeHHE XSt = x(8) L Axls),

Kak u nas oxHoit mepemenHoii, MeTol HbloToHa MoxkHO dop-
MaJIbHO CBECTH K METOAY NOC/eN0BaTeNbHbIX NMPUOIHKEHUH, TOJOXKUB
¢ (x) =x —[0f/0x]}f(x), rne [df/ox]* ecTb MaTpuua, oGpaTHas
MaTpUUe MpPOHU3BOAHBIX. AHAJOTHYHO IIPOBOLHUTCA TEOPETHUECKHUil
aHanu3 ycaoBHH cxoauMocTH. OIHAKO JOCTAaTOYHOE YCJIOBHE CXONH-
MOCTH, 3alHCaHHOe B KOODAMHATHOH ¢opme, 31eCb MMEeT HaCTOJBKO
C/IOKHBIA BMA, YTO MPOBEPUTb €ro BBHIMOJHHMOCTb IIOYTH HUKOIJA
He yaraercsd. OTMeTHM TOJBKO OYEBHAHBIH Pe3yJbTaT: 8 JOCMAMO4HO
MQ00i OKpecmHocmu KOpHA umepayuu cxo0amea, ecau det [0f/0x] =0,
npudem cxo0umocms Keadpamu4Has.

CienoBaTe/bHO, €ClH HYJI€BOe NpPHGIMMKEHHE BHIOPAHO YHAauHo,
To Mmerog HploToHa cxogurcs, npuueM OueHb GBICTPO (OOBIYHO 32
3—5 wurepauuii). ITosToMy Ha NpaKTHKE 3TOT METOX HCIOJb3YIOT
yaie BCEro. '

B ornnyue or meroma mpocrthix uTepauui, Aas MeTofa Helotona
XOpOLIUM KPHTepHeM OKOHYaHHS HTepauud SABIAETCS YCIOBHE
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| x(9) — x(+) ||<<e. B caMoM gene, BG/IM3M KOPHS HBIOTOHOBCKHE
WTepaluH CXONATCS KBAAPATHYHO, IOTOMY €CAH 3TOT KPHTEepHil

Boimonmen, To || x') —x|~e?2<Le. Bubupas &~ 10:5— 106,
MOXKHO MOJIYYHUTh peELIEHHEe C NEeCATKOM BEpHBIX 3HAKOB.

Bolyncitennss B Metofie HbIOTOHAa HeCKONBKO CJIOMKHee, yeM IpH NPOCTHIX MTe-
panusx, K60 Ha Kaxaofi MTepauuu TpeGyeTcs HAXONHTh MATPHLY NPOH3BOLHEIX H
peliath CHCTeMy JIMHeHHBIX ypaBHel'Mil. [103TOMY B HEKOTODHIX y4eGHHKaX peKo-
MEHAYIOT TaKoil NpHeM: BBIMMCIHTB MaTpuuy [0f/0Xx]™! TONbKO Ha HauaqbHOH HTe-
paluy M KCIHOJb30BATh €6 Ha BCeX OCTaNbHBIX HTepaLHsX.

Onlako CXORMMOCIb TpPH 5TOM BUIOH3MEHEHWH CTAHOBMTCS JIMHEHHOMN, mpuueM
oGBlyHO He C MaJioit KOHCTaHTOi, H6O MaTpHIa NMPOM3BOAHLIX HA HayajbHOHM HTe-
paluM MOXKET 3aMeTHO OTJIHUAaThCs OT OKOHuaTeabHOH. [T03TOMY cKOpOCTh cxomu-
MOCTH 3aMeTHO yMeHbluaeTcsi H TpefyeMoe YMCIO HTepamuil Bo3pacraer.

n
3. Meroap cnmycka. Paccmorpum dynkumio @ (x)= 3] |fx (%) .
k=1
Ona HeoTpuuartenbHa W obpauiaeTcs B HyJb B TOM H TOJIBKO B TOM
cayuae, ecnu f(x)=0. Takum o6pa3om, pelieHHe UCXOLHOH CHCTEMBI
ypaBHeHu#l (43) GyldeT OXHOBPEMEHHO HYJIEBHIM MHHHMYMOM CKaJsip-
HOH (yHKUMH MHOrHX nepeMeHHbIXx @ (x).

HHorpa O6blBaeT mpolle HCKaTh TAaKOH MHHHMYM, YeM pewaTh
cucTeMy YypaBHeHHH. MeToibl moucka MHHHMYMa GYAYT pacCMOTPEHBI
B rnaBe VII. B ocHOBHOM 3TO HTepauHOHHbIE METOAH! CITYCKA, T. €.
IBHXKEHHUS B HalpaBleHHH yOblBaHHA GYHKUMM. Bce meronmsl crycka
/11 TNafKuX (YHKUHE CXOAATCH, HO 3a4acTylo — JOBOJIBHO IIJIOXO.
[MosToMy Ha XOpOIIYIO TOYHOCTb IIOJYYEHHOTO peEIleHHs TPYAHO pac-
CUHTBIBATH; ONHAKO 3THM CIOCOGOM OGBIYHO MOXKHO HafTH pasyMHOe
npubIHKEHHe, KOTOpOE MOTOM MOXHO YTOYHATh MeToioM HploToHa.

Hano noMHHTB, 4YTO MeTOJ CNYyCKa B 3aBHCHMOCTH OT BhIGOpa
HYJIEBOTO TPUOGIHKEHHUST MOXKET COHTHCH K JII060MY MHHUMYMY QYHKIIHH.
A odyukuua @ (x) MOXKeT MMeTb HEHYJ/IEBbE JIOKA/JbHble MHHHMYMEI,
KOTOpble He SABJSIOTCS peIlIeHHSAMH HCXOINHOH CHMCTeMbl ypaBHEHHIA.

4. UtepauHoHHble MeTOAbl pELIEHHs] JIMHEHHBIX CHCTEM HHOTAA JOIOJHSIIOT,
a HHOrJa 3aMeHsOT NMpsMble METOB.

Pewasi suHeitHyto cucTemy (1) o6iuero Buaa MerogoM HCKJIOYEHHS, MOMyTHO
MOXHO IpOBEpPHTb, HACKONBKO XOpOIIO OHa ofycaosieHa. Peienue, HalineHHoe
NpsAMBIM METOJOM, H3-32 OWIMGOK OKpyraeHust OypeT npubaumxennsiM. Herpynro
[IPOBEPHTE, YTO NMONpPABKH K HeMY YNOBJETBODSIT YPaBHEHHAM

n
Z apiAxj=rp, l1<<k<n, 48)

1=1

TAe rp—HeBa3kH (7). D10 JHMHeHHAs cHCTeMa C TOH e MaTpHulelf, 4TO HCXOAHASA
cuctema (l). PemmmM ee, Hconb3ys paHee HaiileHHble KO3(Q(HUHEHTH ¢pp (T. €.
NouTH He yBeMuuMBasi obumero o6beMa BbIYHCIeHHI). Panee orMeuanock, uTo
B Merone I'aycca HeBf3kM Mausl. ECHH BeJMYHHBI AX; TOXE OKamyTCs MaJjbIMH,
TO CHCTeMa XOpowo 0GYC/IOBjeHa; eciH GOJNbLIHMH —TO IJIoX0. B mocienHeM ciy-
Yae 3ayacTyl0 yjaeTcs YTOUHHTb pellleHHe, paccMaTpuBasi (48) KaK HTepaluOHHBIH
npouecc HbioToHa u jenas 2—3 HTepauuH.
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Ilns yTouHeHHs: o6paTHol MaTpHIBL TOXe ecTh HTePAalUOHHEIH NMpPOLECC C KBaj-
PaTHYHOH CXOAMMOCTBIO

Ay 1=A7" 4 AT'Rs, Ry=E—AAs". (49)

Onnako Kakpuasi WTepauus sToro npouecca TpebGyeT 4n3 apudMeTHueckux aeiict-
BuH, T. e. BABoe OCoJbllle, ueM npsMoe obpalleHHe MaTpHIbl no Merofam [aycca
umn JKopnana. IlosTomy B NpakTHueCKMX BhIYMC/AEHHSAX 3TOT Ipouecc Telephb He
HpHMEHSIOT. .

[Tpn oueHb MIOXOH OGYCHOBJIEHHOCTH MaTpHIE, 06a ONHCAHHBIX METOLA YTOY-
HeHHsl MoOryT mHoTpeGoBaTh BEHIYHCJIEHHH C IBONHBIM M Gojlee YHCIOM 3HAKOB, HO
TOTZAa Jyylle NPHMEHSTH DEryJasipH3UpPYIOUIKe AJTrOPHUTMBIL.

Ectb BaHasg rpynna safau, NPUBOAALLAS K JHHEHHHIM CHCTEMaM C COTHSIMH
H THICSYaMH HEH3BeCTHbIX. JTO pelleHHe IBYMeDHBIX H TPeXMEpHBIX YypaBHEHHH
B UYACTHBIX NPOM3BOAHBIX 3JUIHNTHYECKOrO THNA NpH IIOMOLIH Pa3HOCTHEIX CXeM.
Marpuuel TakHx cHcTeM cjaGo 3amoJHeHBl, HO pacnojioXKeHHe HYJIeBHIX 37eMEHTOB
TaKOBO, YTO METOA HCKJIOYEHHS He MOXET INOJHOCTBbIO HCIO/Mb30BaTh OCOGEHHOCTH
CTPYKTYpbl MaTpHUbl M NPHBOAHT K GosbllioMy ofbeMy BriuucieHuit. Kpome Toro,
B MeTOle MCKJIOUeHHMsl MAaTpHIB TaKHX CHCTeM He TMOMEIAloTCs B OMNepaTHBHOH
namatd OBM, a ofpaieHue K BHelIHell NaMATH ellle Gojlee YBeJHUHBAeT BpeMs
pacyera.

ITono6GHele JHEEHHBIE CHCTEMBl 3ayacTyiO BHI'OAHO pellaTh HTePAlHOHHBIMH Me-
Togamu. CoBpeMeHHble HTepAHOHHBIE MeTObl MBI paccMoTpuM B riaBe XII, moces-
IeHHON 3JIJMNTHYECKHM ypaBHEHHsM. 3/eCb YNOMSHEM TOJBKO JBAa CTaphIX METoMa,
yxe He HCIOJb3YyeMBIX B NPAaKTHUECKHX BHIYHCIEHHSX, HO YAOGHBIX AJIsi HEKOTOPHIX
TEOpETHYECKHX OLEHOK.

OfuH M3 HHX—CTallMOHAPHBIA MeTOJ IPOCTHIX WTepallHil, OCHOBAHilblil Ha NpH-
BefleHUH GucTeMbl AX=>5 K 5KBHBaJeHTHOH CHCTeMe CIeLHaJbHOro BHAA:

x=Cx--d. (50)

3anHch HTepallMOHHOTO Ipolecca ouyeBMAHA. [ CXONHMOCTH HTepaulH¥l JocTa-
TOYHO, ec/iM Kakas-HuGynb HopMa || C || << 1. B 3roil 3agaue u3BecTHO jgaxe Heo6-
XOAUMOE H JIOCTAaTOYHOE YCJIOBHE CXOIMMOCTH —MORYJH BCeX COGCTBEHHHIX 3Haue-
Huit MaTpuupl C JOMKHB OBITh MeHbLe eIHWHHIB; HO Ha NMPaKTHKe 3THM YCJIOBHeM
TPYAHO BOCTOJB30BAThCH, W60 HaHTH COGCTBEHHbIE 3HAUEHHS OGHIYHO C/IOXKHEe, yeM
peluTs JHHEHHYIO0 CHCTEMY.

K Buay (50) cHcTeMy MOXHO NMpPHBeCTH, HallpuMep, BhAETEHHEM JHATOHAMLHBHIX
3JIeMEHTOB

xk:aka by — Z ApiXi ), l<k<n. (1)
iZk

B 3Toii 3anMcH JerKo yuecThb HaJIHuHe Hynell B Matpuue A M IPH yMHOMKEHHH
MaTpHIbl Ha BEKTOP CYMMHPOBaTh TONBKO IO HEHYJIEBbIM a/eMeHTaM. [IpH Mcnonb-
30BaHMH pPa3MHYHbHIX HOPM MaTpHILI JOCTAaTOYHbE YCJIOBHS CXOLMMOCTH HTepamHil

TNpUHHUMAIOT BHJ
<1, umum 2’% <1, unuZZ,aﬂ
(7 (73
k#i PRED

2
i£k

4TO O3HayaeT npeob.iadarue OUA2OHAAbHLIY INEMEHMO8 MATPHUE (CPaBHHTE YC/IOBHS
YCTOHYHBOCTH MeTofa mporoHkH (14)).

Ecnu MeTonl CXONMTCS, TO KOpeHh YpaBHeHHS Cy'ulecTByeT. TakuM oGpasom,
npeo6nafanue JHArOHANbHBLIX 3JeMEHTOB MATPHLB! B CMbIC/JE ORHOrO H3 HepaBeHCTB
(52) sBiseTCH TpPH3HAKOM TOro, 4TO CHCTeMa JHHedHbIX ypaBHeHuil (1) umeer
pellerue, T. e, det A540. JTuM npusHakoM Mbl GyZeM uacToO NOJbL30OBATLCS NpPH
HCC/IeOBAHHM Pa3pellIMOCTH HEeSIBHBIX Pa3HOCTHBIX CXeM.

2

et <1, (2

Ak
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3aMeruM, uto ueM MeHblle || C ||, Tem GbicTpeil cxomaTcs uTepauuu. Haumyu-
IIHe cOBPeMeHHHIe MeTONbl OCHOBAHBI Ha CNeLHaNbHEIX crioco6ax BriGopa Marpuusl C,
IIPH KOTOPHIX ee HOPMa CTaHOBHTCS MHHHMAaJbHOH B HEKOTODOM CMEICTE.

Bropoit —meTon, 3efipens. Ins ypaBHeHHst (51) oH HMMeeT Takoi BHI:

k—1 n
x}f"‘”:aL by — Z akixgs"'l’— 2 a9, I<k<n  (53)
kk i=1 =k

Heo6xonuMoe M IOCTaTOYHOE YCJIOBHE €ro CXOAHMOCTH He COBNajaeT C yCJIOBHEM
CXOLMMOCTH IPOCTHIX HTepallMii, H B DPa3HbIX YCJIOBHSIX OH MOMeT OHITh BEHIrOfeH
WM HeBhirogeH. OTMETHM OIMH NPH3HAK CXOJHMOCTH: eC/H MaTpHua A — 3pMHTOBa
U TOJOXKHUTENBHO ONpeleneHHas, To MeTox 3eiizens B dopme (53) coBnanaer c MeTo-
OM TMOKOOPAMHATHOIO CHYCKa AJIS pellleHHsl 3aJayd Ha MHHHMYM KBaJpaTHYHOMH
dopmel (x, Ax)—2 (b, x)=min; Kak OygeT mnokasaro B riase VII, meron mo-
KOODAMHATHOrO CHyCKa CXOLMTCS, 4TO obecrmeuuBaeT CXORMMOCTb MeToja 3elifens
B JaHHOM Clyuyae.

3A0AYHU

1. 3anucath A8 TOYTH TpeyroapHOH Marpuiel (puc. 25, J) dopMyasl Metona
uckmaoueHuss Faycca ¢ 06X0f0OM HyJIeBHIX 3JIEMEHTOB.

2. MokasaTh, uyTo NpH MpeoGpasOBaHWH SPMHTOBHIX MATPHIl, H306pa’KEHHEIX
Ha puc. 25, a—e, B npousBefeHue (15) CTPYKTypa TpeyroJbHbIX MaTpHU MNofo6Ha
CTPYKType MCXOZHBIX MaTpHL.

3. Jloxasath, uTO TepBHIH WTepallMOHHLIH npouecc (25) He CXONMTCH, a BTOPOH
CXOLUTCS TPH JIIOGOM (TOJIORKHTESHHOM) HyJEBOM NPHOTHXKEHHH.

4, HafiTd acHMIITOTHYECKYIO CKOPOCTb CXOAMMOCTH MeToZa ceKymux (32)
B6nU3M KOPHSI KPaTHOCTH p.

5. JIoKasaTh, YTO CKODOCTb CXONMMOCTH MeToga mapaGos BEJM3H NPOCTOro
KOpHSl ompefesisiercss (opMyuoit (37); HCCIENOBATh CXOLMMOCTb BOJIMSH KDATHOTO
KOpHA.

6. JlokasaTp, 4TO MeTOA KBafpPHPOBAHHS CXONHMTCS KBajpaTHUHO.

7. BriBecTH (OpMyJbl METOAd KBaApHPOBAHHS ANS CJyuas, KOrna HauGombimit
[0 MOLY/IO KOpeHb — ABYKPATHBIA.

8. IlokasaTh, 4TO WTepANMOHHBIA npomecc (49) AnA HaxoxjeHus o6paTHOH
MaTpHIB CXORHTCS KBaJpaTHYHO.



FTTABA VI

AJITEBPAHYECKASI NMPOBJIEMA
COBCTBEHHBIX 3HAYEHHHA

B rsaBe VI paccMoTpeHbl MeTombl HaXoXIeHHsI cOOCTBEHHBIX 3HaueHHii U co6-
CTBEHHBIX BEKTODOB KBaApaTHHIX MaTpull. B § 1 HanoxeHbl HeoGXONUMLIE CBEJeHH St
N0 JIMHejiHOfi ajre6Gpe, pacCMOTpeHa YCTOHYHBOCTh NMpPOGJAEMbl COGCTBEHHBLIX 3Haue-
HHH M JDaHBl NMpocThle (HO CPaBHHTENbHO MelJIeHIIble) YHCJCHHBIE METOAB pelleHus,
Haubosnee ObicTpble UYHC/EHHble METOABI HAXOXIEHHS BCeX COGCTBEHHBIX 3HAUEHHH
H cOGCTBEHHBIX -BEKTOPOB 3DMHTOBBIX MaTpHI pa3o6GpaHbl B § 2, a HEIPMHTOBHIX
matpui—B § 3. B § 4 H3j0XeHE MeTOABI, KOTOpHE OKasblBalOTC GoJjiee BHIFOf-
HHIMH IIpH ONpefle/leHHH He BceX, a HEKOTOPbIX cOOGCTBeHHBLIX 3HAyeHHH H COGCT-
BEHHBIX BEKTOPOB.

§ 1. Mpo6Grema M npocTeiiine METOMbI

1. dnemeHTHl Teopuu. HamoMHHM HeKOTOphIe CBelEHHS H3 Kypca
nuHeliHO# anrebpnl. Ecnu A — KBaJpaTHas MaTpuua n-ro nopsiika H
Ax=>\x mpu x=£0, TO uyuCIO A Ha3bIBAaeTCS COOCHMBEHHbIM 3Hate-
Huem -MATPHIBl, a HEHYJEeBOH BEKTOP X — COOTBETCTBYIOLIUM eMy
co6cmeennowm eexmopom. Ilepenuiiem 3agauy B BHIE

(A—MAE)x=0, x=0. (1)

s cyluecTBOBaHUS HETPHBHAbHOrO penreHus 3agaudu (1) momkHO
BBINOJIHATECS YCJIOBUE
det (A —AE)=0. 2

droT ompegenuTeNb SBASETCS MHOTOWIEHOM r-d CTENEHH OT A; €ro
HAa3bIBAIOT XAPAKMEPUCIUMECKUM MHO204/eHOM. 3HAUHUT, CYLIECTBYET
1 COGCTBEHHBIX 3HAYEHHI — KOpHEH 3TOro MHOTOYJeHa, CpeiH KOTo-
pBIX MOTrYT GbiTh OIMHAKOBLHE (KpaTHbE). B NpHHUHIE MOXHO BBbI-
YHCAUTh XapaKTepHUCTHYECKHH MHOTOWIEH M HaHTH Bce €ro KOpHH.

Ecay HaileHO HEKOTOpoe COOGCTBEHHOE 3HaueHHe, TO, NOACTABAS
ero B ONHOpOZHYIO cucremy (l), MOXKHO ONpENENHTh COOTBETCTBYIO-
Ui CcOOCTBEHHbIH BEKTOp. DyneM HOPMHPOBAaTb COGCTBEHHbBIE BEK-
Tophl *). Torza KaxuoMy MpOCTOMY (HE KPaTHOMY) COGCTBEHHOMY

*) HopMupoBKO#l (Ha eiuWHHIy) BeKTOpa X Ha3pBalOT YMHOXEHHEe ero Ha
|| X |I71; HOpMHpOBaHHEIH BEKTOp HMeeT eAHHUYHYIO AJIHHY.
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3HAYEHHUIO COOTBETCTBYET OAHMH (C TOYHOCTBIO [0 HanpaBjeHHs) coGCT-
BeHHBIH BEKTOp, @ COBOKYIHOCTb BCEX COOCTBEHHBIX BEKTOPOB, COOT-
BETCTBYIOLUMX COBOKYIIHOCTH IPOCTHIX COOCTBEHHBIX 3HAYeHHH, JH~
HeliHO-He3aBucuMa. TakuMm o6pa3oM, ecau Bce cOGCTBEHHbIE 3HAYEHH A
MaTpHUlbl NPOCTbIE, TO OHA KMEET £ JHHEeHHO-He3aBHCHUMBIX COGCTBEH-
HbIX BEKTOPOB, KOTOpHe 00pasyloT 6a3uc NpOCTPAHCTBA.

KparHomy coGCTBEHHOMY 3HAuY€HUIO KPaTHOCTH p MOXKET COOTBET-
CTBOBaThb OT 1 0 p /MHeHHO-He3aBHUCHMBIX COGCTBEHHBIX BEKTOPOB.
Hanpumep, paccMOTpUM TaKHe MaTpPHLbl YeTBEPTOTO IOpsAKa:

0
0
o E
a

0 r

A= C4= 5 B=

o oo

0
0
1
a

oK —~ O

0 a 0
1 0 a
a 00
0 00

oo Q —~

a
0
0
0

oo o
oo o

0
ol
a

Y Kaxnoéi U3 HUX XapaKTepHCTHYECKOE YpaBHEHUE MPHHUMAET BHJ
det (A —AE)=(a—M*=0, a caenoBaTenbHO, COGCTBEHHOE 3HAUEHHE
A=a ¥ umeer KpaTHocTb p=4. OpHako y mnepBOH MaTpHLB €CTb
YeThIpe JHHEHHO-He3aBUCHMBIX COOCTBEHHBIX BEKTOpa

/1 (0\ /0\\ /0
1o 1 0) 0},
e1=K\0 ’ ez=\0 ’ 83=‘\1/, e4=(0 ’ (4)
0 \0 \o/ \1

3TO JIETKO NPOBEPUTh, [OOYEPENHO MOJCTABMASAS BEKTOpPHI (4) B paBeH-
ctBo (l). ¥ Bropoil ke MaTpHIEI MMEETCS TOJbKO OJHH COGCTBEHHBIH
BeKTOp e;. B camoM gene, mycTb ee COGCTBEHHBIH BEKTOP X HMeET
KOMIIOHEHTHI X;; TOrfa ypaBHeHue (1) mpumer nsis Hee BHI

: 0100 (xl xz\
o010 x| [xs) .
Gi—MAE)x=|0 0 o0 1| o= x4/—0, A=aq,
0 0 0 01 \g, 0

OTKYla Xp=X3=X,=0, a x,=1 B culy YCJIOBHS HOPMHPOBKH.
BTopylo MmarpuLy HasblBalOT MNpPOCTOH sicopdanosol (WU Kiaaccuue-
CKOH) nodmampuyeii. Tperbsl MaTpPHIA HMEET TaK Ha3bIBAEMYIO KaHO-
HUYECKYI0 XKOphaHoBy ¢opmy (0 JAMAaroHajdd CToAT Ju60 4Ywucaa,
JIHGO KOPJAAHOBbI MOAMATPHIL, & OCTAJIbHbIE 3/IEMEHTHl PaBHBI HYJIIO).
Ee co6CTBeHHBIMH BEKTOPAMH SIBIAIOTCA €; U €,; B 3TOM JIErKO
y6eIUTbCSl TNpU TOMOLIM BHIKJIAJKH, aHAJOTHYHOH TONBKO YTO Mpo-
JeNaHHOH.

Takum 0GpasoM, eciu Cpeid COGCTBEHHBIX 3HAYEHHH MaTPHIbI
€CThb KpaTHble, TO €e COOGCTBEHHBIE BEKTOpPhl HE Bcerga 06pasyior
6asuc. OnHAKO M B 3TOM C/yyae COOCTBEHHBIE BEKTODHI, COOTBETCT-
BYIOUIHE pa3/MYHbIM COGCTBEHHLIM 3HAYEHHSIM, SABIAOTCH JHHEHHO-
HE3aBHCHMEIMHU.
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3ajaua Ha COGCTBEHHBIE 3HAYEHHS JIEFKO pellaeTcsl A/ HEKOTO-
pBIX TPOCTHIX (OpPM MaTpHIbL: JHArOHANbHOH, TPEXJAHArOHaIbHOH,
TPeyroJbHOH WM INOYTH TpeyroibHoH. Hampumep, omnpenenurens
TpeyroJbHO# (B 4aCTHOCTH, IMarovajbHOH) MAaTpHILI PaBeH NMpoH3Be-
JEHHUIO JHaroHaJbHBIX 3jJeMeHTOB. B 3rtom cnyuae A —AE Toxe Tpe-
yroibHass WIM JuaroHadbHas Marpuua. Ilostomy cobcmeennoie sna-
HeHUA MpeyzosbHol (OUQZ0HAALHOIL) Mampuybl PasHol OUA20HBAbHLIM
anemenmam. JIerko mnpoBepHTb, YTO JAHArOHA/NbHAs MaTpulia HMEET
n COGCTBEHHBIX OPTOHOPMHpOBaHHBIX BekTopoB e; = {0, ..., 0, 1,
0, ..., O}7, coOTBeTCTBYIOUIUX COGCTBEHHBIM 3HAYEHHAM A;= q;;;
Hao60poT, MaTpULA C TAKMMH COGCTBEHHBIMHM BEKTOPAMH JHMaroHajlbHa.

MHorue uucneHHble METOAbl pellleHHs 3aJay Ha COGCTBEHHBIE 3Ha-
4YeHHUA OCHOBAaHbl Ha NpPUBEJEHHH MaTpHLBl K OLHOH M3 IEpeyHc/eH-
HBIX BBIE IPOCTHIX (POPM IIpH TMOMOILH NPeo6PasoBaHUS MOJOOHUSA.
Martpuua G=F-'AF HaswBaercsi nodo6roti matpuue A. Ilycre m, y
CYTb COGCTBEHHOE 3HAuyeHHe W COOCTBEHHbIH BeKTOp MaTpHuubl G; Toraa
ny =Gy =F-'AFy, uro mocle yMHOXKeHHs cJeBa Ha MaTpuuy F naer
1n(Fy)=A (Fy). Orciona BuiHO, 4to M ¥ Fy cyTb COGCTBEHHOE 3HA-
yeHHe M CoGCTBeHHBIH BekTop Marpuubl A. CienoaresnbHo, npeofpa-
308aHue no00GUSL He MeHAem CODCMBEHHbIX 3HAYeHUll mampuybt U 10
OIIpEAE/NIEHHOMY 33aKOHY Ipeobpasyer ee cOOCTBEHHBIE BEKTOPBI.

Oco6eHHO yHOGHBI MpeoOpa3oBaHHSl MOZOGHS NPH MOMOIIM YHH-
TapHbIX Marpul *). Eciu opToHOpMMpOBaHHBIH 6asuc NpeoGpa3oBaTh
YHUTapHOH MaTrpHuue#, TO OH OCTaHETCS OPTOHOPMHPOBAaHHBIM. Eciu
noJo6HO npeofpas3oBaTh 3PMUTOBY MaTpPHLY NPH TOMOLIY YHUTApHOH,
TO OHAa OCTaeTcs SPMHUTOBOH; B camMoM Jeie,

B=U"AU, BP=@U"AU) =U"A" (U")" =U"AU=B.

Ecin A — HopManbHass MaTpulia, TO NPH MOJOGHOM YHHTapHOM Ipe-
06pa30BaHHH OHA OCTaeTcsl HOPMAJbHOH; 4YHTaTeJNsM IpeAJaraercs
IIPOBEPHTH 3TO.

HsBectHO, uTo nns soGoii Marpuubl A ecTb Takoe yHHTapHOe

npeoBpasosanne, uro UPAU spnserca Bepxmeil TpeyrosbHOH MaTpH-

*) HanoMHHM NpDHHATYIO TepMHHOJOrHI0. MaTpuua B HaspiBaeTCsl 3PMHTOBO
CONpMKeHHOR K MaTpulle A, eclH OHa MOJyyeHAa M3 Hee TDPAHCNOHHPOBaHHMEM
(3epKanbHLIM OTpaXKeHHeM OT IJIaBHOH JHAaroHajlH) C MocjefyloumeH 3avMeHOH 3ne-
MEHTOB KOMIIIEKCHO-CONpsKeHubMH, T. e, B= AT, ecnu b;, =ak;. Marpuua spmu-
TOBa, eC/IH OHAa 5PMHTOBO compsixeHa camoit cebe: A= A, u xocospmurosa, ecnu
oHa ypoBJetBopseT cooTHomennio A=— AF. Bemecrsennas spuutoBa Marpuua
Ha3bIBAeTCSl CHMMETPHYHOM, @ KOCOIPMHTOBA — KOCOCHMMETDHYHOM. YHHTapHOH Ha-
3biBaeTcs MaTpula, ofpaTHas csoeli apmuToBo compsiwennon: UM =U71; semecr-
BeHHble YHUTApHble MaTpHILBl Ha3BBAOT OPTOrOHaJbHBIMH. MaTpulla HasbiBaeTcs
HOpMaJlbHOl, €cd OHa MepPecTAaHOBOYHA CO CBOEH SPMHTOBO CONMpSMKEHHOH, T. e.
AAf =AH 4. Jlerko Buperb, 4TO SPMHTOBEle, KOCOSPMHTOBEIE W YHHTAapHEIE MaT-
PHUB ABJIAIOTCSA YAaCTHHIMH CJydyasMH HOPMaJjbHBIX.
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ue#t; eciu A —HOpMaJbHAas MaTpPHIA, TO 3TO yHHTapHOE Mpeo6paso-
BaHME NPUBOAUT €€ K JHaroHanbHOi Qopme.

Henocpencrsenno aisi mpakruyeckux BhluHcaeHHi Teopema Llypa
HHYEro HE 1aer, 6O HEHU3BECTEH CNOCOO HAXOXKAEHHS TAKOrO VHH-
TapHoro npeo6pa3oBaHus. Ho ofHO KOCBEHHOE CJEJCTBHE SIBJSIETCS
-BaxHbM. [locne ykasannoro npeo6pasoBanus HopMaJbHasi MaTpuua A
CTAHOBHTCSl JMArOHa/NbHOH; TOTJA €€ HOBHIE COGCTBEHHBIE BEKTOPHI
06pasyloT OpPTOHOPMHPOBAHHBIN Gasuc e;. CienoBaresbHO, COGCTBEH-
HBIE BEKTOpbl MCXOJHOH HOPMa/bHOH MATPHIE! MOMYYalOTCS W3 OPTO-
HODMHMPOBaHHOrO G6a3uca e; YHHTapHBIM INpeoGpa3oBaHHEM H caMH
06pa3yloT OPTOHOPMMPOBAHHBIA Gasuc.

10 CymecTBeHHO, K60 B MPaKTHKe BBHIYHCAEHHH YacTo BCTpe-
YaKOTCS HOPMAJIbHbIE MAaTPHILI, OCOGEHHO HX TAaKHE YacTHbIE C/y4ad,
KaK 3PMHTOBbI, KOCOIDMHTOBL M YHHMTapHble MaTpuubl. OproroHass-
Hble Ke MpeoOpasoBaHHsl 0GECNEUHBAIOT HAWGOJBIIYI0 YCTOHYHBOCTh
aJTOpHTMa IO OTHOLIEHHIO K oWMOKaM OKpyrjenus. e#icTBusa c He-
OpTOrOHAa/NbHBIMH 6a3ucaMd M NpPeo6pa30BAHUAMH NPH GOMBLIMX IO-
psilKax MaTpHIBl HEPENKO NPHUBOAAT K «PasbO/NTKe» cyera (3T0 yxKe
oTmeyasoch B raase Il B cBSI3M ¢ BompocamMH anmpoKCHMAaiuH).

He Bcskylo MaTpuIy ¢ KpaTHBIMH COGCTBEHHBIMH 3HAUYEHHSMH
MOXKHO N0J06HO mpeo6pa3oBaTh K AHAroHaabHOH ¢opme, HO ee 3aBe-
JIOMO MOXKHO mpeo6pasoBaThb K KaHOHMYECKOH KOpAAHOBOH Gopme.
Eciu xe MaTpuua HMeeT TOIbKO NPOCTble COGCTBEHHBIE 3HAUEHHS, TO
CYUIECTBYET InpeoGpasoBaHHE NOJOGHA (He 00s13aTeNbHO YHHTApHOE),
NpUBOAsAIEE e€e K JuaroHanbHOH. B camom gene, Takas marpuna
HMEET 7 JIHHEHHO-HE3aBUCHMBIX COGCTBEHHBIX BEKTOpOB. Martpuma F,
CTOJIGLAMH KOTOPO# SIBJASIIOTCS KOOPAMHATHI 3THX BEKTOPOB, INPeos-
pasyer Gasuc e; B 6asuC M3 COOCTBEHHBIX BEKTOPOB. J3HAYHUT, Mpe-
o6pasoBanue Nofo6us ¢ matpuuell F mpuBogut A K JHAaroHagbHOH

Me.
¢>0p2. Ycrojiuusocts. [l HccienoBaHHs YCTOHYMBOCTH MPOGJIEMBI
COGCTBEHHBIX 3HAUeHMA Hano HapsAy ¢ marpuued A paccmorpersb
5pMHTOBO compskeHHYI0 K Heit matpuuy A7, Tlockombky IIpH TPaH-
CTIOHHPOBAHUH MATpHLBl €e ONpeleNuTeIb HE MeHSeTcsl, a 3aMeHa
BCEX MaTpPHYHBIX 3/JEMEHTOB KOMILIEKCHO CONpSIKEeHHBIMH BEJTHYMHAMH
MPUBOAUT K 3aMeHe OMNpENEHTeNs TOXKe KOMIIJIEKCHO CONpSIKEHHBIM
gncaom, to det (A7 —A*E)=[det (A —AE)]*. Orciona BugHo, uTO
ecau A; ecTb cobeTBerHoe 3Havenue Marpuibl A, To det (47 — AYE) =0,
To ecTh A} ecTh co6eTBeHHoe 3Hauenue maTpuusl A7, Cnegosarensio,
COOCMBEHHbIE BHAMEHUS IPMUMOB0 CONPANCEHHOLX MAMPUY, KOMNAEKCHO-
conpsicentt dpye opyey.

OGo3HaunM coGCTBEHHbIE BeKTOphl Martpui A H A" coorsercr-
BEHHO uYepe3 X; U y;. JlokaxeM, YTO cOOCMBeHHble 8eKMOpPbL CONpPA-
JCEHHOLX MAMPUY, COOMBeMcmeyrousue pasaudrbim (TOYHEE, HE KOM-
IJIEKCHO-CONPSXKEHHBIM APYT APYTY) COOCMBEHHbIM SHAYEHUAM, 83AUMHO
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OpmocoRAaANbHbL. Jlns 9TOro HamuileM TOXKAECTBa
H
Ax,':?vixi, A y1'=}\:;ky}.

CkanspHO yMHOXHM *) TepBoe paBEHCTBO CJeBa Ha y;, a BTOpoe —
CnpaBa Ha X; M BBHYTEM ONHO M3 APYroro; NOJY4YHM

v, Ax)—(A"y,, x)=(y,, Mx)— My, x).

Bripaxkenne B JIeBOHl yacTH 3TOrO paBeHCTBAa paBHO HYJO. BriHocs A
U3 CKaJAPHBIX NpPOM3BENEHHH NMpaBOH YacTH 3TOrO PaBeHCTBAa, MOJY-
4YUM (}"l—}"j) (yj, 'xi)=0 HJIH

(9> x)=0 npu A4, (5)

4TO K TpeGoBasoCh [0Ka3aTh.

Orciona csenyer, 4To y 3pMHTOBBIX MaTpHI COOCTBEHHBIE 3Haye-
HUS BELIECTBEHHB!, a COOCTBEHHbIE BEKTOPH! 06pa3yIOT OPTOrOHANbHYIO
cHCTeMY (NOCKOJIBKY Y; = X;).

PaccMoTpuM  yCTOHYMBOCTb MNpOGJAEMH COGCTBEHHBIX 3HA4YEHUH.
Jlnsi mpoCTOTHl OrpaHHYMMCSH CJy4aeM, Korja COGCTBEHHBIE BEKTOPEI
MaTpHuubl 06pa3yioT 6a3uc, a JaHHOE COGCTBEHHOE 3HAYE€HHE — NIPOCToe.

Ecan HemHOro H3MEHHTb MaTpHYHBIE 3JEMEHTHl, TO [ONpPaBKHU
K COOGCTBEHHOMY 3HA4YeHHIO H COOTBETCTBYIOIIEMY BEKTOPY C TOYHO-
CTBIO JO BEJHYMH BTOPOro IOPSNKA MaJjJOCTH YAOBJETBOPSIOT JIMHEa-
PH30BAHHOMY YpPaBHEHHIO

A‘(‘)xi-l-ﬁA -x,’r\,vékpxi—l-)»,- 6xi‘. (6)

Pa3jioxkuMm nonpaBKy 8x; 10 HEBO3MYILEHHBHIM COGCTBEHHBIM BEKTO-
pam. BekTop Xx;-+ 0X; onpenesneH ¢ TOUHOCTBIO 10 MHOXKMTeNA; moxGe-
peM 3TOT MHOXHTeNb TaK, YTOObl JHaroHa/bHbIH KO3((HIHEHT pas-
JIOXKEeHHUST 06paTu/cs B HYJb:

n
6x,—=2 Eyx, Eu=0.

i=

IMopcraBnss sto pasnoxenue B (6) U yMHOXKasi C/IeBa Ha pPasiHyHbIE
COGCTBEHHbIE BEKTOPHl CONpPSIKEHHOH MAaTpHIbl, NMOJYYHM

(¥ X)) My~ (Wi, 8A-%1), & (A — M) (¥), X))~ (¥;, 04 - x)).

IMTockonbKy BapHauus MaTpPHLBI MOXKET ObiTh JIOGOH, TO MaKCHMYMbI
NpaBbIX 4YacTed OGOMX IIOCNENHMX paBeHCTB paBHBL || X |-y |l X
X max | 8ay,; |. Toria MakcHManbHO BO3MOXKHBbIE OLIMGKH COOCTBEHHOrO
3HAYEHHS ¥ KOMIIOHEHT COGCTBEHHOrO BEKTOpa He MPEeBHILIAIOT (C TOY-

*) HanoMHuM, YTO A/t KOMIJIEKCHBIX BEKTOPOB CKasspHOe INpou3BefeHHe

0o
pasHo (@, b)= )] a}b,.
k=1
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HOCTBIO JI0 OTGPOLIEHHEIX B XOfle BLIK/AJIOK GECKOHEUHO MaJsbIX Gollee
BLICOKOTO MOPsAKAa) CIENYIOHX 3HayeHHIl:

|| S wimax |8anl, |8y | <

l7» 7v| n;alxlﬁakll. )

3mech uepe3 x; o003HauUeH TaK HasblBaeMBIH [-H Koappuyuenm nepe-
K0CQ MaTpHIIbI

Vi, ) 0n3) 1
(xs ¥1) ~cos g’ \ ®)

rae ¢; ecTb YroJ MeXAY COOTBETCTBYIOUIMMH BEKTODAMH JaHHOM
MAaTpUIBl H 3pPMUTOBO CONPSXKEHHOH K HeH.

3aMeruM, 4TO I/ SPMHTOBOH MaTPHIbl BCe KOI(D(HLHEHTH mepe-
KOca PaBHBI elMHHIE, TIOCKOJLKY COOTBETCTBYIOIIHE BEKTOPHl OPTO-
TOHAMBHBL. A [/ THIHYHOH KOPAAHOBOH KJIETKH

Ao ) a0 ()

BHINONHSAETCA ycaoBHe (X;, ¥;) =0, T. e. Kospduuuent nepexoca
obpamaercss B OeckoHeYHOCTb. OueBHIHO, 4TO /IS MIOOBIX MaTpHIL
| % | =1.

BuiBogbl M3 OLEHKH (7) MOXKHO CQOPMYJIHPOBaTh CJEAYICIIHM
o6pa3om. CoGCTBEHHOE 3HAUEHHE YCTOHYHBO OTHOCHTENBHO BapHALMH
MaTPHYHBIX 3JIEMEHTOB, €CJH COOTBETCTBYIOUIMH eMy KO3(dduIueHT
nepekoca MaJj; €caH 3TOT KO3(phHLIHEHT MepeKoca O4YeHb BENHK, TO
YCTOHYMBOCTb MOXKeT ObiTh MNI0X0H. COGCTBEHHBIH BEKTOpP YCTOHUHB
10 MAaTPUYHBIM 3J1eMeHTaM, €cJH 6ce KO3(UIHEeHTH mNepekoca Mar-
PHLEI HEBENHKH, a JaHHOe COOCTBEHHOE 3HayeHHe — IIPOCTOE.

3HauuT, Bce COOGCTBEHHbIE 3HAYEHHS SPMHTOBBIX MATpPHI MAJo
YYBCTBHTEJNbHEl K MOTPELIHOCTAM MaTPHUYHBIX 3/J€MEHTOB. A co6cTBeH-
Hble 3HAUEHHS KOPJAHOBHIX MNOAMATPHIL MOI'YT OEITH OYE€Hb YYBCTBH-
TeJIbHEL K TOTPEIIHOCTSM. IIpounmocTpupyeM mociefHee Ha MpHMepe
He3pMHUTOBOH MaTpuubl 20-ro mopsaka:

=

720 20 0 0.. 0 O]
01920 0... 00
4-| 0 0182 ... 00

©)
0 0 0 0...2 20
e 0 0 0. 0 1]

rape uepes e 0603HaueHO . MaJioe BO3MYIIEHHE HYJEBOro YrJoBOro
SJIEMEHTA. Xapamepncmqecxoe ypaBHeHHe 3TOMH MaTpUUbl HMEET BHI

det (A —AE) = H (k — ) — 20%% =0 (10)

6 H. H. Kannrkun
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Ilpu e =0 mnammui KoshHUIMEHT XapaKTEPHCTHYECKOrO MHOrOUJIeHa
ectb q,=201~~2,6x10!®, a HauMmeHblllee 1O MOAYJIO COGCTBEHHOE
3HayeHHe Ayy=1. Eciu xe monoxuth &=20"19x20!~=5x 107, To
Ko3(p¢uIHeHT a, ofpamaercss B HyJb, a Torja A,,=0. Takum obpa-
30M, M KO3(QULHEHTH ¥ CcaMH KOpHHM XapaKTepHCTHYECKOI'O MHOrO-
YJ€Ha MOTYT OBITb OYeHb YYBCTBHTEJIbHBI K MalbiM NOTrPEIIHOCTAM
MaTpHYHLIX 3JIEMEHTOB, YTO O3HayaeT cJabyK YCTOHYHUBOCTb 3ahauyH.
Jro corsacyercsl Co CIeTaHHBIM B § 2 riaBel V 3aMeYaHHEM O TOM,
YTO KODHH MHOTOYJIEHAa BBICOKOH CTelleHH HEepEIKO YyBCTBHUTEIbHE
K TIOrpellHoCTsIM K03(¢hHIIHEHTOB.

Ho /151 5pMUTOBBIX MaTpHIL-COGCTBEHHBIE 3HAYEHHSI XOPOIIO “yCTOH-
YHMBBI' IO MAaTPHYHBIM 37eMeHTaM. Jlaxke AJNS HESPMHTOBBIX MaTpHIL
onacHa BapHaunus He Jo6oro koapduupeHra; HanpuMep, K BO3MY-
IIEeHHAM 3JIEMEHTOB TJIaBHOH NHaroHa/JH COOCTBEHHBIE 3HAYEHHS MaJjo
YyBCTBHTE/bHEI.

3. Meton uHTeprnoasuuu. Eciu Mbl HalileM XapaKTepUCTHYECKHI
MHOTOYJIEH, TO BCE €70 KOPHH HETPYAHO BHIUHUCIHTb, HaNpHUMEp, METO-
JnoM mnapa6on. B Merone mnapa6osn A HaXOXKJAEHHS OLHOTO KODHS
00bIyHO TpebyeTcs” okoso 10 pa3 BHUHCAWUTL MHOrouseH. [Tostomy
BAaXHO HaHTH crnoco6 GHICTPOrO BBIYUC/AEHHS XapaKTePHCTHUECKOTrO
MHOTrOuJIeHa.

Te wmerompl pemeHHst Mpo6/eMbl COGCTBEHHBIX 3HAUEHMH, KOTODHIE MO3BOJISIOT
OMpe[ie/INTh XapaKTePHCTHYECKHH MHOrCu/IeH 3a KOHeYHOe YHMCJAO JAeHCTBHI, Haskl-
BalOTCSl TNpsAMbIMM. MeTOfEl, B KOTODBIX XapaKTePHCTHUeCKHI MHOrO4JieH ompege-
JIIeTCST KaK Mpefes HEKOTOPOro HTepaunoHHOro npouecca, Ha3plBAlOTCSA HTEpanHoH-
HBIMH. 3To pasfie/leHHe HOCHT HeCKOJIbKO YCJIOBHBI XapakTep, HO0 JHaxe eciu
XapakTepHCTHYECKMH MHOruu/ieH HalJleH 3a KOHeuHoe YHCJIO JeHCrBHi, TO ero
KOpHH TPHXOAHTCS OINpEeAeNsITb HTEPAalHOHHBIM IPOLECCOM. OZlHaKO OHO HMeCT

NPAaKTHUGCKHH CMBICJ, TOCKOJBKY HaXOXJeHHEe XapaKTepHCTHIeCKOrO0 MHOrouJeHa
BBICOKO# cTemeHM ropasgo GoJjiee TPYIOEMKO, UeM OThICKAHHe ero KOpHei,

ITpocTefiliuM TpSAMBIM METOLOM SBJSIETCS MeO00 UHMEPnoAAyuL
(npennoxennsiit, no-sugumomy, II. E. Mukenanse B 1948 r.) Uspe:
CTHO, Y4TO MHOTOUYJEH f-H CTENeHH OJHO3HAYHO OIpeNe/sieTcss CBOUMH
3HauYeHusAMH B n+ 1 yane. [IponsBonbHO BhiGepeM n--1 3Hauenue A%
B KayecTBe TaKHX Y3JoB. Bbiuucaum B HUX 3HauyeHue f(A®) =
= det (A —A® E) ¥ nocTpouM IO 5THM 3HAYEHHUSM HHTEPOJISAIHOH-
HbIfl MHOrousleH Heblorona npu nmomomu ¢opmya (2.6) u (2.8). B cuny
€IMHCTBEHHOCTH 3TOT MHOTrouJeH 6yleT XapakrepucrudeckuM. OH mpu
3TOM TNoJy4daeTcs:i B QopMe MHOrouJeHa € 3aJaHHBIMHM Ko3(dulueH-
TaMH, TaK 4TO JAajbHeHIHEe BLIYHCNEHHS IS HaXOXAEHHS ero Kop-
Hell MOTpe6yIOT Majoro yuc/iaa JefcTBHI.

OnucaHHBIA aJTOPHTM HECNOXKEH M JIETKO NpOrpaMMHpYeTcs Ha
OBM. B HeM clefyeT HCOJMRh30BaTh CTAHAAPTHYIO NPOrPaMMy BBIYHC-
JIEHUs] ONpeJe/uTe]ss MeToAOM HCKmouenus (rnasa V, § 1, m. 3).
ITpu sTOM XapaKTepHCTHUECKHH MHOTOUYJIEH ONpee/sieTcss NPUMEPHO
3a 2/gn* apudMerHyeckux AefCTBHH, H3 KOTOPHIX NOJIOBHHY COCTaB-
JIAIOT CJIOXKEHHS M TNOJNOBHHY — YMHOXeHHs. BuIHO, 4TO A/1s Mart-
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pHIL HEBBICOKOTO mopsiika n<< 10 HaxoxkJeHHe XapaKTepHCTHYECKOro
MHOTOYJIEHa METOAOM HHTepnoJasuuu TpeGyer He Gosee 0,5 cek Ha
9BM B3CM-4, 4to BMOJIHE NPHUEMJIEMO.

Ecnu M3BecTHB TpaHHIB],"B KOTOPHIX PACHONOXKeHH COGCTBEHHbIE
3HAYEHHs, TO 1eNeco06Pa3HO pas3MellaTb Y3JIbl HHTEPIOANMH AlF)
B 3THX TPaHHUIAX, NPHYEM NPHOIHIUTENLHO PABHOMEPHO. ITO yMEHb-
IWaeT OWHOKH OKpPYIJIEHHs, BO3HUKAIOMHME NPH HAXOMKAEHHH pasjie-
JIEHHHIX pasHocTedl B ¢opmyne HbioTona, T. e. yiayumaer ycroituu-
BOCTb aaropurMa. JlJis onpefe/leHHs TpaHHIL CEKTpa MOXKHO BOC-
T0/Ib30BATECH OUEHKOH |A; | < || A ||, cnpaBennuBoi Ansi MoGo# HOPMBI
MaTpHUBL (3TO CJAEAYET M3 TOro, YTO CNeKTpasbHasi HopMa || A ||, =
= max |A;| ecTb HaMMeHbIIas H3 HOPM MaTpuubl). XOTs 3Ta OLEHKa
B CpeZHEM 3aBblllieHa, HO OHA JOCTAaTOYHO PasyMHa IJIsl TeX MATpHL,
C KOTODBIMH TPHXOAMTCH BCTPEUATbCS HA NPAKTHKE, H TeX HOPM
(cm. § 2 rmaBbl I), KOTOpHIE NMPOCTO BBHIYUC/ISIOTCS.

Meroz vHTEpPNONALMH NPOCT U NMPHMEHHM IJIS MaTPHL MPOH3BOJb-
HOH CTPYKTYphI, 8 Takke Ajas Gojee CIOXKHBIX mpoGaeM. Hanpumep,
obmyio 3anady det[p; (A)]=0, rae KaxAb# 371eMEHT MaTPHULB! eCTh
HEKOTOPBIH MHOrOuYJieH OT A, pEIaloT NPaKTHYeCKH TOJABKO STHM
METOJIOM; Pa3yMeeTCsl, YHCJO Y3J0B MO A BEIGHPAIOT B COOTBETCTBHH
CO CTEMNEHbI0 Pe3yJbTHPYIOWEro MHOrousena. JIMmib B wacTHOM ciy-
yae 3TOH 3ajlauy — TaK Ha3biBaeMOH OGOOLIEHHOH NMpOGJEeMEl COGCTBEH-
HeiX 3HaueHuit det (A —AB)=0, paspaGoraHsl 6o/jee SKOHOMHUHBIE
METOJHL.

OnHako, yeMm BhIllle NOPSNOK MATPHLEI, TEM MEHEE BHITOJEH METOJ
MHTEPTOJIALKH. Bo-nepBeIX, YHCIO BBINOJHAEMBIX apHPMETHUECKHX
A€HACTBMH BO3pacTaeT C POCTOM NOpPSAKA OYeHb GHICTPO — Kak n*. Bo-
BTOPBIX, NPH COCTABJIEHHH HHTEPIIONALHOHHOrO MHOTOuJeHa HploToHa
BBIYHCJISIIOTCS  pasjie/ieHHble pPas3HOCTH, YTO NPH BBICOKHX MOPSAAKAX
TIPUBOAHMT K GOJBILOH morepe ToudocTH. [Tostomy npu n > 10 (a B cay-
Yae KpaTHHIX WX GIM3KHX COOCTBEHHBIX 3HAYEHUH M NPH MEHbIIHX 71)
METO[i HHTEPNOJSALMH JiaeT . NJIOXHE pe3yabTathl. J[Ist Marpum
BLICOKOTO TOpsiAKA INPHUMEHSIOT G6oJlee CJOXKHBIE, HO 3aTO G6oJiee
yCTOHYHBbIE U 5KOHOMHUHBIE METOJBI, H3/I0XKEHHBle B CJEAYIOLINX
naparpadax.

CyuectByioT npsaMele Metons Jlesepre, A. H. Kpruioa, A. M. Jlanusesckoro,
Camyanbcona )it JIaHuoma, NO3BOJIAIOUINE BBIYHCIHTE BCE KOBCIJCIJPIU,PIQHTBI XapakrTe-
PUCTHYECKOro MHOTOYJIEHA HpOHSBOJ‘leOﬁ MalpHubl NMpHMEPHO 3a n3 apﬂqmemqe-
CKHX AelicTBuii. OHM 5KOHOMHYHeH MeTOJa HHTepIOJISLHH,

OpHako B § 2 ryaBel V OTMeYanoch, 4To KOPHH MHOTOY/IeHA BHICOKOH CTeNeHH
Moryr GRITh OYEHBb YYBCTBUTE/NIbHB K MOTPELIHOCTAM KOS@C})HU,HGHTOB. Kpome TOro,
H KO3(hhHULUMEHTH W CAMM KODHM XapakTEPUCTHYeCKOrO0 MHOTOYJieHa Hepeiaxo cJia6o
YCTOHYMBEI MO MaTPHYHBIM 3JIEMEHTaM, KaK ObuIO TMOKasaHo B m. 2. [losTomy yxa-
3aHHBIE BBIIE 3KOHOMHYHHIE METOJABI OKasaJ/iuCh JOCTaTO4YHO ycTOﬁ‘lHBbIMPI TOJIBKO
AJI MATpHUL HeBHICOKOro mopsaka n< 10, a Nnpu HaJIW4YUH KpaTHBIX WK GIH3KHUX
COGCTBEHHBIX 3HaUeHHH — /sl elle MeHbllero mopsaka. Ho mpu Takux nopspkax

MaTpHIbl 3KOHOMHS IO CpAaBHEHHIO C METOLOM HHTEpMOJISIHMU HEBeJIHKa H He onpas-
AbIBaeT NPHUMEHEHHS 3THX JAOBOJBHO CJOXHBIX H KalpH3HBIX METOLOB.

6*
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4, Tpexauaro/bHble MaTPUUb. B HHTEpNONALMOHHOM METONE MBI
HAXOAMJIU SIBHOE BEIpaXKEHHe IJA XapaKTepPHUCTHUYECKOTO MHOrouJjeHa
TOMILKO 3aTeM, YTOOBI HMETh CNOCO6 SKOHOMHOTO BBIYHCJIEHHS 3TOrO
MHOTO4JIEHa NpH 3anaHHbIX A. OfHAKO AJA TpeXJAHaroHa/JIbHHIX Mar-
pHI[ (faxke OueHb BBICOKOTO MOpPS/KA) €CTb CNOCO6 GLICTPOro BBIYMC-
nenusi det (A —AE) 6e3 HaxOXIeHUs SIBHOTO BhIPAXKEHHsI XapaKTepH-
CTHYECKOT'O MHOTOUJIEHa. IDTO CYUIECTBEHHO, W60 MAaTpulpl OG6LIEro
BHJIa MOXKHO IIPHUBECTH K TPEXAHAroJbHOH

T T
gl ¢dopme mpeoGpazoBaHueM NONOGHS.
70 L PaccmotpuM  3T0T crnocob.  OG03HAuHM
2 A I P 7 TVIABHBIH MHHOP m-TO TIOpPSIAKA MAaTpPHIIBL
1%m2,m ) A—ME wuepes D, (A). Pasmoxum Takoi
-——T——+==+==1 MHHOp 1O S/IeMeHTaM nocaegHedl CTPOKH; B
0 :”m/./ﬂ-zl"m-zmﬂ‘”mzm HEH BCero fBa HEHYJEBHIX 3JeMeHTa (pHC.
e ] 30), TEK UTO MOMYUHM
0 : ”@m—l}”mm’ Al Dn (M) =
* * = (@mm—2) Dy (V) — @, m-1Bm, m-1 (1), (11)
Puc. 30. rie uepe3 B, m—, (\) 0603HaueH MHHOp, J0-

TIONIHSIOWUA 3/EMEHT Qg m—y. ITOT MHHOD
CONEPKHT B TOCHEJHEM CTOJIOLE TONbKO OJUH HEHYJEBOH 3/1€MEHT
Qm-y1, m» TIO3TOMY €ro Ieecoo6pasHO pas3NOXKHTb MO 3JeMEHTaM Io-
cJaefHero croJbua:

, B, i1 (W) = @my, mDm-s (A). (12)

IToncrasasis (12) B (11), HalinieM peKyppeHTHOE COOTHOLIEHHE, BLIpas
JKarolliee MHHOD BBHICIIETO MOpPSKA uYepe3 HH3LIHE:

Dm (7") = (amm - 7‘) D m-1 O‘) — Qm, m-1%m-1, mDm—2 0") (13)

Jns Hauanma pacuera IO peKyppeHTHOH ¢opMmyJe Hano 3anath 1Ba
NepBbIX MHHOpPA. Y106HO (JOPMATbHO MOJNOXKHTb

D, () =0, Dy(})=1. (14)

Toacrasasis 3Td 3HaueHus B (13) u Beuucasns D, (A) u D, (A), Jerko
y6euThCS, UTO pe3yabTaT Nnosaydaercs npaBuAbHBIM. CllefoBaTeNbHO,
Takoi croco6 Hauasa cuyeta HpHeMJIEM.

OnRHOKpATHBIH pacueT BeJHYHHBL ONpefenuTe]s 1o dopMmyaam
(11) — (14) Tpebyer Bcero 5n apudmMeTHUeCKHX NEHCTBHH, NpHUEM
CpeIH HHUX HeT JeNeHuidl, M BBIYMCJAEHUS OueHb OLICTPHIE M YCTOH-
upBble. TakuM o6pasoM, HMeeTcs OHICTPHII crnoco6 HaXOXKIEeHUS
XapaKTepUCTHYECKOTO MHOrOU/IEHa NPH 33/laHHOM 3HAYEHHH A.

HMeercss cnmoco6 HaxOMIEHHS XapaKTepHCTHUECKOro MHCrodJeHa, Gosee 3KO-
HOMHYHBIH TMpPH MHOrOKDATHBLIX BbluHC/IeHHsIX. [IpeoGpasys pexkyppeHTHOe COOTHO-
mwenne (13), MOXHO MONy4YHTb KO3GDGHIMEHTH XapaKTepPHCTHYECKOrO MHOroujeHa
B ¢opme T'opHepa. OnHOKpaTHOe Ke BHIYMCIEHHe MHOTOWIeHa TMO cxeMe I'opHepa

Tpebyer Bcero 2n peficTBud. OpHAKo yCTOHYMBOCTH STOro MpOUECCA AT BHICOKHX
NOPSINKOB MATPHIB!, NMO-BHIAMOMY, XyXKe, a (opMyJsl pacuera GoJiee CJIOXKHEL



§ 1] TIPOBJIEMA U TIPOCTEMIIUE METOIBI 165

Eume ofuH HECMOXKHBIH CIOCOG BBIYMC/IEHHS XapaKTeDHCTHYECKOTO MHOTOYJIEHA
3aKJ/I04aeTcsl B CeiyiomeM. BrluTeM 3ajaHHoe 3HaueHHe A M3 IHArOHaNbHHIX 3Je-
MEHTOB @;;, a 3aTeM HafileM ONpefejuTe]b MONYYMBLIEHCS TpeXAMaroHajlbHOH Mar-
pHLBl O GopMysnaM mpsiMoro xofa mporoHkH (5.12)—(5.13). Onnako stor cnoco6
MeHee 5KOHOMHMYEH M yCTOMYWB, ueM pacyer mo dopmyse (13).

Kopuu muorounena D, (A) ynoGHee Bcero HaXOIMTh METOIOM Napa-
G6oa (cM. § 2 raaBel V). DTOT METOA /ISl MHOTOYJIEHOB HE CJIHIIKOM
BhICOKO# creneHu (n<C 50) ZOCTaTOYHO YCTOHYHB M IIO3BOJISIET HANTH
BCE KOPHH C b — 7 BepHBIMH 3HaKaMH, [laXe €C/H CPelH KOpHel ecTb
KpaTHele. B 6u6nuorekax MHornx OBM mMmeloTcsi craHZapTHBIE MpPO-
rpaMMbl BHIUHCJIEHHH BCeX KOpDHEH MHOro4JeHa MeTOAOM mapabo.

HHorna /sl HaxXOKIEeHUsI BceX KOpHEH XapaKTepHUCTHYECKOTO
MHOTOYJIEHA YHOTpeG sAloT MeTox HbioToHa, HO JeTanu Takoro ajaro-
puTMa xyxke orpaboraHsl. B ocHoBHOM MeToi HbloTOHa mpuUMeHSIOT
K YaCTHYHOH mpoGseme COGCTBEHHBIX 3HAUeHHH.

3ameruM, yTo npH JM060M cnocobe BEHIUMCAEHHH IS HaXOMKIEH Usl
BCEX KOpHell TpeGyeTcsl yAalaTh yXKe IOJy4yeHHble KOpHH, T. e. mepe-

xonuth K BeromoraTenbHol  dyHkmmu G (A) =D, (A)/J] A —4).

i=1
ITockoNbKy $IBHOrQ BEIPAXKEHHS XapaKTEPHUCTHUYECKOrO MHOTOYJIEHa
MBl He BBINHChIBaeM, TO AJs BblunclaeHHss G (M) Hano HaXoauThb
OTIENbHO UHCJAHTENb W 3HAMEHATeNb NPH TpeOyeMbiX 3HAueHHAX A.
DTO HEMHOro YyBeJHYHBaeT OOBEM pacyeros.

OnucaHHEIM CNOCOGOM BCe COOCTBEHHBIE 3HAYEHHS TPeXJHUaroHajb-
HOH MaTpHIbl HaXONATCS JOBOJNBHO JETKO, NpHYEM IJS 3TOTO Tpe-
Gyercst Bcero okosio 50n? apudmerHuecknx AeHCTBHH *), T. e. cmoco6
3KOHOMHYeH. ITosToMy A/ TpexAHaroHaJbHBIX MaTPHIl 3TOT CHOCOO
SIBJIsIeTCS OCHOBHBIM.

5. Moutu TpeyroabHble MaTpuubl. [ Takod MAarpHUbl TaKkKe MOXHO HamH-
carb (GOpMyJIbl, TO3BOJISIOLINE JIErKO BEIYHC/IHTD ONpefe/iHTe/b NpH 3a1aHHOM 3Hade-
HUH A. DTO yHOGHO pAenaTh MeTOfoM HcKJioueHHss [aycca, yunThiBas GosbLioe
KOJIMYeCTBO HyJseil B MaTpHle ONMpefeHTeNs.

Hcnosnbayem ¢opmysisl Metofa HckioueHusa (5.3) — (5.5). Ina ompenenenHocTH
OyzeM CUdTaTh Hauly MarpHLy BepxHe#d mouTH TpeyronbHod. Torxa BHaHO, uTO
Cmp=0 TMpH m> k-1, a Kaxablil KK HCK/IIOYEHHS CBOJUTCA BCEro JIHIUbL K BbI-
YHTAHHIO [BYX CTPOK. JIOCTATOYHO MpPH 3TOM NMOMEYaTh HW3MEHSIOUIMECS BeJHYMHbI
IITPUXOM, Omyckas BepXHHH HHAeKC uHMkJa. [locie 3Toro GOpPMYJH k-ro HHKJA
NPAMYT BHA

_ Qi1 k ’ _ ’ - ] .=
= Tqp, 0 BT i T S k+l<is<n, (15)
npuueM a,’2+]’k=0. IMocnegosarenbHo mnosarasg k=1, 2, ..., n—1, aHHynupyem

BCe MOAJUaroHa/lbHLEIE 3JeMeHTH. [Jocae 3Toro onpeae/uTesNb JIErKO BHIUHC/AAETCA

*) Merop, napa6os O6LIYHO CXOAMTCST MeHee 4YeM 3a 10 wuTepauuiét, a opHa
uTepanusi TpeGyer 5n meificTBuil. ItH UM(pPH Mb GyneM HMCNOML30BaTh MPH OMHCa-
HHH IPYTHX MeTOJOB,
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no ¢opmyne Uuo (5.8):
n
det A= ] ahsr  0f1=1y,. (16)
E=1

IMockonbxy Hac unTepecyer det (A —AE), TO Ansl ero BHIYHCACHHS HaLo B GopMy-
nax (15)—(16) BMeCTO HEITPHXOBAHHBIX BEJHYHH Qpp BCIOAY MOACTaBHTb @pp— A.
STOoT cnoco6 Mo3BoJIsSIeT BLIYHCJAHTE ONpefe/INTel]b 3a n2 apupMeTHUeCKHX AeHCTBHI.

Kak u gns TpexzuaroHaJbHOH MaTpHIUE, KODHH XapaKTepHCTHYECKNTO MHOIO-
4jieHa MOXXHO HaXOjuTb MeTOAOM mapaGos. Torga HaxoxIeHHe BceX KopHeil morpe-
6yer okono 10n3 pelfictBuit. BHAHO, 4TO Merol OKasmpiBaeTcsl He GBHICTPBIM, HO
LOBOJIHO TMPOCTHIM H YCTOMYHMBHIM. Jlanblle MBI YBHIYM, UTO ecTb 3aMeTHO Gosee
GeICTpble CIOCOGHI HAaXOXJEHHS COGCTBEHHHIX 3HAueHHH IOYTH TPEYroJbHOH Mar-
pHLBl, OCHOBaHHbIE Ha TNpeo6pa3oBaHMH MATPHUE K TpeXJHaroHalbHOH dopme.
Ho onn Gomee CJIOXHE M MeHee YCTOHUHBHI.

6. O6patHbie utTepauuu. Eciu co6cTBeHHOe 3HAYeHHWE H3BECTHO,
TO co6CTBEHHHIH BeKTOp ynoBaerBopsier cucreme (1). Ho /mo6oit uuc-
JIEHHBIH MeTOJ JlaeT BMECTO TOYHOrO COGCTBEHHOIO 3HAueHHs A; mpu-
GauKeHHOe 3HaueHue A;, Tak yro det (4 —AE) %= 0, xoTst oTiMuaercs
OT HyJsl OueHb Majgo. B Takom ciayuae 3amaua (A —AE)x=0 npu
HCINOTb30BaHHH TPHOIHAKEHHOrO COGCTBEHHOI'O 3HAUEHHUS] HMEET TOJIbKO
TpKBHaAbHOe pelleHHe X = 0. ITosToMy B uHC/IEeHHBIX pacuerax Haxo-
JUTb COOGCTBEHHBIE BEKTOPHI HemocPeACTBEHHO u3 cucTeMbl (1) Henb3s.

Jas HaxoxIeHHs COGCTBEHHBIX BEKTOPOB yHOOeH Merop obparm-
HOU umepayuu, 3akJIOYaOUWMiCS B claeiywoueM. BriGepem Hayzauy
BEKTOp b U paccMOTPUM JMHEHHYIO HEOTHOPOLHYIO CHCTEMY

(A—=ME) x=0. (17)

Onpenenurens 3TOH CHCTEMBl OTJHMYEH OT HYJs, TAK YTO OHA HMeEET
eqvHCTBeHHoe pemieHHe. ITokaxeM, 4To HaiileHHBIH M3 Hee BEKTOp X
OKaXKeTCfl TOYTH PAaBHBIM COGCTBEHHOMY BEKTODY X;, COOTBETCTBYIO-
[IeMYy NaHHOMY COGCTBEHHOMY SHAUEHHIO A;.

Jlns mpocTOTBl OrpaHHMYMMCSl ClayyaeM, KOrZa MaTpula n-ro
NOpsi/IKA UMEET A JIMHEHHO-HE3aBHUCHMBIX COOCTBEHHBIX BEKTOPOB X; —
HanpuMep, MaTpHIla HOPMaJbHAs (LIS Cayyas MPOM3BOJNBLHEIX MaTPHIL
HHXXe TIpHMBeJleH 4YHC/IeHHBIH npuMep). Torna COGCTBEHHBIE BEKTOpBI
o6pasyiorT 6a3uc, MO KOTOPOMY MOXKHO Da3/OXKHTb BEKTOPH X H b:

x=2 Ex;, b= > Bx; (18) .
1=i j

j=1

IMoncraBasia 310 pasnoxenue B cucremy (17), mepeHocss BCe yJeHB!
BJIEBO M Y4HTHIBas, 4TO0 AX;=AX,, NONTyduM

DE % —h) —p]x =0. (19)

i=1
Ilockonbky coBeTBeHHbIe BEKTOPH MHHEHHO-HE3aBHCHMHI, TO HX JIHHEH-
Hasg KOMOWHANHMA o6palaercsi B HYJb TOJbKO B TOM ClydYae, KOTAa
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Bce ee KoaduivenTsl paBHE Hymo. [losTomy u3 (19) ciemyer

Bi
v vt (20)
Bungo, yro eciu A A=A;, To KosdduimeHT E; GyNeT oueHb GOMbIIHM;
B IPOTHBHOM C/1yyae OH HEBEJHK. PaccMOTpuUM CleACTBHSI M3 3TOTO
B TpexX OCHOBHBIX C/Iydasx.

ITepsoifi cayuai—cobcTBeHHOe 3HayeHWe A; mpocroe. Toraa
U3 Bcex KO3(pduunentos §;, 1 << j<<n, TONBKO OAUH KO3DHLUEHT E;
OKasblBaeTcsi OuYeHb OOJBIIHM. 3TO O3HAYAeT, YTO HAHJEHHBIH BEK-
TOp X TOYTH COBNAJAET C COGCTBEHHBIM BEKTODOM X; (C TOUHOCTBIO
JI0 HOPMHPOBOYHOTO MHOXKHTENSA), 4TO U TPeGoBaJOCh J0Ka3aTh. 3ame-
THM, YTO IOCKOJIbKY HaHJeHHbIH BEKTOpP X OKasblBaeTcsl OueHb 60Jib-
MM, TO €ro OGLIYHO HOPMHPYIOT. ;

M3 (20) BumHO, uTO TpH OGPAaTHOH HuTepauuH (T. €. IpH mepe-
Xofie OT b K X) KOMIOHEHTa f§; YCH/IMBAE€TCA MO CPABHEHHIO C IpY-
THMH KOMIIOHEHTaMH f, NpPHMEpHO BO CTOJNBKO pPas, BO CKOJBKO
TNOTPEIHOCTb AaHHOTO COGCTBEHHOTO 3HAYeHHS MeEHbIIE pasHOCTH

COCEIHMX COGCTBEHHBIX 3HaueHHH. [109TOMY ueM TouHee HalIeHO A;
(oueBHIHO, XOpOIIasi TOYHOCTH OCOOEHHO BaXKHA NPH HAJIMYHH GJH3-
KUX COOCTBEHHBIX 3HaueHMH), Tem OJamxke X GyZeT K Xx;. Ecau co6-
CTBEHHBIE 3HAUEHHS HAHJEHBI CJIHIIKOM Tpy6o, WM CIy4yaHHO BeK-
Top b BHIGpAH HEYNAuHO, TaK YTO P; OYEHb MaJo, TO PA3HHIA MEXAY
X ¥ X; MOXET OKas3aTbCs 3aMeTHOH. Torja moACTaBjasiiOT HaiJeHHbIH
BEKTOp X B MpaByl0 4yacTb ypaBHeHHs1 (17) BMecTo & M opraHusyoT
UTEpalMOHHBIA TIpoLecce

(A—LE) x) =xts-1),  x0 —p, (21)

O6BLIYHO OH CXOAMTCS HACTOJNBKO GBICTPO, UYTO ABYX HTEpalMH BIIOJHE
JocTaTouHo. HamnoMHHM, 4TO Ha KaXKIOH HTepanud 06sI3aTeJ]bHO Hako
HOpMHMpOBaTh HaileHHble X(5), yToGbl He MONYuaTh B pacueTax CJIHLI-
KoM G6O/BIIMX YHCEN, BHI3LIBAIOILMX NepenonHeHne Ha DBM.

3ameuanue 1. OueHb a(peKTHBEH ONUH NPOCTOH CNOCOG. BhHI-
6opa b. B xauecTBe €ro KOMIOHEHT B JeKapTOBBIX KOOpAMHATAX
BO3bMEM IIOC/eN0BATeNbHBIE MHOTOPa3psHblE  IICEBAOCTyYaiHbIE
yucaa v, (cm. § 4 raaswl 1V). Toraa BeposiTHOCTB TOrO, uTO f; OKa-
XKeTcsl OYeHb MaJbiM, GyJeT HHYTOXKHA.

Bropo# cayuaii—co6CTBEHHOE 3HaueHHe A; KpaTHO; HanpH-
Mep, Ay=Ay=...=X,, 1<<p<<n. HanomuuM, 4T0 B 3TOM cayuae
COOCTBEHHBIE BEKTOPbl X;, Xj, ..., X, ONpeJe/JeHbl HEONHO3HAYHO;
mo6as UX JMHEAHAs KOMOHHAIHMA YAOBJNETBOPSET ypaBHEHHIO

4 P P
A (Z oc,x,) = Do Ax;=n Z; % Xj
1=

v=1 =1

M fBJNsETCSA cOOCTBEHHBIM BeKTOpoM. T. €. OHH MOPOXKIAIT p-MepHoe
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TIOATIPOCTPAHCTBO, JMIOGOH 6a3uC KOTOPOrO MOXKHO B3fATb B KayecTBe
CHCTEMBbl HCKOMBIX COGCTBEHHBIX BEKTODPOB.

Tenepp u3 (20) caenyer, uTo GOJBIIMMH OKa3bIBAIOTCS KO3(du-
uueHtol §;, &, .:., Ep, NPHUEM CTENEHb WX YCHJIEHHS ONMHAKOBAE,
ocTajbHble KO3(QQHUIHEHTBl OCTAlOTCS MaJbIMH. 3HAuyHuT, HaHJeHHbIH
u3 (17) Bektop X OyZer NpUOIHIKEHHO JHHEHHOH KOMOWHalMed X,
X3, ..., Xp, @ TEM CaMbIM — HCKOMbIM COOCTBEHHBIM BeKTOpoM. Eciu
TOYHOCTb IIOMIYYEHHOro IpPUOJHKEHHS HEeIOCTaTOYHa, TO OGpPAaTHYIO
UTepalLHio TOBTOPSIOT CHOBa mo Qopmyae (21).

UTo6bl Ha#iTu BCe COOCTBEHHBIE BEKTOPHI AJIsS KPAaTHOrO COOCTBEH-
HOTO 3HAUEHHSI, BO3bMEM CTOJIBKO JIMHEHHO-HE3aBHCHMBIX BEKTOpOB b(#),
KaKoBa KPaTHOCTb KOpHsS. O6GpaTHEIMH MTE€paLHsIMH IOJY4HM CTOJBKO
e BeKTOpOB Xx(#), KoTopble U GYAyT HCKOMBIMH; OHH GYAYT JIHHEHHO-
He3aBHCHMBIMH, TIOCKOJIbKY mNpeo6pasoBaHue (17) HeBBIPOXKAEHHOE.
Ocraercsi TOMBKO OPTOTOHANH30BATh HalfeHHblE BEKTODHI, €ClIH 3TO
TpeGyeTcsi IO YCJIOBHSIM 3aJayH.

HanoMHuM, 4TO B KayecTBe J€KapTOBBIX KOOpAMHAT BEKTOpOB b*)
nesecoob6pasHo GpaTh MNCeBAOCTYyYaHHBIE YHCIA; 3[€Ch 3TO HMeeT TO
JOTIOJTHUTE/NbHOE NIPEHMYIECTBO, YTO BEKTOPHl aBTOMaTHYECKH IOJIY-
4aloTCs JHHEHHO-HEe3aBHCHMBIMH.

Tperu#i cmydahi—Koraa mMarpuia HMeET KpaTHble KOPHM, HO
YHUC/I0O ee COGCTBEHHBIX BEKTOPOB MeHbIe 7 — BBHIXOLUT 33 pPaMKH
Hainero jpokasaresnbcrBa. OfHAKO MeToJ, OOpaTHBIX HTepaunuil 37ech
TaKXXe NpUMEHHM B Toi ¢opMe, KOTOpass oOmucaHa JJasl KparHHX
KOpHeH. PasHuIa JHIb B TOM, YTO €CJAH p-KPAaTHOMY COGCTBEHHOMY
3HAUEHHIO COOTBETCTBYIOT BCETO ¢ COGCTBEHHBIX BEKTOPOB (g << p),
TO M3 MOJNYYEHHBIX O6paTHO wurepauued BeKTOpoB X¥) TOMBKO ¢
6yAyT JNHHEHHO-HE3aBHUCUMBIMH. 3TO BBICHAETCS INpPH HX OPTOrOHa-
JIM3AIMHU: TIepBble ¢ BEKTOPOB OPTOTOHAMHU3YIOTCS «6e3 NPUKJ/IIOYEHHIY,
a TpPH OpPTOrOHA/IM3ALMH CJEAYIOUHUX BEKTODOB MX KOMIIOHEHTHI
o6paraoTcsl NOYTH B HYJAb (B Npefienax NOrpelIHOCTH pacuera).

KakoB oGbeM pacueroB B MeTofe o6paTHOH HTepauud? Haxox-
IeHue COGCTBEHHOTO BeKTOpa TpefGyeT (IpH OXHOH HTepaluH) He GoJjee
2/,n3 NEeHCTBHH, TaK 4TO JJ/si HAXOXKAEHWUsS BCeX HX Hajo OKOJo nt
apudmernueckux JAefictuit. Takum o6pasoM, npH GOJBLIMX NOPSA-
Kax MaTpHIbl METOJ, HEKOHOMHYeH, HO NpH n << 10 BnojHe ynoBie-
tBopuTeneH. OcoGeHHO ymoTpeGUTENeH 3TOT METOJ H3-3a CBOEH Ipo-
CTOTH], YHHBEPCAJBHOCTH ¥ XOpOILUEH yCTOHYHBOCTH aJroOpHUTMA.

B HeKOTOpBIX YACTHHIX CJAy4yasfX pacyeThl CYIUECTBEHHO YIpOLia-
10Tcsl U yckopsiioTcs. HauGosee BaxeH ciydall TpexAHaroHajbHOH
MaTpuusl. I1pu 3ToMm nuHeitHas cucrema ypaBHeHHH (17) 1uis onpenenenus
KOMIOHEHT COGCTBEHHBIX BEKTOPOB TaKxke OYAeT TpPeXAHarOHa/JbHOH,
U ee pemalT SKOHOMHYHBIM METOJOM TPOTOHKH II0 HECJOXKHEIM
dopmynam (5.10) — (5.12). s BHIYMCAEHHS OFHOrO COGCTBEHHOIO
BEeKTOpa B 5TOM ciydae TpeGyerca 10n, a nms Bcex — 10n® apudme-
THYECKHX JEHCTBHH.
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JInst mouTH TPeyroJbHOM MaTpHIbl B MeToje OGpaTHHIX MTepauuii TpeGyeTcs
peliath JIMHEHHYIO CHCTeMy C TOYTH TPeyro/IbHOH MATpHLEH, YTo feslaeTcsl ClelW-
a/pHEIM BApPHAHTOM MeToja HCKmoueHus. Ecum yuects, uro cayuaiineii sexrtop
B mpaBoit yacTh (17) MOXKHO 3a1aBaTh yxKe INOCTIe NPHUBEJEHHS MATPUIE B METOLe
uckaioyeHusi aycca K TpeyrosbHOH (OpMe, TO HAXOXKACHHE KaXKIOro co6CTBeH-
HOrO BEKTOPa TpebyeT 3/,n2 NeHCTBUH (TOT e MpheM I/ TPeXAHaroHanbHOH MaTpHIp!
MO3BOJISIET COKPATHUTh YMCJAO JEeHCTBHH M0 7n). A 1A HaxoXKAEHHS BceX co6CTBEH-
HBIX BEeKTOPOB Tpe6yeTcsl COOTBETCTBEHHO 3/,n3 apuMeTHUeCKHX ZeiCTBHIL.

OrmeTumM ofiHy CymiecTBeHHYIO AeTasb. ITockombky det (4 —ME)~
~20, TO mpH'HaXOXIEHHH COGCTBEHHBIX BEKTOPOB B (OpMymax mps-
MOro XxoJa METO/a HCKJ/IOUeHHH (IpOroHKH) HA TIJIABHOH JHATOHAJH
TNOSBHTCA XOTS OBl OAMH OYEHb MaJblil saemeHT. UTOGH dopmanbHO
MOXKHO OBIO BECTH pacyeT, JHaroHa/JbHbIE 5JIEMEHTH He MOJIXKHBI
o6pawatecsi B HYJb, JAJMs 3TOr0 HamO, YTOGBl NOTPEINHOCTb COG-
CTBEHHOrO 3HaueHHs Obl1a He CIMIIKOM Majia, T. €. COCTaBIsi/ia Ghl
10—15 mocsefHux ABOMYHBIX Pa3psifoB uucaa Ha OBM. Ecau xopuu
XapaKTEePHCTHIECKOrO MHOTOYIEHA HAXONAT METOAOM NapaGon (uiH
CEeKYWHX), TO TaKas TOrpelIHOCTb IMOJNY4aeTcsi ECTECTBEHHO, KGO
M3-32 OIIMGOK OKDYIJIEHHSI 3TH METOABI NEpeCTaloT CXOAMTHCS B OYEHb
MajIod OKPECTHOCTH KOpHsA. Ho ecin KOpHH Ompemensiiuch MeTomoMm
Hbiorona, To npu 3TOM MOraH OHITh HafileHb BEPHO BCE 3HAKH COG-
CTBEHHOTO 3HAYEHHs; TOrJa, YTOObl HM36eXKaTb [eJeHHS Ha HYyJIb,
NPUXOJHUTCS CIELHANbHO BHOCHTb B A; HEGOJbIIME MOTrPELIHOCTH.

IMprmep. Bossmem kopnanoBy moamarpuny C, uyeTBeproro mopsgxa (3) u
NPHGJMKEHHOe COGCTBEHHOE 3HaueHHe A=a-—e. B KauecTse b BLGepeM BexTop
C eJUHHYHBIMA JEeKapTOBLHIMH Koopauuaramu. Torza ypasuenne (17) npumer Bup

e 1 00 X1 £x; -+ %, 1
0eg 1l O Xo \__ [ eXatx3 | [ 1
0 0 s 1| \xg | lexgtn, | (1] (222)
0 0 0 & Xy €X4 1

TocnegoraTebHO HaxXoJHM KOMIIOHEHTBl BEKTOpa X:

Xy=gl, Xg=—g2-4¢7,
Xg=g8—g 24 g7, 296)
Xy=—g4+4gB—g24¢gl, (22

3areM HOPMHpYeM BEKTOP, YMHONHB BCe KOMIIOHEHTHl HA —g~4:
£, =140(), x=0(), x3=01(e?), x;=0/). (228)

[Tonyuenubilt BekTOp X=¢;-0 (¢) NPUGIHKEHHO DABEH COGCTBEHHOMY BEKTOpY
KOp/IaHOBOH MaTpuup! (cM. M. 1), 4To Ham u TpeGoBasock. ITOMyTHO 3aMeTHM, 4YTO
B TIPOMEXYTOUHEIX BHIK/NafKaXx (226) BO3HHKAIH BBICOKHe OOpATHEIE CTENeHH IOT-
PeLIHOCTH &, Yero He OhIBaeT y MATpHI C 7 COGCTBEHHBIMH BEKTOPAaMH. DTO MOKa-
3pIBAET, WTO CJAyYal MaTpull, CONEpKallHX IKOPAAHOBH MOIZMATPHULE! BHICOKOrO
NOpsAAKa, TPyleH NS YHCJEHHBIX pacyeToB Ha DBM, u60 B HHX JIETKO BO3HHKAIQT
TnepenoJiHeHu s,
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§ 2. dpMuUTOBBI MaTpPHIBI

1. Meton ortpaxenus. CylecTBYIOT 3KOHOMHUHBIE H YCTOHUHBBIE
METOJEl HAaXOXJIEHHS BCeX COOCTBEHHBIX 3HaueHHMH MAaTpHI[ BBLICOKOTO
nopsfka*). OHH OCHOBAHEI HA NIPHBEAEHHH MATpPHILI N1peoGpasoBaHHeEM
nojo6us K TpeXJUaroHalbHOH HJH APYrHM MpOCTHIM ¢opMmam, A1
KOTOpHIX NpoGJjeMa COOCTBEHHBIX 3HaueHHH pellaeTcs JIErko.

Cefiyac MBI paccMOTpPHUM Memod ompadieruli, KOTOPbIH MO3BO-
JIleT TOJOGHO TNpeo6pa3oBaTh INPOU3BOJNBHYIO MATPHLY K TIOYTH
TpeyroabHo#l dopme 3a (10/3)n® apudmerHueckux NeHCTBHH, a 3pMH-

TOBY MaTpULly K TpexJAuaroHanbHOH ¢op-

4 Me —Bcero 3a %/;n® nmefictBuii. IlockosmbKy

IJsl TPeXAHaroHaJbHOH MaTpHIBl BCe COG-
CTBEHHble 3HAUEHHUS HAXOAATCA OYEHh 3KO-
HOMHYHO, TO JJIs1 3PMHTOBBIX MAaTpHIl Me-
TOZL OTpaXKEHHS SIBJSETCS CaMbIM OBICTpPBHIM
M3 H3BECTHEIX METOJOB pelleHHsl IOJHOM
npo6JieMbl COGCTBeHHBIX 3HAuYeHHH. Paccmot-

-y pHuM ero.
¢ [TpousBeieM B n-MEPHOM BEKTOPHOM
Puc. 31. IIPOCTPAHCTBE OTpaxKeHHe OTHOCHTENBHO He-

KOTOPOH THIepIIOCKOCTH, NpPOXOAALEeH uye-
pes Hayajo KoopAuHar. IlpeoGpa3oBaHHe MOJHOCTBIO ONpefeNseTcs
3ajlaHueM HOpMaJl W K THNEepIJIOCKOCTH. JTa HOpMa/lb eCcTb HOp-
MHpPOBAaHHBIH BeKTOp-cToJIGel

(W, w)=wiw =Y wiw,=1, (23)
i=1

rie WY ecTb BEKTOP-CTPOKA, 3PMHUTOBO CONPSKEHHBIH K CTOJIOWY.
BosbMeM NpOH3BONBHBEIA BEKTOp Yy M PA3NOKHUM €ro Ha JBe COCTaB-
JAILMe: Napalle]bHO HOpPMald y; =W (W, y) U NepHeHAUKYIIpHO
eit. Ilpu orpaxkeHHH BeKTOpa ero MNepneHAUKYJISpHAs COCTaBJSIOLIAs
OCTaeTcs HEW3MEeHHOH, a mapaJjenbHas — MeHseT 3Hak (puc. 31),
NO3TOMY OTPaXKEeHHbIl ‘BEKTOP 2 OTJIHYaeTcs OT HCXOAHOIO Ha YJBO-
€HHYIO BeJIHYHHY NapasjielbHOH KOMIOHEHTHI

2=y—2w(w, y). (24)

3ro mnpeo6pa3oBaHHe BEKTOpa MOXKHO 3amHcaTb B KaHOHHUYECKOH
dopMe YMHOXKEHHS HAa Mampuyy ompagcenus R:

2=Ry, R=E-2wwH, (25)

*) TIlpakTHYecKM Bce omucaHHEle B §§ 2—3 Merombl XOPOUIO MPUMEHHMs!
K MaTrpHLaM, MOPSAOK KOTOpHIX He MpeBhIlIaeT COTHH. [[1s MATpHIL IPOH3BOJILHOIO
tana ¢ n>> 100 ynoBNeTBODHTE/NLHBLIX METONOB pellieHHs oOWEeH mnpobnemsr co6er-
BEHHBIX 3HAUGHHH NOKa HeT,



§ 21 SPMUTOBBHl MATPHULIBI 171

rIe yMHOXeHHe cTosfla @ CnpaBa Ha CTPOKY TOH XKe NJMHHB WH
JlaeT, MO NpaBuUaM YMHOMKEHHs MpPAMOYTOJbHBIX MaTpHl, KBalpar-
HYI0 MaTpuiy. 3amMeTuM, YTO paBeHCTBa (24)—(25) B KOOpAHHATHOMH
¢opMe 3amUcHIBAIOTCS CJEAYIOWIUM 0Gpa3oM:

n
zl=yi_2w12 w.fy/’ (26)

j=1
Rij = 611 - 2wiw’}’.

Hccnenyem cBoiicTBa MaTpHilbl OTpaxeHHS. DTa MaTpHIld 3PMHTOBA, UTO HeMNO-
CpeACTBeHHO BLITEKaeT H3 C/lefylolled HEMOYKH NpeoGpasoBaHui:

R = (E —2ww®) = E — 2 (w") " = E —2uww =R. @7)
BosBegeM MaTpHily OTpaXkeHHsl B KBaipar:
R2=(E — 2ww") (E — 2ww") = E — 4ww™ + 4ww™ wwl.
Ipeo6pasyeM mnociefHHH uJeH NpaBof YacTH, HCNONB3YS acrOLUMATHBHOCTH YMHO-

JKeHHS MaTpHIl H YCJIOBHE HOPMHPOBKH (23):

H H H

ww w =w (ww) W =ww’.

TOFA>3 HOCJ'Ie}lHPlﬁ YJIeH COKPATHUTCA C MpeanocjJeHUM, H MBI NMOJYYUM
RR=E, uru R=R", (¢5)

T. €. MOMpuUya ompadenus paswa ceoeil obpamwot. A cpaBuusas (27) u (28),

y6enumcs, 4To RY=R™, rak uto MAMpPUYQ OMPANCeHULl YHUMApHa.

IMocnepHee cBoficTBO I Hac Haubosee BaXKHO, MOCKOJBKY JJIS 3PMHTOBHIX
MaTpull HauGoslee BBIFOJHBI YHHTapHEle Npeo6pasoBaHHs mogo6us. B § 1 6bwio
NOKa3aHo, YTO OHH COXPaHAIOT 3PMHTOBOCTb MaTPHUILl. ITOSTOMY eciH MBI yHHTap-
HBIM TpeoGpasoBaHHeM MONOGHA NMpHBefeM MaTPUIly K BepXHel NOYTH TpPeyroJbHOMH
¢dopMe, To B CHIY SPMHTOBOCTH OHa 6yZeT TpeXAHaroHalbHOMH.

3aMeTHM, YTO MIPOH3BeJeHHe JIOOOro YHCJIA YHHTapHEIX MAaTPHIL €CTb TaKkKe
yHHTapHas Marpuua. B camom gene, eciu marpumul U, V, ..., W ynurapHmH, TO

ov. wt=wrt vivtl=wl viui=wv..w)".

[Mo>TOMy ec/lH MBI TpHMEHSeM K 5PMHTOBOH MaTpHIle MOCJefOBATe/NLHOCTh YHHTap-
HHIX Tpeo6pasoBadyM MOJOGHS, TO OHa IKBHBAJEHTHA OAHOMY DPe3yJAbLTHPYIOLIEMY
YHHTApHOMY ‘Npeo6pas’oBaHHIO NOJOGHA, H IPMHTOBOCTb MaTpPHUBI COXpaHSETCH.

TokaxeMm, 4TO ISl NPOU3BONBLHOH Marpuuel A MOXKHO nojpo6partb
TaKyl0 KOHEUHYIO IOCJEN0BaTeNbHOCTb OTPaXeHWH, KOTopasi mpHBO-
IMT Marpuly K BepXHeH IouTH TpeyroibHOH ¢opme. [Ii1s srtoro
oyepelHOE OTpaXK€HHE JOJKHO YHHUYTOXKATb CAMBIH JAJIHHHBIA HeHyle-
Boil cronmbel B HUxHeH wacTm Marpuusl A. JleificTBHe mepBHIX ABYX
OTpa)KeHHH II0Ka3aHO Ha puc. 32, II€ XKHUPHBIMH TOYKaMH 0603Ha-
UeHbl HeHYJIeBble 3JEMEHTHl MaTpHIb, a KPYXKKaMH — HYJ/IEBbIE; TPETbEe
oTpaxeHHe obpaliaer B HyJb OOBEIEHHBIE 3JIEMEHTH TPETHETO CTOJIOIA.

Byzem cuuTaTh, YTO yXke yHHYTOXeH g — 1 cTosbeu, u pasobbeMm
matpuuy A Ha KJeTKH, kakK mnokasaHo Ha puc. 32. Ksagparuas
KJeTka A, ecTb BepXHss MOYTH TPeyroslbHas MaTPHLA, a B IPSIMO-
yroJbHOH KJeTke Az TOJIbKO TOC/efHUd CTo/Gel, OT/IHYEH OT HYyJI,
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Crenaem oTpaxeHue NMpH MoMomM Bektopa W?={w?}, y KOTOpOro
TNepBbIE ¢ KOMIIQHEHT HYJIeBHIE:

wi=0mpu i<gq
(nanpllle BepXHMH HHIEKC BekTOpa GyneM oGbIYHO OMycKaTk). Torna

BUIHO, YTO €C/JM MaTpPHUIy OTpaxKeHHsl PasGHTb Ha KJETKH TOro ke
pasmepa, 4To y MaTpuupl A, TO HeIMAaroHaJbHbE KJETKH GyAyT

HYJIEBbIMH:
[ EENE NN E 0
eo0clec oo | — Rl _
cesisece | |'AiA }e R=R ‘[o_w]’ %
oo 'E: .o E Az i Ay }/7~q W, =6, — 2w}, (29)
' 3 .

238;2:2. g+1<<i; j<n.

Puc. 32. N3 kypca nuHefiHON anre6-

PbI H3BECTHO, YTO €CJIH MaTPHLBI
OIMHAKOBEIM 06pa3oM pPa3OUTbl HA KJETKH, TO OHH INEePeMHOXKaIoTCs
0 TakuM ke ¢opMmyJaM, KaK ecld 6B 9TH KJ/ETKH ObLIM OOBIKHOBEH-
HBIMU 3jeMeHTamu. Torza uckomoe npeoGpasoBaHHe NMOJOOUS NPHHH-
Maer CJAEAYIOMHUH BHJI:

E'0 4, A E O Ay AW
N H AR R
ow]| |4, 4] |ow WA, WAW
JleBasi BepXHsAA KJeTKa pe3y/bTHpyIOmeidl MaTpHubl B HMeeT HyX-
HYI0 HaM (OpMY — BEPXHIOIO IOYTH TPeyroyabHyIo. IToCKOMBKY Y KJIeTKH

A, TONBKO NOCHAeAHHMH CTOJIGEN OTJAHYEeH OT HYJMAS, TO Y KJETKH
B;= WA, s1eMeHTH MOCAEIHETO CTOJGLA pPaBHLI

biq=aiq_awiv C]+1<i<n, (31)
rae

a=2 > wig, (32)

j=q+1

OCTaNbHbIE K€ 3JEMEHTH 3TOH KJETKH PaBHBI HYJIIO.

Ham Hazo Tak nono6path BeKTOp W, 4TOOEI OOPAaTHIHCh B HYJb
Bce 3j1eMeHTHl crosbua (31), kpome BepxHero. OueBHIHO, AJsl 3TOTO
HaJO TOJIOXHTb

Wi =a,/o. IpH g-2<i<<n (33)

M HalTH, 4YeMy paBHAa IIOCTOSIHHAs O. 3aMeTHM, YTO YMHOXEHHE
BEKTOpa W Ha MHOXHTENb €'® He MEHsIeT MaTPHLEBI OTPa*KeHHs; Toria
U3 (32) cienyer, YyTo o TakKXKe OINpele]e€Ha TOJBKO C TOYHOCTBIO
Jo storo MHOoXxUTenad. Ero Bceria MOXKHO BbIOpaTh Tak, YTOOH o
Oblia BelmeCTBEHHOH MOJIOXKUTEIbHOH, 4TO GyaeM MNpeljiojarath Bbl-
NOVIHECHHBIM,
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N3 (31) caenyer, uto

wq+1=(aq+1'q—bq+]'q)/“. (34)
IoacraBasia (33)—(34) B ycioBHe HOPMHPOBKH (23), mosMyuum

n

o= Z |@ig P41 bg 41, o [2— (O +1, 0@ +1, ¢ T 0g11, 0541, g)- (35)
i=gqg-+1

IToacranoBka Tex ke BbipaxkeHH#l B dopmyny (32) maer

?=2 3 |aglP—2b511, @1, o (36)
t=g+1

ITocnennee cnaraemoe B MpaBOH YacTH 3TOTO PaBEHCTBA JOJMKHO GHITh
BEIIeCTBEHHEIM, NOCKOJIBKY OCTasIbHBIE YJIEHBl BeleCTBEeHHBl. [losToMy
JIOI2KHO BBINIOJIHATECS COOTHOIUEHHE arg byt 1, o= Nk —arga, 4, 4, TA€
k — mo6oe wuemoe uyucjo. s yJayylleHHS] CYETHOH YCTOMYHBOCTH
aJropuTMa BBITOAHO MoJaraTh k=—t 1: Torna nocnegHuil uieH B mpa-
Boil yactu (36) O6yIeT MOJIOKHTETbHBIM, H BEJIMYHHA O HHUKOIAA
He cTaHeT OJU3KOH K Hymio. TakuMm o6pasoM,

arg b,y yq, g =n-+arga,.q, 4 (37)

YyuTeiBasi 3TOT BHIGOp aprymeHTa M NpHpaBHHBAs APYr APYry mpa-
BBle YacTH paBeHCTB (35) u (36), mosmyumm

n 1/2
|bq+1,ql=< 2 Iaiq|2> . (38)
i=q+1
3amensis B (36) cymMmmy mpu nomomu paBeHcTBa (38) M yuHThHIBaf
(37), ynmpocTuM BhIpakeHHe HJsl

a=[2]bg11,¢1 (I Dg+1,q|F141,4 D] (39)

©opmyanr (37)—(39) u (33)—(34) MOJHOCTBIO ONpPEAESIOT MaTPUILY
OuepesHOro oOTpaxKeHHsi. IJTH (OpPMYyJbl COCTaBJeHBl TaK, YTO JJIsl
BELIECTBEHHOH MaTpuubl A NpH BBHIYHCJIEHHSIX He BO3HHKAET KOMII-
JIEKCHBIX BeJIMYHH, a ¢opmyna (37) Aad BBIYUC/IEHHS apryMeHTa
NpUHUMaET IIPU 3TOM BHI

Sign by 1y, g =—SigN Ay 1, ¢-

ITocnenoBatenbHo nosarass ¢=1, 2, ..., n—2, onpenesnsist coot-
BEeTCTBYIOIME BEKTOpHl W? W NPOM3BOAS OTPaAXKeHHs, Mbl NPHBEIEM
NPOU3BOJIBHYIO MaTpuly A K BepXHell NMOYTH TpeYroabHOH GopMme.
Ecnun wucxonnast Marpuuna A Gbula 3pMHTOBA, TO DE3Y/ABTHPyHOLAs
MmaTpuia GyneT TpexJuaroHajlbHOMH.

PaccmoTpuM, Kak 3KOHOMHO OpPraHM30BaTh BhlYHC/IeHHs. PopMysibl
JJIS OonpejeseHUsl MaTPHIBl OTpaXKeHHs He TPeGYIoT GOJbIIOro o6beMa
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pacueroB. OcHOBHOE 4YHC/IO JeHCTBHH YXOAUT Ha MepeMHOKeHHe
MaTpUYHBIX KJIETOK B ¢opmyse (30). 3ameruM, uto KaeTKa A, He me-
HsleTCsl, a B KJeTke By;=WA; umeeTcsi TONIBKO ONHH HEHYJEBOH
3JIEMEHT bg.q 4, Y€ BBIMHC/ICHHBIH NMPH HAXOXIEHWH MaTpUIbl OTpa-
JKEHMS;, CJEeJOBaTeNbHO, 3TH KJETKH He HYXKHO CIelHaJbHO BHIYHC-
JaTh. [1py HaX0XKIEHHUH OCTaNBHBIX IBYX KJIETOK YMHOXKEHHE Ha MaTpUILY
oTpaxkeHHss W Hajo BHINOJHATH ClELHaIbHBIM 00pa3oM; HalpHMep,
ymuoxkum A, Ha W cnpasa, Torza

AW =A, (E — 2wwH) = A, — 2 (4,w) wH. (40)

Bmecto Toro, uyrto6el' mepeMHOXKATh [B€ MAaTpHIbI, Mbl IOJb3yeMCs
aCCOLIHATHBHOCTBIO YMHOXXEHHSI M CBOIHM BbIYMC/IeHHE K ABYKPATHOMY
YMHOXKEHHIO MAaTpHLB Ha BEKTOp, YTO NPHUMEPHO B n pa3 OHICTpee.
YMHOxeHHe Ha W c/eBa BEINOJNHAETCS aHAJOTMYHO. 3aMETHM, YTO
ecnu mMaTpuua A 3pMHTOBa, TO BO3MOXKHA JOMNOJHHUTENbHAS S5KOHOMHS:

Torga B, = B u B, = BY, 1ak uto KJIEeTKY B, MOXKHO BOOOIIe HE BBIYHC-
JATh, 2 B KJeTKe B, JOCTaTOYHO HAHTH TOJBKO HUKHIOIO TOJOBHHY
3JIEMEHTOB.

Y CcTOHYHBOCTD YHCIEHHOTO AJTOPUTMA TEOPETHUYECKH HCCaelloBaHa
HezocratoyHo. OJHAKO NMpakTHKa BBIYUCAEHWH NMOKasaJja, 4To Ipeol-
pasoBaHHUS YHHTApHBEIMH MaTPHIAMH JOCTaTOYHO ycTOHYuBEL IlosTomy
OCHOBHOE, Ha YTO Hajo oOpauiaTb BHUMaHHE, — 3TO YTOOBI OLIHGKH
OKpYIVIEHHSl He CKa3aJuch OBl Ha YHMTapHOCTH MaTpHl, OTpa’KeHHs.
Ins KOHTPOJISI CI€LyeT NMPOBEPSITh BHITOIHEHHE YCJOBHSI HOPMHPOBKH
(23); ecam OHO coGmOfaeTC C' OU€Hb BBICOKOH TOYHOCTBIO (BEpHBI
NOYTH BCe OBOMYHEIE Paspsiibl), TO YCTOHYMBOCTH OOBIYHO XOpoLlas.

Korza maTtpuua A mpuBeleHa K TpeXIAHAaroHaJbHOH (MM BepxHeil
NOYTH TpeyroJabHo#) ¢opme, To A 3Tod (HOPMBI COOCTBEHHBIE 3Ha-
ueHHs A; U COOCTBEHHBIE BEKTOPHI y; HaxondTcst Jjerko. HafineHubie
COGCTBEHHBIE 3HAYEHUs OJNHOBPEMEHHO ABJSIOTCS COGCTBEHHBIMH 3Ha-
YeHHAMH HCXOAHOH Matpuubl A. 151 HaXOXKIeHHs] COGCTBEHHBEIX BEK-
TOPOB X; HCXONHOH MaTpumbl Haj0 TpPHMEHHUTH INpeoGpa3oBaHUe

OTpaxKeHHus
Xi=(RRy...Rp_5) yi. (41)

Brluncnenns no sTolt ¢opmyse Takke Hal0 JeaaTb 3KOHOMHYHO,
BHINOJIHAA KaXKJ0e YMHOXKeHHe Ha ouepejHyl0 Marpuuy R, Kak nBa
YMHOXKEHHUS Ha BekTop mo dopmyse (24).

ITogcuer wuyucna omepamuii NOKa3blBaeT, 4YTO JJIS  3PMHUTOBBIX
MaTpHI, MeToJ OTpaKeHWUs MO3BOJISieT HAiTH Bce COOGCTBEHHbIE 3Haye-
HUs nmpuMepHo 3a ((4/3) n®+50n%) apudpmeTnyeckux AeHCTBUH, a Bce
COGCTBEHHBIE BEKTOpHl —elle 3a (2n%+ 10n%) meiicTBuil. D10 cambli
OLICTPHI M3 M3BECTHBIX METOZOB. Ero CKOpocTh HAaCTOJLKO BeNHKa,
yT0 mno3BoaseT Ha OBM kiusacca BOCM-6 Bectu pacueT A MaTpHLL
nopagka n~ 100; dakTHYecKyi0 TpaHHIy €ro NpHMEHHMOCTH OIpe-
AelifeT YCTOHYHBOCTb, KOTOpas INpH pacuere C OGBIYHOH TOYHOCTHIO
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Tepsercsl MpU MEHBIUHX 3HaueHUSX n (pacyeT ¢ JBOMHBIM YHCJIOM
3HaKOB Gosiee YCTOHYMB, HO U GOJee TpYLOEMOK).

K coxanenuio, METOA OTpaKeHHH HE JaeT JOMOJHHUTEJIbHOH 3KO-
HOMUM B CJy4Yae JEHTOYHBIX M APYTHX aHAJOTMUHBIX CHEHHAJbHBIX
CTPYKTYp MaTpHI], NOTOMY YTO TaKH€ CTPYKTYpbl HE COXpaHsIOTCA
B IpOUECCe pacyera.

Il HEeIPMUTOBHIX MaTPHUIL MeTOl, OTpaKeHHs MeHee BBITOJIEH,
60 pe3yJabTHpYIOUAsh MaTpula ABJseTcs] BepXHeH IOYTH TPeyroJb-
HOH, a JJis Hee OomMHUCAaHHBIA B § 1 MeToL HaXOXKNeHWs COGCTBEHHBIX
3HayeHU# JOBOJBHO TpYyHOeMOK. B wurore Tako#l moaxox TpeGyeT
okoso 13n® apudmeruyeckux AEHCTBUH IJif BBIYUCJEHHS BCeX COOCT-
BeHHBIX 3HaueHH# U ewe (9/2) n® fAeficTBUH A1 HaXOXKAEHHUA BCeX
COGCTBEHHBIX BEKTOPOB. 3aTO YHCJEHHAss YCTOHYHMBOCTH aJropHTMa
Xopolas.

2. Mpamoii Meron BpameHuii. DTOT MeTOJ HEMHOro YCTyNaeT IO CKOPOCTH Me-
TONly OTpaKeHHH, OfHaKo (OpMyJEl pacyera B HeM HeCKOJbKO mpome. Or Takxke
YCTOHYHB H TO3BOJISET NPHBECTH MNpeoGpa3oBaHHeM MOJOGHS HEIPMHTOBY MATpHIY
K TIOYTH TpeyrojbHOH ¢opMe, a 5PMHTOBY —K TpeXAHaroHalbHOH.

Merton OCHOBaH Ha CIenHabHO NOA06PAaHHOM BpallleHHH KOODAHHATHON CHCTEME!.
TTosTomMy HcciefyeMm cBoicTBa BpauleHH#H. Jliofoe BpalleHHe MOXKHO CBECTH K IIO-
CJIefI0BATe/IbHOCTH  SJICMEHTapHHIX (IJIOCKHX) BpallleHHi — I0BOPOTOB B ABYMepHOH
TIUIOCKOCTH, NPOXOffillell yepes k-0 M [-10 OCH KOOPAMHAT; OCTajlbHble OCH KOOPAH-
HaT TPH 3TOM HeMOABHXKHBL. JIN KOMIJEKCHBIX BEKTODOB MaTpHla 3JeMeHTap-
HOro BpalleHHS HMeeT CJeLyIOMui BHA:

1 @ =Cos @,
Upi= o.—PB* |k B=e"i¥sin g, (42)
0 B e o | g a4 | 2=1.

OcrajibHBIE HeIHaroHaNbHBIE-3JIEMEHTHl 3TOH MaTPUILI — HyJsH. JIsl BellecTBeHHBIX
BEKTOpOB Hajo nosarare P=~0. HemocpeacTBeHHHIM NepeMHOXEHHEM JIETKO IpoBe-
pHTB, 4TO UklU,Z=E, T. €. MaTpuia BpalleHHs YHHTapHa (HamOMHMM, 4TO Hpe-
06pa3oBaHus C YHHTApHHIMH MaTpHiaM# OOBIYHO YCTOHYHBLI).

OueHb BaXHO TMOMHHTb, YTO €C/IM M3-3a NOIpeIlIHOCTed pacyeTa OKaKeTcs, 4To
a2+ |P|2=1, unu B u f* B (42) He TouHO compsKeHH ApYyr ApYry, TO yHHTap-
HOCTb MAaTpHIBl Hapywaetcs. Torga HpH MNpeoOpa3sOBaHHH MOAOGHS HapyIUHTCA
SPMHTOBOCTb MaTpHUbl A H CHIBHO YXYAUINTCH YCTOMYHBOCTb BCEX MeETOJOB Bpa-
IIeHHS, KOTophle GylyT OMNHcaHbl Jajee. IIoaToMy B "HMCIEHHBIX pacueTax cjaepyeT
omnpefensiTh o M ff MO TakuM QopmyJaM, 4TOGH yKa3aHHbe COOTHOLUEHHS BHIIOJ-
HSJIECh C OYeHb BHICOKON TOYHOCTbIO.

[Moctpoum copMysbl s Npeo6pasoBaHHst MaTpHUE A mNpuH 2/MeMeHTapHOM
BpameHud, Marputta B= AU}; ornuyaercss oT MalpHiubl A sj1eMeHTaMH &-TO H [-TO
CTONGLIOB; OCTa/lbHbIE 3JeMEHTHl y HHX COBIAfaloT:

bip=apa+a,B, by=—app*+ayo, l<i<n,

4,
bi]'=aij npﬂ ]‘#k, [ u 1l Sién. ( 3)
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Amnanornyno, matpuuna C =U£’,B OTIHYaeTCs OT MaTPHUBL B TONBKO 2/eMeHTaMH A-fi
H [-§i cTpoK:
cri=bpot+bup*, ci=—Vbup+bua, 1<i<n,

44

cy=bj; mnpu jFEk I u l<<i<n. 49
CrenoBatensHo, Matpuia C=UT AU ormauaercss or Marpumst A qHuwb ABYMS CTpO-
KaMH ¥ AByMs crojbuamH. Dopmysel 118 BBYHCAEHHS 3/EMEHTOB 3THX CTPOK H
CTONGUOB HaNMHCaTh HETPYAHO, HO B STOM HET HeOGXOAMMOCTH; yAOGHee mporpam-
MupoBath Ha JBM HemocpepcTBeHHO dopMyanl (43)—(44). 3ameTuM, uTO ecyiH
matpuiia A 3pmuToBa, TO MaTpHnma C Takke GyleT 3pPMHTOBA; TOrAa B H3MeHHB-
IWHXCH CcTO6UAX H CTPOKax
JIOCTATOYHO BBEIYHCIHThL TOJIBKO
MOJIOBHHY 3JIEMEHTOB H TeM

’ . Py

N CaMBIM BJ[BOE YMEHDBIUHTb 0Gb-
7 eM pacyeToB.
1 Haiigem Takyio Mmociaezno-
2 @- - BaTeJbHOCTb  3JIEMEHTApHBIX
BpallleHH#, KOTOpas MpPHBOIUT
J @ NPOH3BOJIbHYIO  (HE3PMHTOBY)
maTpHlly A K BepxHelf mou-
° DODO p Marpiity pxiek

TH TpeyroJpHOH dopme.

S HI 72 H74 75 d MoxHO Tak nopo6parhb

a) J) yros TMOBOpOTa B MaTpHIle
Up;, YTOGH YHHUTGKHTBH 3Je-

Puc. 33. MEHT (j, p_1, PAclOJIOKEHHBIH

HeNOCPEJCTBEHHO Tiepe  Je-
BHIM HHXXHHM YIVIOM NOAMATpHIBI IJOCKOro mnosopora (puc. 33, a). K3 dopmyn
(43) u (44) BHLHO, YTO A/ STOrO HajgoO MOJIOKHTBL

S @k, 1] _ %y, k-1 (452)
Viaw s P+las et P Ghs k-1

CaMu yIJIbl BBIYMCIASATb HET HeOGXOLMMOCTH, H60 B (opmysbl AJs Tpeo6pasoBaHHsA
MaTpHYHBIX 3JIEMEHTOB OHH He BXogfAT. OTMeTHM, 4TO AJIf BelleCTBEHHHIX MaTpHIL
BenMyMHA [ TOXe GyAeT BeluecTBeHHOMN; Torga Gopmysnl (45) ynofHee 3amucaTs
caenyoomuM o6pasom:

g, k-1 al, k-1
o= , b= . @50
Vai,k—1+a%,k—1 Vai e—1+ k-

Tenepp 6yfeM aHHYJHpOBaTh Te 3JeMeHTHl MaTpHLBEL H B TOM NOpsgKe, Kak
3TO yKa3aHO uHppam# Ha pHc. 33, 6. IlepBhift s/1leMEeHT YHHUTOXKAETCS TPH MOMOIIH
Marpuuel Uy, 0603HaueHHOH Ha PHCYHKE CIVIOLWIHBIM KBagpatoM. Bropoii yHuyro-
Kaercs BpameHneM Uy, 0603HAauCHHBIM MYBKTHPHEIM KBajgpartom. IIpu BTOpoM Bpa-
IIEHHH B MarpHie A MeHSIOTCS 3JeMeHTH BTOPHIX H Y€TBEPTHIX CTPOK H CTOJIGILOB.
3HayuT, aHHYJHPOBAHHEN sJeMeHT «l», Jexamuii B TpeTkell CTPOKe, TaK M OCTa-
HETCH paBHBIM HYJIIO.

TIpofo/mKas STH PACCYKICHHS, MOXHO YOSNHTBCS, YTO ORHAXAB YHHUTOXKEH-
HBIl /IeMEHT NIpPH TaKOH MOC/NefOBaTeJbHOCTH HCKJoueHRs OyJAET OCTaBaTbCH paB-
HeIM Hymo. Ilostomy mocse OKOHYaHHs BceX HMCKJ/IIOYEHHH MaTpHIA CTaHET BepxXHeH
TOYTH TPEYroJibHOM MaTpHuel (a;=0 -npu i>j-1). Bro cnpaBegaHBO AJA Mpo-
H3BOJILHOH (HE3PMHTOBOH) MAaTpHIHL.

Eciu ucxopHast Martpuuia A spMHTOBa, TO Grarogaps COXpaHeHHIO SPMHTOBOCTH
IIpH YHHTapHOM TMNpeoGpa3OBaHHH NOZOGHS OHA NMPHBOAHTCA K TPEXAHArOHaJsbHOl
¢dopme. B aToM ciyyae pj11 SKOHOMHH BpeMeHH NpPH KaXXJOM BpALIGHHH JOCTAaTOYHO
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BBIYMC/IATD TOJBKO H3MEHHBIUHECH 3/1eMEHTHl HHXKHeH NOJOBHHBEI MaTpHUH! (YiKe
o6paTHBIUMECS B HYJb 3JEMEHTH B JaJbHeHIuHe pacyeThl He BKJIIOYAIOT).

s nosydyeHHO# TpeXAHaroHaJbHOH (MJIH MOYTH TPeyroibHOH) MaTPHILI MOXKHO
BLIYHC/ISIT COOGCTBEHHBIE 3HAYeHUS M COGCTBEHHEIE BEKTODHl CMOCOGAMH, H3JIOXKEH-
HeiMH B § 1. Hafinennele coGcTBeHHBle 3HaueHHs OYLYT ONHOBDEMEHHO COGCTBEH-
HbIMH 3HAUEHMSMH HCXOLHOH MaTpuubl. A coGCTBEeHHBIE BEKTODHI X; HCXOZHOI Mart-
PHIBI CBfiI3aHBl C COGCTBEHHBIMH BEKTOpaMH TpeXJHaroHaJbHOH MaTpPHIBl COOTHO-
IieHHeM

Xi=UgUsq -.. Un_i, n¥1- (46)

Tlpollle BCero BHIYHCAATH HX, NOCJEOBAaTeNLHO YMHOXKas TpeGyeMulil BeKTOp y
cleBa Ha MaTpHubl BpameHHs. CTPyKTypa MaTpHIL TaKoBa, YTO NpPH YMHOXKEHHH
Ha Up; MeHSAIOTCS TOJNBKO %-1 H [-51 KOMIIOHEHTHI BeKTOpa

tp=0yp,—B*y, x1=PByrt+oy,
x,=y; TpH jFEk L

IpesBapuTebHOE NepeMHOMXeHHe CaMMX MaTpHIl BpalleHHs INoTpe6oBano Gl GOMb-
1Iero yucja AeHCTBHH (3TO OCOGEHHO HEBBIMOJHO, €C/M HYXHA TOJBKO 4acTb COGCT-
BEHHBIX BEKTOPOB).

Ha npusesenne 3pMHTOBOM MaTpHilEl K TPeXAHaroHajbHOW ¢dopMe H Haxoxze-
HHe BCeX COGCTBEHHLIX 3HaueHUH B MeTofe BpauleHHH Tpe6yercs okono 2n8 --50n2
apH(MeTHYeCKHX JeHCTBHH H n2 fAyeeK OmMepaTWBHOH mnamaATH. [ns HaxoXieHus
KaXJoro CoGCTBEHHOr0 BeKTOpa Hajo 3arpartuTh eme 3n2 geiictBuii. Co6eTBeHHBE
3HAYeHUs] H COGCTBEHHHE BEKTOPHI B 3TOM MeTOAE ONpeAeNsioTCs YCTOMYHBO (ecaH
yuurapHocTe Up; He Hapyilena OLIMGKaMH OKpYIVIEHHS).

@7

3. Hrepauuonnsiii MeTon Bpamenuit. HecMoTps Ha cBoto GEICTpOTY,
ONHCAHHbIE BBl INpPSAMBIE METOfbl HEe BIOJNHE YIOBJAETBOPUTENbLHHI.
Tak, HX aJrOpUTM COCTOMT M3 pa3HOPOAHBHIX yacTefl: mpeoGpasoBaHHus]
HCXONHOH MaTpHIbl, BBIYHCJAEHHS] KODHEH MHOrOY/IeHa, HaXOXKIEHHS
COGCTBEHHEIX BEKTOPOB 0OpaTHBIMHM HuTepauusMi. Kpome Toro, ux
GopMy/BEl He YOpPOWAIOTCA AJAA HEKOTOPHIX YNOTPEOUTE/ILHBEIX CIIe-
IMaNbHBIX (OpM MaTpHl (HampuMmep, JIEHTOYHBIX); TEM CAMBbIM OHH
HEeBBITOAHB U1 TakHX MaTpui. [TosTomy paspaGoTas u ucmosnb3yercs
psiN MTepalMOHHBIX MeTONOB, B oOuEeM ciayyae Gosee MeIJEHHBIX,
HO 06/1ajaoluX KaKHMHU-TO YacTHBIMH NPEHMYIIECTBaMH.

1 5pMUTOBBIX MAaTpHl, HanboJjiee U3BECTEH HTEPALUOHHEIA METOX
BpalleHU#, mpenoxeHHbIH $IKoOH B 1846 r.; HO B uyHC/eHHBIX pac-
yeTax OH HayaJl CNOJIb30BAThCS TOJIBKO MOCJIE MOSBIEHHs PaGoTe [52].
Meropn ocHosaH Ha mox6ope Takod GeCKOHEYHOH IOC/Ie10BaTEe/bHOCTH
3JIeMEHTapHBIX BpAILEHHH, KOTOpasi B INpejesie npeoGpasyeT 3pMH-
TOBY MaTpuuy A B auaroHaiapHyio. Ilpu sToM Hcrnosbayiotcst mpe-
o0pa3oBaHUsl BpalleHHs C MaTpuuaMH (42) Takoro ke THma, KaK U
AJIl MPAMOrO MeTOJA BpalleHHH, HO MOC/IeN0BaTeJIbHOCTH MOBOPOTOB
M HX YTVl MOJGUPAIOTCA COBEPLIEHHO HMHBIM CIIOCOGOM.

PaccmotpuM, Kak JeficTByeT sJieMeHTapHOe BpalleHHe Ha chepH-
YeCKyl0 HOpPMY MaTpHuUbl (TOYHee, KBaJApaT 3TOH HOpMBI):

n

S=lAlE= 3 layp. (48)

ij=1
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Jlnst ompenesieHHOCTH PacCMOTPUM CHayajJa YMHOXEHHe crpaBa, B =
= AU,,. U3 ¢opmyasl (43) BHIHO, YTO MPH 3TOM 3JIEMEHTH K-r0 U
I-ro cTOIGLOB MEHSIOTCSl TaK, YTO MOMapHEE CYMMEl KBaJpaToB MO-
AyJled COXpaHsAoTCA:

[bi P+ buP=]aiP+lau ]’ 1<i<n

9JIEMEHTBl OCTaJbHBIX CTOJGLOB oOCTalOTCs HeuaMeHHbIMH. Otciona
cnenyet, uto ||AUl|lg=I|4llg, T. e. chepuyeckass Hopma MaTpuusl A
He MeHsIeTCA NpH YMHOXKEHHH CIIpaBa Ha MaTpuly BpaileHus. AHa-
JIOTHYHOE YTBepKAEHHE JIETKO I0Ka3aTh JJ/sl yMHOXKeHHUs! Ha Marpuny U
man UH cnepa *). OriucbiBaeMbli METOJ, OCHOBAH Ha COXpaHEHHH cde-
PUYECKOH HOpPMBI NpPH BpalleHHsX.

Pazo6remM cymmy, Bxomfulylo B cdepuueckKyilo Hopmy (48), Ha
IMaroHaJbHYI0O H HeJMaroHaJbHYIO YacTH:

n

Si= X laul, S;= D) |ayP (49)

i=1 i,1=1
L

Ipu siementaprom mpeoGpasosanun Bpamenus UnAU,, uemma-
rOHa/JbHBIE 3JIEMEHTBl @i, @y U Qpi, Gy TPH [~ k, | MEHSIOTCA TaK,
YTO TOMapHbIe CYMMBI KBajpaToB HX MOAYJeEH COXpaHSIOTCS; 3TO
JIETKO BHAETb U3 dopmyn (43)—(44). Kpome 3THX 3JIeMEHTOB BHe
JMaroHa/lf eCTb ele OAUH MEHSIOHHACS 3JeMeHT — 3TO ay. Iloatomy
BeJMYHHA S, MeHseTcs INpH 3JeMEHTapHOM BpalleHHH HaCTOJBKO,
HAaCKOJBKO M3MEHHTCH |ay . Dynem mnoxbupare BpaueHus Tak,
yTo6bl S, yMEHbIIANAaCh.

Uro6bl MaKCHMaJbHO YMEHBIUUTb S, 3a OJHO BpalleHHe, NOAGe-
peM yroJ mnoBopoTa TaK, 4YTOOBl QHHYJHPOBAaThb 3JEMEHT ay;. Jas
NPOCTOTH OTPAHHYUMCS] BEIECTBEHHBIMH SPMHUTOBBIMH (T. €. CHMMET-
pHyHBIMHM) MaTpunamu. Torza ay, =a;, — BellleCTBEHHBIE YHCJIA, H
MaTpHibl Bpamenud Uy, Toxe BemectBeHHH. M3 dopmyn (44) u (43)
C YYeTOM BelEeCTBEHHOCTH BCeX BEJUYHH CJELyeT

Cri = bpioe + by = g (0 — B) + (@ — are) @B

ITonarasi ¢,;=0 ¥ BcOMHHAs YycJIOBHE HODMHPOBKH (42), moayyum
CHCTEMY YpaBHEHHH I/ Ompeje/ieHHs NapameTpoB MOBOPOTa

a?+p2=1,
A (062 — B%) = (arr — ay) oB.

Bossoxs BTOpoe ypaBHeHue (50) B KBagpaT M HCKJIOYas M3 Hero P2
NpH TIOMOLIY NMEpPBOrO ypaBHEHMH, MOJYYHM GHKBaJpaTHOE ypaBHEHHE

(50)

*) D10 ABNeTCS WACTHBIM CIyuaeM OGWIEr0 YTBEpKIeHHS, KOTOPOe MH HE JO-
KaspiBaeM: cepuueckds HOpMa JI060H MaTpHibl He MEHSeTCS IPH YMHOMEHHH
¢ /10GOi CTOPOHBI Ha yHHTapHYIO MaTpHily.
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JUIST OTIPelesIeHus] o
ot —&? -+ akr [4ak + (@re — au)*] ™ = 0.

MoxHo BHIOpaTh JI000H H3 uYeThIpeX KOPHEH 3TOro ypaBHEHHS,
torga f onpexeauTcs OAHO3HAuHO. JIJIf OMPENENEHHOCTH MOJIOXKHM

_ /1 T 2ap;
a=1 —(14+———=——), rme p=—"k__,
]/-2 < +V1 +H2> " Qpr —ay

[3=(signp)]/—;—<l—l—/l—_l'__—prz>.

Camu yryiel moBOpOTa HAaXONUTh He TpebyeTcs.

Hrak, npu KaxioM BpalleHHH S, yMeHbIlaeTcs, a S; cooTBer-
CTBEHHO YBeJMUHBAeTCsl, MOCKOJNBKY S=3S;+ S, coxpansercs. Ecau
noJo6paTh TaKylo MOC/AEA0BATEIbHOCTL BpalleHu#, 4To6el Sy — 0, TO
BCe HEeIMaroHaJbHBIE 3JIEMEHTHI TOCJe JOCTaTOYHOrO YHCJa MOBOPO-
TOB CTaHYT NpeHeGpexuMO MajbMH M Marpuua A npeoGpasyercs
B JHAroHaNbHYIO. [[uazonansHbie 3AemeHmMbL NOAYHERHOL OUA2OHAAbHOL
mampuybl u b6ydym uckomvimu cobcmeenHoimu 3HaweHusmu. Ho yuuy-
TOXHTb BCE HEIHArOHA/NbHEE 3/E€MEHTHl 33 KOHEYHOE YHCJ/IO NMOBOPO-
TOB He/b3sl, H60, B OTVIMYHE OT NMPSFMOro MEeTPJAa BpaleHuH, 31ech
NIPH - OYePeIHOM NMOBOPOTE paHee YHHUTOXKEHHBIH 3/1€MEHT CHOBA MOXKET
CTaTh HEHYJIEBBIM.

Kako#i HMEeHHO HeIHarOHaJbHHIA 3JIEMEHT LeNecO06pasHO aHHYJIH-
poBaTh NpH OuepelHOM moBopoTe? KOHEYHO, ec/M YHHUYTOXKaTh Mak-
CHMAJIbHBIH 110 MOIYJ/II0 BHEIHAroHA/IbHBIA 3JIEMEHT, TO CKOPQCTb
y6uiBaHusA S, Gyner, Haubosbleidi. IIpu pyuHBIX pacueTax 3TO Hau-
Ayymnii cnoco6. Ho Ha 2OBM mepeGop 3/1eMEHTOB MaTpHUBl AJsi
onpeesNeH’si MaKCHMaJbHOTO 3JeMeHTa TpeGyeT HempuemyiemMo 6oJib-
IIOr0 yYMesaa JAeHCTBHH. A eC/M aHHYJIMPOBaTb 3JIEMEHTH B 3apaHee
OIpe[e/IeHHOM TNOpsiAKe — LUKJOM, TO CXOAUMOCTb GYIET OYeHb Mell-
JeHHo#. HamGosiee BBHITOJAHBIM OKa3ajloCh YHHYTOXKEHUE TaK Hasbl-
BaeMOr0 ONMUMALLHOZ0 dNEMEHMA.

CocTaBUM CYMMBI KBaJpaToB MOAYJ€eH BHEAHATOHAJNBHBIX 3JIEMEHTOB
CTPOK:

(51)

ry = ‘ iy |2. (52)

M

17
BeiGepem u3 3THX cyMM HauGosbllyio, a B Hell BHIGEpeM HauGOJb-
IWMA 1O MONLYJIO 3JEMEHT; ero HasbeBaloT OonmumansHoim. ITouck
ONTHMA/BHOrO 3JIEMEHTa CBOAMTCA K Nepe6opy IBYX CTPOK (CTPOKH
CYMM r;, a B BEIODAaHHOH CymMMe — CTPOKH |@;;[), T. e. TpeGyeT Ma-
Joro yucsaa AefictBuii. CyMmbl (52) BBIYHC/ISIIOTCS TOXE 3KOHOMHUHO,
00 mNpH KaxIOM BpALleHUH H3 HHUX MEHAIOTCH TOJNBKO [Be — ry
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U r;, IpUYEM HUX MOKHO BBIYHUC/IATH IO TAKUM cpopMy.naM:

2
re="rp-+ ake — akr — ks, (53)
4 ’
ri=rire—re;

INTPHXH OTHOCATCS K 3HAYEHHsM IOC/e BpalleHHs.
NoxaszaTenbCcTBO CXOAUMOCTH. OnTUMaNbpHBIH 3JIEMEHT
cocraBisieT He MeHee 1/(n—1) wactH cymmer (52) cBoed CTpOKH,
a 3Ta cymma-—He MeHee l/n uactu S,. CiepoBaTesbHO, 332 ORHO
BpallleHHe HeIHaroHa/IbHasi 4acTb CHepHYecKOH HOPMBI YMEHBIIAeTCs

;2 o
He MeHee UeM Ha ;- JOIIO CBOGH BeJHUHHEI (160 YHHUTOXKAIOTCS

IBa CUMMETPUYHBIX 3/1eMeHTa). 3HayuT, 3a N BpaileHuii S, yOrBaer
He MelJIeHHee, YeM

2 N
[1 —m—_T)J A exp (— 2N /n?),
H TeM CaMBIM CTpeMuTcs1 K Hymo npu N — co. CreloBarenbHO, Ipo-
necc $Ixo6u ¢ BEIGOPOM ONTHMaJbHOro (M TeM GoJiee MaKCHMAJIbHOTO)
3/IEMEHTa BCEria CXONHMTCS.

Hcenenyem cxoaumocTb BOGJIH3M pEIIEHHSA, cyuTas COOCTBEHHBIE
3HaueHUss npocTeiMU. [lycTb Bce BHeIHAroHa/JbHBIE 3JIEMEHTHl YyKe
Manbl, ay~¢e. Torna u3 dopmyn (51) caenyer, yto yroJ moBopoTa
HMEeT TOT Ke TOPsNoK MajocT: f ~ e, a1 —0 (?). Ilogcranoska
B opMyiel (43)—(44) nokasblBaeT, yTO IPH 3TOM HEYHHUTOXKAeMEBIE
BHEZHArOHA/IbHBEIE 3JIEMEHTH MeHsiiorcss Ha O (¢%). 3HaAYHWT, 32 OAMH
yuka BpauleHu# *) Bce BHeAHAroHaJ/bHBIE 3JEMEHTBbI CTaHYT ~ &2, uTo
O3HAyaeT KBaJpaTHYHYIO CXOAHMOCTb.

Hraxk, Branu or PELIEHHS] CXOLUMOCTD HE XyKe JIMHeHHOH, a B6/IN3H
pelleHHs KBaJApaTHyHas, T. e. ObICTpass. DTO INO3BOJSET NOJYYaTh
Bce COOCTBEHHBIE 3HAYEHHs C BBEICOKOH TouHOCTblO. OGBIYHO mpouecc
cxonutes 3a 6 — 8 HuKJIOB BpauleHu#, uau 3a (3 - 4) n? sanemenrap-
HBIX BpaueHui. MHTepecHo, uTo yem GoJibllle KPaTHBIX COGCTBEHHBIX
3HayeHu#, TeM OBICTpe#l CXOZMTCS METOL.

ITockosIbKY COGCTBEHHBIE BEKTOPH! JHATOHAIBHOH MaTPHLH CYTh €;,
TO COGCTBEHHBIMH BEKTOpaMH Matpuubl A GynyT CTONOUBI MAaTpPHLEI
U=nUkl. 3ameTHM, YTO €C/JH BHEIMArOHA/NbHBEIE 3JIEMEHTH a;; =
=0 (e), To S;=0 (g%, TaK YTO AHArOHAJbHBEIE IEMEHTH! OTJIUYAIOTCS
or cobctBeHHBIX 3HaueHH# Ha O (e2). IlostoMy ansa HaxoxneHus co6-
CTBEHHBIX 3HAYEHHH NOCTATOYHO NOJOKUTH & ~< 107¢, 4ToGH MOTYYUTH
npaBuibHO 10 3HakoB. Ho yTOGBI MOJNYYHTH C TOH K€ TOYHOCTBHIO

*) Huknom GyjeM HaswBaTh mpomecc ¢ MOCTeLOBaTelbHBIM NepeGopoM Bcex
MOAAHArOHaNbHBIX 3JIEMEHTOB, HJIH YCJIOBHO —rn (n— 1)/2 TOC/I€A0BaTeIbHEIX [I0BO-
POTOB IpH APYrom crocoGe BEIGOpa aHHYJIHDYEMEIX 3J1€MEHTOB.
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co6CTBEHHBIE BEKTOPH!, HAJO WJIM BHIUHMC/IATH HX MO (GopMyiam
Xi= (H Ukl) Y Yi={yyh
. aji . .
Yu=1n yi/=¢ mpr ji

i —ay
WM JenaTh elle ONMH LHKJ BpalleHHH.
Xors TeopeTHYeCKH B MeToZie S1KOOH MOI'yT HAKamnJIHBaThCSA OLIHOKH,
(baKTHYECKM YCTOHYHBOCTL M TOYHOCTh OYEHb BHICOKH. KpaTHble co6-
CTBEHHbIE 3HAYEHHA TIOJYYAIOTCA CTOJIb K€ TOYHO, KaK M HPOCTHIE,
a COOCTBEHHble BEKTOPbl MNPAKTHYECKH OpTOro- -

(54)

Ha/JbHEl JpYr ApYTY. e o
Meton $Ikobu ¢ BBIGOpOM ONTHUMANLHOTO @D o o O

sneMeHTa TpeGyeT obbiyHO oKoJo 30n3 apud-

METHYEeCKHX JEHCTBHH M n? sueeK NaMATH A ¢

HaXOX/EHHS BCeX COGCTBEHHBIX 3HaueHui. [lis @ o o

HaXOXKJEeHHs BceX COOCTBEHHBIX BEKTOPOB Tpe- o o o

6yerca eme oxoao 20n3 peiictBuii. Takum O

o6pasoMm, 3TOT MeToZ pa3 B 10 menneHHee Me- L @"_

Tofla oTpaxeHuii. OCHOBHOE ero JOCTOUHCTBO —
HAJIEKHOCTb U €HHOOGPA3HOCTb BLIYHCIIEHHI, Puc. 34.
YTO NO3BOJISET JIEFKO 3anporpaMMHupoBaThb Me-
ToX. MTepauuoHHbI# MeTOJ BpalleHUH NpHMEHseTCs TaM, Ie BaxKHa
TOYHOCTb, HAJE€XKHOCTb H INPOCTOTA pacueTra ¥ MEHEE CYIIECTBCH o6peM
BBEIYHCJIEHHH.

3aMeuyaHue, ITOT MeTOJ, MOXKHO YcKOpHTb B 1,5—2 pasa, me Tepss ero
JNCCTOMHCTB. Y TPOH3BOJIbHEIX MAaTpHIl HEAHArOHalbHAas 4YacTh CepHyecKod HODMEI
B CpefHeM MHOro GOJIblle [HAaroHajbHOM, S3/Sq~ n, a y TpexAHarOHalbHbIX B Cpej-
HeM S,/S;~ 2. 3HauYMT, TpeXiHaroHalbHas MaTPHLA SIBJSETCS BBIFOAHBIM Hayajb-
HBIM TIPHOGIHKEHHEM L/ HMTepallMOHHOro Mertofa $Iko6u. IlosToMy nesnecoo6pasno
IpeBapUTe/IbHO IIDHBECTH MCXOJHYIO 3PMHTOBY MaTpHIly K TPeXAMaroHalbHOM
¢opMe npu NOMOMM TNPSMOrO MeToja BpalleHMH H 3aTeM NepBHIM XOJOM MeToxa
SJx06u aHHYJHPOBAaTb BCe HeueTHble MJIH BCE YEeTHble NOAIMArOHAaJbHEIE 3JIEMEHTHI
(puc. 34). Ilocne 3TOro MOXHO NepexoiuTb Ha OCbIYHBIA BAPHAHT HTEPALHOHHOLO
MeTona BpalleHHH ¢ BbIGOPOM ONTHMANbHOrO 3JIeMeHTa.

§ 3. HeapmuTOBB MaTpHIB!

1. Meton ajeMeHTapHbIX nNpeoGpasoBaHHi. B mnpuHIHNEe MOXHO
NpUBECTH Npeo6pa3oBaHHEM IOAOGHS HEIPMUTOBY MATpHUIy K MOYTH
TpEyroJbHON (opMe INpH ITOMOIIM OTPaXKEHHH WM BpauweHui. s
MaTpull TakoH (opMbl 3ajada Ha COGCTBEHHbE 3HAUEHWsl pellaeTcs
CPaBHHTENBHO OBICTPO M YCTOHYMBO CIOCOGOM, ONHCAHHLIM B § 1.
O/iHaKOo CYLIECTBYET BTpoe Gosiee OBLICTPbIH (XOTS HECKONBLKO MeHee
YCTOMYMBLIH) METOX 3JEMEHTapHLIX IMpeo6pasoBaHMi; OH MO3BOJSIET -
TNPUBECTH NPOM3BOJNBHYIO MAaTPULY K TPeXAHaroHajlbHOH (opme BCero
3a 2n® apudMeTHuecKHX JeHCTBHH. [l HEIPMHUTOBBIX MAaTPHIL 3TO
caMblii OBLICTPHIA M3 M3BECTHBIX METOJIOB,
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Merto siBAsieTcsl ABYXXOZOBHIM. [lepBHIM XOJOM MarpHlia NMpHBO-
IuTCS K BepxHefl IOYTH TPEYrosbHOH (hopMe, a BTOPHIM —K Tpex-
nuaroHa/nbHOH (opMe. Kaxiplii XOX COCTOMT M3 MOC/HENOBATEIbHOCTH
5/JeMEHTapHBIX [peoGpa3oBaHHil MOJOGHS, HATOMHHAIOIHX OTPAXKEHHH,
npeoGpasoBaHysl NEpBOro X0ja N00YepeNHO 06palalT B HYJlb CTONGUEL
B HIDKHEll yacTM Marpulibl, a Npeo6pa3oBaHUsT BTOPOIO X0OXA — CTPOKH
B BepXHeH 4acTH MaTpHIBL.

IMepeu#t xox Ha ero g-m 1ware Aas npeoGpasoBaHus IOJO-
61a HCHONB3YeTCs MATpHlla CAEAYIOWIEro BHIA:

1 00 ..0

1g Vger 1 0 ... 0
. ...}n_q, NqENq(U)= vq+3 0 l ee 0 . (55)
o0 00 .1

VccaenyeMm cBofictBa 3Tolt MaTpuiel. HerpylHo mnpoBeputs, 4TO
NHN =£ E, TaK 4To 3Ta MAaTpHIA He yrumapHa (AMEHHO MO3TOMY
3/leMEHTapHbe [peo6pasoBaHHs MeHee YCTOHYMBEI IO OTHOLIEHHIO
K OIHOKAaM OKpYI/eHHs). FI3sMEHHM 3HAaKH BceX KOMIIOHEHT vj, T. e.
Bo3bMeM MaTpHly N (— v); HEMOCPEACTBEHHBIM NIEPEMHOXKEHHEM JIETKO
y6exnaemcsi, uto N (v) N (—v) =E. Cnenosarenbro, o6paraas K (55)
MaTpHila OnpejeasieTcss NpocTo:

N-1(v) =N (— ). ' (56)

AHANOTMYHO MeTOAy OTpakeHuil, MaTpHubl (55) MPUMEHAIOTCS A1
ofpamenusi B Hy/Jb HHXHel MacTW ¢-TO CTOJGLA, eClH YXe aHHYJH-
pOBaHBI TpeAbIAYyIHEe CTOaOUb (pHc. 32). Pasofbem Matpuuy A Ha
KJETKH Tex e pasmepoB, uro #H B (55), W samuumem npeoGpasosa-
HHe MojoGHs HAa JaHHOM Luare

B— N-14N — [gg}q(_v)] . [:;jﬂ ‘. [EO ........... ] =

A AN, [Bl-zsz
":A[N;"('— o) Ay [N, (& 0) AN (v)]’; 'B;g'z;;]- (57)

V xaetku Az, a criefoBatenpHo, H ¥ KiaeTkH By =N, (— v) A; TonbKO
NOCJENHU CTOJ6eL ABASETCS HEHYJEBBIM; 3J€MEeHThl 3TOro cronbua
pesy/bTUpYIOme MAaTPHIbLl MOMYYAlOTCS I03/JEMEHTHBIM NEPEMHONKe-
HHEM KJIETOK:

bq+‘1.q=aq+1,qr biq=aiq—viaq+1,q npH q+2<i<n' (58)

I[TosToMy, YTOGH 06paTHTL B HYJb BCE 3/EMEHTHI KJAeTKH B;, kpome
YIVIOBOTO 3JIEMeHTa b,.q,,, HAAO MOJOKUTh

=Yg ]
v Garr s npu ¢+2<<i<<n. (59)

[Mocnenuss Qopmysa onpenenseT MaTpPUily HCKOMOrO 3JIEMEHTAPHOrQ
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npeo6pasopanust. OHa cyllecTBeHHO Npole, yeM GOPMYJIHL 11 HaX0X-
JIeHHS] HYXHOM MaTpHLBI OTpa)KeHUs B II. 2.

Camo mpeoGpasoBanue (57) oueHb HecloXHo. DBiuaromaps cnemu-
albHOM CTPYKType MAarpHUbl N YMHOXeHHE HAa Hee BBINOJHSETCH
TaK e ObICTPO, KaK YMHOXeHHe Ha BekTop. Hampumep, nossemenTHO
TNepeMHOXasA MATpHIbl, HafineM Kiaerky B, = A,N, (v):

by=a; npu g+2<j<n, I<i<g,

n
6
bigr1=01 91+ D ayu; mpu 1<i<g; (60)
1=q+2

NpH YMHOXEHHM chpaBa Ha N, MeHseTCA TOMbKO INepBHIH CTOMGeL
KJIEeTKH A,, a ocTanbHble CTONOUBI KJIETKH B, paBHLI COOTBETCTBY-
omumM ctonbuam knetkd A,. IMpoussenenne C,=A,N, (v) Bbluuc-
Jasercs Takxe no gopmynam (60), TombKO ¢ ONHHM OTIMYHEM: MeEpPBbIH
MHJIEKC 3JIEMEHTOB NpHHHMAaeT 3HaueHHA ¢+ 1=<<i<<n. YMHoXeHHe
cieBa Ha N, NPHUBOAMT K APYTHM BLIPaXKE€HHAM; TakK, /IS 4eTBEPTOH
KJ1eTkH By= N, (— v) C; mo3neMeHTHOE INepeMHOXKEHHe JaeT

byyy,j=Corr,; IPH g+1<j<<n,

bij=ci/—vicq+1./ npu q+1<]<n’ q+2<l<ﬂ, (61)
T. €. MEHSIOTCA NOYTH BCe 3JeMeHTHl KJeTkH. Popmyinl (58)—(61)
TIOJTHOCTBIO OMpENeNSIOT odepefHoH Iuar mepBoro xona. OHH 3KOHO-
MHYHBEI, TaK YTO METOJ 3JIEMEHTApHHIX INpeo6pasoBaHHH MNO3BOJISIET
NIPUBECTH TPOH3BOJIBHYIO MATPHLY K NOYTH TPEYroJibHO# chopMe BCEro
3a (5/3)n® apudmerHuecKuX JeHCTBMH, T. €. BABoe ObICTpell, uyeMm
B METOJE OTpaxKeHui.

Ho mns 3pMHTOBBIX MATpHI] MeTOJ 3JEMEHTApHBIX NpeoGpa3soBAHHH HEBLIrOfEH,
u60 NpH HEYHHTApHBIX NPe0o6pPa30BAHHAX 3PMHTOBOCTh He CoXpaHsercs. TeMm caMbiM
pe3vabTHpyIOmAas Marpuua GyfeT NMOYTH TPeyro/JbHOH, a8 He TPeXAMAaroHaJhHOMN, KaK
B METOZEe OTpaXKeHWi; BAOGABOK BHLIUTphIla B CKOPOCTH MO CPABHEHHIO C METOAOM
OTpaXKEHHH B 3TOM CJyyae HeT.

OnHako pacyeT NO HOJMYYeHHBIM (opMyJaM ele HeIOCTATOuHO
ycrofiunB. Ecim B Xone pacuera Ha OuepelHOM IlUare BO3HHKaeT
MaJblii BeNyUWHH 3/eMEeHT @4y, 4, TO COrJacHo Gopmynam (59) Kowmrmo-
HEHTHl ©U; GYLYT BeNHKH. IIpH BEHIYHCIEHHH OCTANbHBIX KJIETOK
MaTpHIbl 3JIEMEHTHl YMHOMKAIOTCS HA 9TH KOMIIOHEHTHI, U MOTPELIHOCTD
CU/IBbHO BospacTaer. UToOwl clenaTb METON YCTOHYHBBLIM, BEIGHDAIOT
enagtpii (T. €. HauGOJIBLIMA 1O MOJYJIO) 5JEMEHT aHHYJHDYEMOTO
cTos6ua

]a,q|=max|aiq| npH q+2<r9 i<n (62)

U mepecTanoBKoit (¢ 1)-# u r-fi cTpok AenawoT ero BeaymuM. Toraa
GyleT BBLIMOJHATHCS HEPABEHCTBO |U;|<C1, H TOrpPelHOCTh NpPaKTH-
uecKH He GyneT Hapacratb. PopManbHO NEpPecTaHOBKY [BYX CTPOK
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MOXKHO 3aIliCaTb KaK YMHOXKEHHE CJIEBA HA Mampuuy nepecmarosxku P:

g+1r
_1§

A'=Pgis A, Ppu,=| i} )

(BCe 3JIEMEHTHI, CTOAILHME BHE IVIABHOHN JAMAroHaJaH, KPOME OTMEYEHHBIX
311€Cb, PaBHBI HY/0), HemocpencTBeHHBIM NEepeMHOXKEHHEM JIETKO YG6e-
JAuTbCS, 4yTO P =P~1=PH, Tak 4TO CBOHCTBA MaTPHII NEPECTAHOBKH
NIOXOXH HA CBOACTBA MaTpHIbl OTpaXKeHHs.

Ho nepecranoBka cTpoK MeHsieT COGCTBEHHBIE 3HAUEHHS MATPUIILL.
Uro6bl COGCTBEHHBIE 3HAUYEHHS HE MEHSJIHCh, HAjo clenaTb npeoGpa-
soBanue monobusi A”=P-'AP. Hcnoab3ys CBOACTBA MaTpHL mepe-
CTAHOBOK H aCCOLHATHBHOCTb YMHOMKEHHS, MOJYYUM

A"=P-1AP =PAP = (PA)P = A'P.

Orcrona BHAHO, YTO NOCJE NEpPecTaHOBKH CTPOK Hall0 YMHOXHTD IOJY-
YeHHYI MaTpuuy crnpasa Ha P. ITosneMeHTHEIM nepeMHOXKEHHEM JIETKO
y6eUuTbCS, UTO YMHOMXEHHE cipaBa HAa P ecTb NPOCTO MEpPecTaHOBKa
COOTBETCTBYIOUIMX CTOJIGLOB MaTpHibl A’ (IepecTaHOBKA BHINOJHSAETCS
Ha DBM GbicTpee, uem apudmernueckue IEHCTBHS).

Takum o6pasom, yCTOHUHBOE 3JIeMEHTapHOE NPEOGPA3OBAHKE MOJO-
64s HMeeT CAEAYIOMHH BUI!

B =N (—uv) PAPN (v). (64a)

BaxHo NOMHHTBL, YTO ec/u NEPpEMHOXKEHHE STHX MaTpHLl NPOBOAHMTH
B CTpPOro Onpene/eHHOM MNOpsAKe

A—>PA->N (—v) (PA)— (N (—v)PA) P —
~ (N (—v)PAP)N (v), -(646)

TO YCTOMYMBOCTb GYyHET XOpolue# (XOoTs, MO-BHAUMOMY, METOA OTpa-
XKeHu# Gosee ycroiumB). Ecnm Xe mocie nepecTaHOBKH CTPOK Cpasy
NepecTaBUTh CTOJIGLLI, TO 3TO MOXKET NPHUBECTH K YMEHBIIECHUIO BeNy-
IEer0 3JEMEHTa M IOoTepe YCTOHYHBOCTH.

B npuHmMne mocje npHBeleHHS MAaTPHLBl K IOYTH TPeyrolbHOH GopMe MOXKHO
OIpefie/INTh COGCTBEHHBbIE 3HAUYeHHA crmocoboM, onucannbM B § 1. Ho pemenne stum
cnoco6oM nOMHOH Npo6/eMb! COGCTBEHHBIX 3HAUCHHH I/15 IIOYTH TPEYTOJNbHON MaTpUILLI
B HECKO/IbKO pa3 6o.iee TPYNLOEMKO, YeM NpHBeJeHHe NPOU3BOJIbHOH MAaTPHLBLI K MOYTH
Tpeyro/ibHOH ¢opme. ITosTomy, yTOGHI HCHONBL30BATH BHICOKYIO CKOPOCThH METOJA 3Je-
MEHTapHLIX Npeo6pa3oBaHHii, HALO NPHBECTH MaTPHIy K eme Gosee yHoGHOH dopme.
Huxe npusesen cmoco6 6bicTporo npeo6pasoBaHHS NOYTH TPEyroJbHOH MaTpHIp!
B TPEeXJHAroHaIbHYIO.

Bropoi# xon. CHayana sameruM, yro ecau marpuma A Gelia
HuokcHeld TIOUTH TpeyroJbHod (T. e. a; =0 npu i4+1<j), 1O mnpH
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npeo6GpasoBanuy nonobus (57) ¢ mMarpuuell N oHa OCTaHETCH HHXHeH
TNOYTH TpeyroJbHoH. B camom nene, knetka A; mpu 3ToM mnpeo6pa-
30BaHUM He MeHsercsl. B kyeTke A, HEHY/EBBIM GBI TOJBKO JIEBBIE
HWXHHH 3JIEMEHT @, ,.4; H3 Gopmya (60) BuxHO, uTO B KJjeTke B,
TOXE TOJIbKO OH OYLET OT/IMYEH OT HYMAS, NPHUEM by guy =0y 541
Kierka B, TakXe MMeeT HYXHYIO GopMy; B 5TOM HETPYIHO YOEAUTHCH,
IIpOU3BENSl NO3JEMEHTHOE YMHOXKEHHE.

Mbic/IeHHO TpaHCIOHHpYeM Bce NpPeo6Gpas3oBaHHMS . IEPBOrO XOAA;
COrJIaCHO MpaBHJaM MaTPHYHOH aire6pel /s 3TOr0 Hajo TPAHCIOHH-
poBaTh BCe MATPHIUbI, 4 BO BCEX NPOM3BEIEHHAX H3MEHHTb MOPSIOK
NepeMHOXKEHHA MaTpHll Ha o6paTHbIi. [Ipu TpaHcnonnposanuu N-1 (v)
NOJIYUHM MATPHLY

—Ulq+2 —Ugy3 o0 —Up
0 ... o0
M=|57u, Me=|o_ N o | ©3
0 0 1

npuyeM M- (v) =M (—v). Torma mnpenbnymuii BLBOA NPHHHMAET
TaKkylo GopMy: eC/IH s BEPXHEH NMOUTH TPEYroJbHOH MATPHIL! POHS3-
BOJMTCA NpeoGpa3oBaHWe NONOGHS TNpH Iio-

Mo Matpuubl  (65), TO pesyabTHpYiO- o o XIXX XX

mias Marpuia OCTaeTcsl BepXHeH TmouTH ® & eixX X XX }q

TPEYTO/IbHOH. . = ;x.:_(:;_:)_ -z
[TpuMenuM menouky npeobpasoBaHUi mo- cooleeses

no6uss M-1AM x wmatpuue, TOJydYeHHOH B 0cooc0e e e n-q

pesy/brare nepBoro xona. Ha kaxpiom iuare coolooee

3JeMeHTapHylo MaTpuuy M (v) Gymem mnogm-
6upartb Tak, 4TOObI AHHYJIHPOBATH 3JIEMEHTEHI
IpaBOH TOJOBHHBI OYEpEIHOH CTPOKH (CM.
puc. 35, rie TOYKAMH 0GO3HAuYeHbl HEHYJIEBbIE 3JEMEHTH, KpYXKKa-
MH — 3JIEMEHTHI, 00palaemMble B HYJb Ha NIEPBOM XOJ€, KPECTHKAMHU —
ofpauiaeMble B HY/b Ha HayaJbHBIX IIarax BTOPOrO XOZa; 3JIEMEHTHI,
aHHYJHpYyeMble Ha OYepejHOM Iuare, obBeleHnl). Biaromaps Ttakomy
BLIOOpPY pe3yJbTHpYIOIIAA MaTpHLIa JOJNXKHA CTaThb HUXKHEH IouTH
TpeyronbHo#i. Ho B cHy CKa3aHHOrO BbIlIE OHA ONHOBPEMEHHO OCTa-
ercss BepXHell moutH TpeyronbHoH. Tem caMmblM oHa 6yneT Tpexaua-
TOHaJbHOH, YTO M TpebOBaIOCH.

Bce ¢opmysbl BToporo xXoja JIerko NOJYYHTh, NPUMEHSISI ONHCAH-
HOe BhIllIe TPAHCIIOHMPOBaHHE K dopmyJiam nepsoro xoaa. Hampumep,
NyCTh AaHHYJHPOBaHBl MEpBhIE ¢ — 1 CTPOK, M HAaA0 aHHYJIHPOBATbH
g-to crpoky. Torma noaGop 3/7eMEHTOB HCKOMOro IpeoGpasoBaHus
IIPOH3BOAUTCS aHAOTHYHO (opmyne (59):

Puc. 35.

o
y=—= mpn ¢+2<j<n, (66)

@q. g+1
B 1. A. IlockolbKy Ha BTOpPOM Xolle B KjeTKe Az HMEeTCs TOMbKO
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OIMH HEHYJEeBOH 3JeMeHT, a B KJeTke A, OKOJIO NOJOBHHBI 3JI€MEH-
TOB — HYJIEBEle, TO IpeoOpasoBaHHe NOAOOHUA TIOYTH TpPEYroJbHON
MaTpHIBl K TpexAuaroHanabHo# ¢opMe TpeOyer Bcero n3/3 apudmeru-
YecKHX AEHCTBHH, T. €. ABJAETCA OUYEHb OLICTPBIM.

Onnako, ecid Ha HEKOTOPOM Ilare BTOPOTO XOAa BEAVIIUH 3Je-
MEHT Q4 o4+ OKAXETCA OYEHb MAaJIbIM, TO pacyeT CTAHOBHTCSH HEYCTOH-
YHBLIM. ,gx yJAyullaTh YCTOHUHBOCTD IIEPECTAHOBKOH CTPOK U CTOJIGLOB
3[eCb yXKe Heslb3sl, MO0 TaKas MepecTaHOBKA HapyIlaeT CTPYKTYpY
MaTpuibl (OHA NepecTaer GuITh BepXHeH MouTH TpeyroabHol). [TosTomy,
4yTOObl OCJIAGHThL BJHMSHHE OIIHGOK OKDYIVIEHHS, HEPEIKO INPOH3BOAST
pacyeT BTOPOro X0la M BBIYHC/JEHHE XapaKTepHCTHYECKOrO MHOIOYsIeHa
TpeXJUaroHajJbHOH MaTpHubl C ABOHHOH TOYHOCTBIO. B OTHENbHBIX
clyyastx ¥ 5TO HE IIOMOraer; TOrJa NpOHM3BOAAT KaKylo-AH0O nepecta-
HOBKY CTOJIGLIOB HCXOZHOH MAaTpHIBEl U TakKyl0 Ke MNEepecTaHOBKY
CTPOK M MOBTOPSIIOT pacueT ¢ caMoro Hauvana. IlpaBjpa, Ha mpakTuke
CpBIBBI IIpolecca JOBOJILHO PENKH.

Bcero IBYyXXonoBOH MeToj 3JEMEHTApPHEIX IpeoGpasoBaHHil Tpe-
6yer 2n® peHicTBUH ]S TNpUBENEHHS MaTpPHUbl K TPeXAHAroHaJIbLHOM
¢dopme, okosmo 60n? nefcTBUH 1S HAXOXKIEHHMS BCeX COGCTBEHHBIX
3HAaueHHH W COOCTBEHHBIX BEKTOPOB TPEXJAMAroHaJbHOH MAaTpHIbl, H
eme 2n® medcTBUH I/ TpeoGpa3oBaHUS STHX BEKTOPOB B COGCTBEH-
HBIE BEKTOPHI MCXOIHOH MaTpHLEBL. DTO Beero Jiuilb B 7—8 pa3 Goablue,
yeM HYKHO JJI5, pellleHHsl OYeHb NPOCTOR 3ajauyd — JHHEHHOH CHCTEMEI
TOro ke rnopsjkal

Takum o6pasoM, MeTON 3/eMEHTapHLIX Npeo6pa3oBaHHH SABJSETCA
OYeHb GBLICTPLIM U B GOJIBILMHCTBE C/AYYaeB YCTOHUMBBIM.

2. HUrepauuonnble metopbl. CylllecTByeT MHOIO METOROB, OCHOBAaHHEIX Ha Gecko-
HEYHOI1 IT0C/Iel0BaTeVIbHOCTH Npeo6pa3oBaHul NOAO6HS, NIPHBOASAIIEH MaTPHIly K HEKO-
TOPHIM CIIELHANBHEIM HOPMAM, I/ KOTOPHIX NOJHAA NpobleMa COGCTBEHHBIX 3HAYeHHi
Jerko peiuaercd. MTepanHoHHble MeTOAbl CIOXHee NPAMBIX, a8 JJIS Marpul, NpOH3-
BOJILHOTO BHJia 3aMETHO YCTYNAlOT NPSAMBIM METOLAM IO CKOPOCTH (M 3a4acTylo — Io
ycrofiunoctH). Ho nmOcKo/bKY H3BecTHble NpSAMble MeTOAbl HE COBCEM YHOBJNETBODH-
TeJIbHBI, TO TpeHeOperaTb HTEDAUMOHHLIMH MeTOlaMH He cjenyeT. Huke maHel Kpat-
KHe CBelleHHS O Hanbojlee M3BECTHbIX HTEPAllHOHHBIX MeTOJAX; IOADOGHOe H3J/0XKe-
HHE HX aJrOpPHTMOB HMeeTCs, HampuMmep, B MoHorpadusx [5, 41].

Memo0 o6obwennblx 6pawjeruti (pa3BHTet D6epaeitn u B. B. BoeBoguHbM
B 1962—1965 rr.) ocHoBaH Ha nNpeoOpa3OBAHHM MATPHIBl K KBa3HAHArOHAJbHOI
¢dopme, KOTAA IO TI/IABHOH [HMArOHAJH DACIOJIOXKeHh KJIETKH, NOPSAKH KOTOPBIX
paBHBl KpaTHOCTH COOTBETCTBYIOIIMX COGCTBEHHBIX 3HAueHHii, a BCe OCTalbHble 3Je-
MeHThl MaTpPHUBL PaBHbI HyJIO (pasymeeTcsi, MPUGIHKEHHO, HGO MpOIECC HTepalH-
oHHbll). EciH Bce COGCTBeHHBIE 2HAYEHH$ TPOCThle, TO MpOIECC CXOMMTCA K JHa-
TOHAJbHOH MaTpHIe.

L1151 KJIETOK, COOTBETCTBYIOMUX KPAaTHEIM COGCTBEHHBIM 3HAYEHH M, HAN0 HAXOLHTh
coOCTBEHHbIe 3HAYEHHS H COOCTBEHHble BEKTOpbl CHENHaJbHBIM aJrOPHTMOM, T. e.
B MeTOJ BKJIIOYAIOTCS JOINOJHHTeNbHbIe NPOueRyphl. OTO HeYAOOCTBO HMEETCs BO BCeX
HTepanHOHHBIX MeTopaX. Ho NMOCKOJLKY NMOPSNOK TAKHX KJETOK OOBIYHO HeBesIHK,
TO 5TO He BHI3BIBAET CEPbE3HBIX 3aTpyIHEHHl.

Illar nmpouecca cocTouT 3 AByX uacreii. Ha mepBom noayluare nenaercs aine-
MeHTapHoe Npeo6pasoBaHHe MarpHuueil THma N uim M, B KOTOpOH TONBKO ONHA
M3 KOMIOHeHT v OTJIMMHA OT HyJd; ee¢ BeJHMYHHA mopabupaercs TaK, 4To6bl Kak



§3] HE3PMUTOBBI MATPULIBL 187

MOXHO cuibHee yMembluTh || A ||g. ITockonsky mist mo6oit marpunmt || A ||} =
n
= Z | A; |2, mpHYeM TOMLKO Al HOPMAaNbHBIX MATpHII HMeeT MeCTO DaBEeHCTBO,
i=1
TO Taxoe npeoGpasoBaHHe NpHGIHMKAET MaTpHILy K HOpManbHOH. Bropoi nonymar —
3TO BpauleHHe THIA $KOGH; L/IA BellleCTBEHHOH MATPHLLI YroJ MNOBOPOTa ¢ ONpe-
IesieTcs M3 YCIOBHSA
tg 2= (ap:+ air)/(@rr—au))-

Tpouecc opraHM3oBaH TaK, YTO MOJHLIA IUAr JUIs 3PMHTOBBIX MATpPHIl TOYHO
COBNafaeT ¢ UMKJIHYECKHM BapHaHTOM MeToAa SIkoGH. 3HAUMT, BBIYHC/IEHHS B O6IEM
cnyyae TpefyioT Gojee 50n3 apudMeTHUeCKHX JeHCTBHH, T. e. METOL HOBOJIBHO
MeVIeHHBIH. 3aTO OH SABJSETCS OFHHM M3 HauGojee YCTOHYHBHIX.

Opmozonarvhblls cmenerrotl memod (npepyoxerHsiit B. B. BoesoannbiM B 1962 r.)
OCHOBaH Ha npeo6pa3oBaHHH MAaTpPUUBl K KBasHTPeyroJbHOH ¢opMe, KOraa Ha IJaB-
HOH JHAaroHanH CTOAT KJeTKH, a HUXe HX BCe 3JEeMeHTHl PaBHbI HYyJ0. Y TakKux
MaTtpul COGCTBeHHble 3HAUEHHS DaBHbl COGCTBEHHbIM 3HAYEHHSIM NHArOHANbHBIX KJe-
TOK, HO COGCTBEHHbIE BEKTOPbI ONpeNeJISIOTCS CIOXKHEH H 3HAuHTe/]bHO MeHee TOYHO.

Op1oroHanbHblil CTENeHHOH MeTOA YCTOHuUMB M BCerfa cxomurcsi. CKOpPOCTb CXO-
JUMOCTH JIHHeHHasl, cO 3HaMeHaTreJeM THNa p=max | A;/A;,y|, roe A;—co6cTBeH-
Hble 3HAUEHH$, | aclIoJIOXKEeHHble B NOPAAKE BO3PacTaHHs MOLYyJeH (MpHueM KpaTHble
3HAyeHHA CYMTalTCH 3a 0fHO). CllefoBaTe/IbHO, TpeGyeMoe YHC/I0 HTepauHi JOBOJIbLHO
BEJIMKO, OCOGEHHO eC/H Cpefd COOCTBEHHbIX 3HAueHMH ecTh OiM3KHMe. OpHa urepa-
uus Tpe6yer (10/3) n3 apudmeTHYECKHX NEHCTBUH, TaK YTO METOJ OKa3blBaeTcsl BEChbMa
MeVIeHHBIM.

Tpeyeonvrbili cmenennoli memod (mpepnoxen Bayspom B 1957 r.) Takxe ocHO-
BaH Ha npeoGpasOBaHHHM MAaTpPHILEI K KBasUTpeyroJbHoit ¢opme. CXOZHMOCTH ero
TOXe JIMHEHHAs, HO OfHA HTepauus TpeGyeT Bcero (5/3) n3 meficTBUH, a NpH HeGOMb-
IIOM yC/IOXHEHHH a/JroputMa— jaxe (2/3)n3 peficTBuil. 3aTo STOT MeTOX MeHee
YCTOHUMB, YeM OPTOrOHA/bHbLIA CTENeHHOH MeTON, OCOGEHHO eC/IH COOCTBEHHble 3Ha-
YeHHS] KOMIUIEKCHBIE, H/JH B pacueTax MNOSBJSIOTCH MAaTpHubl ¢ GIH3KHMH K HYJIIO
IJ1aBHBIMM MHHOpaMH. 3ayacTyio A1 COXDAHEHHS yCTOHYMBOCTH NPHXOAMTCS BHAO-
H3MEHSATb aJrOpHTM. .

AP-anzopumm (npennioxen PyTucxaysepoM 1 Bayspom B 1955 r.) Toxke copepxHuT
npeoGpasoBaHie MaTpHUbl K KBasHTpeyroibHo# ¢opme. OH paspaboTan TOMLKO AJIS
BELIECTBEHHbIX MATPHI C BelleCTBEHHBIMH COGCTBEHHHIMM 3HaueHHMsMH. MeTox Bcerza
CXOfuTCs, NpuueM BONU3H pellleHHs] KBaIpaTHYHO; OAHA HTepauus Tpe6yer (7/3) nd
neiictBuii, TakuM 06pasoM, IO CKODOCTH 3TOT METOJ IPEBOCXONHT OPTOTOHAaJbHBI
CTeNeHHOl; 3aTO0 OH yCTynaer eMy MO YCTOHYHBOCTH.

QR-anreopumm (npennoxed B. H. Ky6nanosckoir u Ppencucom B 1961 r.)
OCHOBaH Ha NpeoGpa3OBAHMH MaTpHUbl K KBasuTpeyroipHod ¢opme. ITo ycroiiuu-
BOCTH M XapakTepy CXOZMMOCTH OH aHaJOTHYeH OPTOTOHAIbHOMY CTEIIeHHOMY METOZY.
DTOT MeTon OueHb BHIFOAEH I/ BepXHHX NOYTH TPEyroJbHHIX MATpHI; B XOfe Ipe-
06pa3oBaHMH MX CTPYKTypa He paspyllaeTcs, H Glarofapf 3TOMY ONHA HTepauusd
TpeGyeT Bcero 6n2 apudMeTHYeCKHX NEHCTBHH (T. €. BpeMs pacyeTa yMeHbLIaeTCs
B n/2 pas no cpaBHeHMI0 ¢ ofmuM ciayyaeM). Jleraqn 3TOro aaropuTMa XopoIIO
oTpa6oTaHbl, H CYIIECTBYIOT OCHOBAHHbIE HA HeM CTaHJApPTHbIE NMPOrpamMMel.

LP-anzopumm (npepoxker Pyrtucxaysepom B 1955 r.) paccuuTaH TO/IBKO Ha
BeIECTBEHHbIE MATPHIE C BElleCTBEHHBIMH COGCTBEHHBIMH 3HAaueHHsiMH. OH 61430K
K TPeyroJpHOMY CTENeHHOMY MeTOAY, He OueHb YCTOHUMB M CXORHTICS MeIJeHHO
(MOCTpOeHb! faxe NMpUMEpHl 3aMK/IHBAHUSA Tpouecca). 3aTO IS NOYTH TPeYyroib-
HBIX MaTpHI, OH TpeGyeT Bcero 2n2 NeHCTBHH Ha OfHY HTepamHio, a IJs JeHTOY-
HBIX MaTpHI AaeT elle GOMbIIYI0 SKOHOMHIO.

3. Hexkoropsie uacthbie cayuau. Kocospmumosa marpuua A yMHO-

MEHHEM Ha i MpEBPAWAE€TCs B 3SPMUTOBY MaTpHLY B=iA; nas
SPMHTOBOH 2Ke MATpHIbl NpobJeMa COOCTBEHHHIX 3HAYEHHH pelnaercs
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ropasjio Jierde, yeM JJs HeIPMHTOBHIX. /I KOMIUIEKCHBIX MATpHIL
9TOT crnoco6 HauGosee ynobGeH. [ BeIECTBEHHBIX KOCO3PMHTOBBIX
(KOCOCHMMETPHUHBIX) MATPHIL OH HECKOJIbKO MEHee BBIFOJIeH, H6O mocie
YMHOXEHHSI Ha [ NPHUXOAMTCS BCE OCTAJbHblE NEHCTBHS BBINOJHATD
C KOMIIJIEKCHBIMH YHCJ/IaMH.

0606uwienras npobrema COGCTBEHHBIX 3HAYEHHH

Ax =ABx (67)

OCOGEHHO JIerKO pellaercsi, ecad Marpuusl A u B 3pMHTOBBI H OIHA
U3 HHX — MOJIOXKHTEJNbHO oOnpelejeHHass. DByneMm cumtarb, 4to mHoJso-
JKUTEJIBHO ONpeJeJieHa BTopas Marpuua (ecau IOJIOXKHTENbHO Ompe-
nenena marpuua A, To 3amauy (67) Hamo mepenucathb B BHIe Bx =
= A1Ax).

PasnoxuM Marpuny B MeToioM KBajpaTHOro KOpHS (cM. riaBy V,
§ 1) B npousBesienne aBYX TpeyrosabHux B = SHS; 6naropaps moJo-
JKHTETbHOH OnNpefeseHHOCTH MaTpuubl B B 3TOM pAasjioXEeHHH OTCYT-
CTBYeT AHAaroHa/jbHast MaTpuua. Toria MoXXHO NepenucaTb HCXOXHYIO
3ajauy (67) B cienymouieM BHIe:

Cy=M, rre y=Sx, C=(SH)1AS. (68)

Bruncsenne TpeyroJbHOH marpuubl S, ee ofpalleHue U HaXoXJAeHHe
Marpuupl C BbINOJNHAKTCS 3a 4n® peifictBuil. Jlerko npoBepuThb, uTo
C —spMuTOBa MaTpHla; TakuM o6pas3oM, 3ajaya CBeslach K XOPOLIO
HU3Yy4YEeHHOH.

3ameuaHnue. 3anuch 3agaun (67) B Buue (B-A) X =AX HeBul-
rogHa, u6o marpuua B'A He Gyzmer, BooOle TroBOPS, SPMHTOBOM.

Hopmanronyro mampuyy A mo teopeme Lllypa MOXHO NPHBECTH K AHArOHAIbLHOM
dopme yHHTapHbM npeoGpasoBaHHeM nofoGHs. Hampumep, eciiu yHHYTOXeHEI Bce
9/IeMeHTbl HHXHefl TNOJOBHHB, TO B CHJy HOPMabHOCTH MAaTPHIBI NOJMyueHHas
BEepXHssl TpeyrojibHas Mmartpuua GyfeT AHArOHAILHOM.

U106kl peanH30BaTb 5Ty HAelo, ObUIH TpEAJIOKEHb pasHbple BADHAHTH HTepa-
LIMOHHOrO METONd BpALIEHHH: LUKIMYECKOe aHHYNMPOBaHHE NOLAHACOHANBLHBIX 3/le-
MEHTOB, /M yMeHblleHHe NMOAAHATOHAJILHOH YacTH coepuueckoil HopMmbl. OpHako
OHH OKa3aJIMCh HeyJauHBIMH: GbUIM NOCTPOEHBI IPHMephbl, B KOTODHIX 3TH IPOLECCH
CXONHJIHCh K HeNMAarOHA/bIIBIM MaTPHIAM.

yAOBJIeTBOpHTeJleblM OKa3a/cs OBOMBbHO HCKYCCTBeHHbI BapuaHT. PaccMoTpum

npeo6pa3oBanye VklAUkl» NpOM3BOJMMOE YHHTapHbLIMM MaTpPHIAMH BpAameEHHs! (OHO

He siBJseTcs npeo6pa3oBaHHeM NOfoGus). Ecau yrisl noBopora cnpaBa H cleBa pas-
Hble, TO HX MOXHO 1OA06GpaTh TaK, YTO Ha KaXJOM IIOBOPOTe HeJMaroHajbHas uacTb
chepryeckoil HOPMBI yMeHblllaeTcst, a GeCKOHeYHasl IeNOYKa Npeo6pPasOBaHHH NpH-

BOLHT MaTPHLY K AHaroHalbHOH dopme: VHAU—D, rpe vV =]___[sz, U=HUkz-

Tenepb paccmorpum mpeoGpasoBaHHe NOROGHs B = UM AU, Bemonnennoe waii-
JeHHOH MaTpuue#l mosopoTa, MOXHO 1OKa3aTb, YTO B MaTpuue B paBHBI HYJIO
(pasymeercsi, npHOJMKEHHO) BCe HEJHArOHAJbHBIE 3JEMEHTH, KpoMe TeX, KOTOpble
JiexaT Ha MepeceYeHHH CTPOK H CTONOLOB, WIS KOTODHIX NHArOHANbHble S/eMeHTHI
BCIIOMOTa1e/IbHOA MaTrpHuel D PaBHBl MeXTY cofoit mo momymo: by,=0, eciu
iy | # | dge |



§ 4] YACTUYHAS TPOBJIEMA COBCTBEHHBIX 3HAUEHHH 189

CrenaeM TaKyl0 NepeCcTaHOBKY CTOJGLOB M CTPQK C OFHHAKOBLIMH HOMepaMH
(a 310 —npeo6pa3zoBaHue NOROGHS), uTOOH B MaTpHle D paBHEE IO MOMYJIO
IHaroHajbHble 3JeMeHTHl 3aHSJIH COCeHHe MeCTa BHO/Ib AHaroHanu. Takas mepe-
CTAHOBKAa NPHBOAMT MaTpHIy B K KBasujauaroHaapHod ¢opMe, mocse yero 3agaya
Ha COGCTBEHHBIE 3HAYEHHS JIETKO pelllaeTCs (eCH pasMephl KJETOK HEBeJNHKH).

§ 4. YactuyHas npo6GaemMa COGCTBEHHBIX 3HayeHMii

1. OcobenHocTH mpoGaeMbl. Bo MHOTMX 3aJauaX WMHTEPECHH He
BCe COGCTBEHHblE 3HAUEHWs, a TOJIbKO HEGO/bINAas HX YacTh.

Marpuiel oueHb BBICOKHX MOpPSAKOB OOLIYHO MOJYYAKOTCS IIpH
KOHEYHO-PAa3HOCTHOM peLIeHHMH 3aJay Ha COOGCTBEHHble 3HAYEHHS IJIf
nuddepeHnHaibHbIX YpaBHeHHA. B 3TOM ciyyae JoCTaTOuHO BHIHC-
JIUTb TOJBKO HECKOJIBKO HH3IINX COOGCTBEHHBLIX 3HAueHWH, COOTBET-
CTBYIOIIMX MaJIOMy YHCJAY HyJe# CcOGCTBEHHOH ¢GYHKUHH (a BBICOKHE
COGCTBEHHbIE 3HAUEHHS MATPHIbI BCe PABHO IJIOXO ANNpPOKCHMHPYIOT
COOTBETCTBYIOLINE COOCTBEHHbIe 3HAueHHA AuddepeHUHANTbHOrO onepa-
TOpa B CH/JY CBOHCTB KOHEYHO-DA3HOCTHHIX MeTofloB). B 3apavax
nuddy3nn HEATPOHOB HMEIOT (DH3HYECKHH CMBICA TOJNBKO ONHO HJIH
IIBa COOCTBEHHBIX 3HAuyeHHs, U T. A.

B 3Tux ciayyasx pelarhb HOJHYIO NIpo6/eMy COGCTBEHHBIX 3HAYEHHH
HeBBIrofHO. OOBIYHO NPUMEHSAIOT WTEpaIOHHBIE IPOLECCH, CXOAS-
muecss K OAHOMY COOCTBEHHOMY 3HAu€HHIO U COGCTBEHHOMY BEKTODY.
BousbluMHCTBO 3THX IpoOLECCOB A OCOGEHHO BaXKHBIX HA NpaKTHKE
JIEHTOYHBIX MAaTpHIl 3aNHCHIBAETCSH O4YE€Hb YKOHOMHO.

Jlns onucaHHBIX HHXKe NPOLECCOB HYXKHO 3afaBaTh HYJEBOe NpH-
Gmmxenne. Ecau oHO ylayHO BLIOpaHO, TO YHC/IO HTEpAlMil 3aMETHO
yMeHbIlIaeTcs. 3ayacTylo Xopollee HYyJeBoe HPUOIHKEHHE MOXKHO
HOJNYYUTh U3 (PH3UYECKHX COOGpaKEeHHH.

2. Meron auHeapusauumd. 3anuiieM 3ajadyy Ha COGCTBEHHbIE
3HaueHus (1) uepe3 KOMIIOHEHTHI COGCTBEHHOTO BeKTopa:

F, (x, A,)E Z alkxk-—-hxi=0, l<i<n. (69)
k=1

3apauy (69) MOXHO paccMaTpHBaTh KaK CHCTEMY ypaBHeHUH c n 1
HEH3BECTHEIM X;, X, ..., X,, A; 3T CHCTEMa HejuHeiHa Gjarojaps
Ha/WYMIo 4YIeHOB Ax;. Ilns pelueHusi HeJHHEHHOH CHCTEMEHI 11e/1€C006-
pasHo npumeHutb MeTox HeblotoHa. JlaBas BceM nepeMEHHBIM MaJible
npupamenusa 6x;, 6A u nuHeapusys ypaBHeHHs1 (69) oTHocHTeNbHO
NpHpaUleHHH, NOJYUYHM

n
> aubry— A0 8x, —xP8h=—Fi (x9, AY), 1<i<n; (70)
k=1

3lech HHAEKC S o6o3Hauaer HoMmep utepauuu. Cucrema (70) conepxur n
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ypaBHEHUH, JTUHEHHLIX OTHOCHTE/IbHO HEH3BECTHBIX MpHUpalleHui. ITHX
HEH3BECTHBIX 7+ 1; HO NMOCKOJBbKY COGCTBEHHBIH BEKTOp OMNpeJeseH
C TOYHOCTBIO JO MHOXMTENSA, TO, HE Hapyuas OOCMHOCTH, MOXHO
nosnoxute UM Ox; =0, uau Ox,=0. ITocse sToro uucno ypaBHeHHi
6yZeT paBHO YHCJY HEM3BECTHBIX NpHpalLieHHH.

HanoMHHM, 4TO HBIOTOHOBCKHH INpolecc B6JIH3H pelleHHs CXOLUTCA
KBajipatuyHo. UHc/0 MTepauuii 3aBHCHT OT BhIGOpa HYJIEBOTO NpHOIH-
KeHusl. Ilpu ymauHoM npubauKeHHH JocTaTouyHo 3—5 wureparui.
A ecnu 3a 10 urepauuit npouecc He cColuejcs, TO CKOpee BCErO OH
He coiieTcs, H HaJo M3MEHUTb HYJ/eBoe NpuO/uKeHHe. 3aMeTUM, YTO
IpH HEeyJayHOM HYJIEBOM NpPHOJIMAKEHHH NpOIECC HHOIZLA CXOAUTCS He
K MCKOMOMY COOGCTBEHHOMY 3HAuYeHHIO, a K ApYyromy.

Marpuua auneitHoit cucremnl (70) ornmuaercs or marpuubl A 1o
CTPYKType Majio — TOJIbKO J06GaBJeHHEM OJIHOIO HEHYJIEBOTO CTOJOLA.
ITostomy nns marpuuel A ofllero BHIA Ha OXHY HTEpalHMIO Tpe-
Gyercsi 2/3n® apudMeTHUECKHX NeHCTBHi, [Jif IIOYTH TPEYroJbHOM
MaTpHibl — Bcero 2n% JefcTBHH, a IS JIEHTOYHOM MAaTpHUB Jaxe
m®n/2 pefictBUN (The m — LIHPHHA JIEHTHI).

Meroy, nuHeapH3alMu YCNEIIHO NPHMEHSETCS K MaTpPHIlaM MopsiiKa
n~=100 — 1000. OH oco6eHHO BHIIOJIEH I/ TPEXIHaroHaJ/bHbIX MaTpHLL;
IJ1 HUX HOJIy4eHHe OJHOrO0 COGCTBEHHOIO 3HAYEHUST U COOCTBEHHOTO
BeKTOopa TpeGyeT o6bluHO ~ 50 n apudpMeTHuecKux NeHCTBHH.

3. CreneHHol MeToj (cuem Ha ycmawosaerue) NpUMEHsieTCH IS
NoJIy4eHHsl HanOOJbIIEro MO MOAYJIO coGcTBeHHOro 3Hauenus. Ilycrs
|A;|>|MAg|=|A3|= ... TlocTpoum Tako# HTEpaLUOHHBEIA mpoLeCcC:

x5+ = Ax(5), (71)

OH He cxomuTcs B OGLIYHOM CMbIce. Pa3soxuM Hy/neBoe NpuGJIH-
XeHWe 10 COGCTBEHHEIM BeKTopaM Marpuubl: X'® = 3 &ux;. Torza
i
JIETKO Y6EAUThCS, YTO x($’=27\,f§ixi ¥ NpPH JOCTATOYHO GOJIBLIOM
i
yHce ure iox® A )
paunit X ~AE, X, T. €. BEKTOp X'~ CXOLUTCS K COGCTBEH-
HOMY BEKTOpY MO HampasJjeHuto. OueBUIHO, NpU 3TOM X\5+D) ~~ A, x(5),
ITpouecc cxomurcs JHMHEHHO cO 3HaMeHareneM ¢ A~<|Aq/A;|. Cuu-
TaeTcs, YTO MNPOLECC NPAKTHYECKH COLIEJICS, €CJH OTHOIUEHHS COOT-
BETCTBYIOUIMX KOOpPAMHAT BEKTOpPoB XS*Y) u x(s) ¢ Tpe6Gyemo#i ToOU-
HOCTBIO OJMHAKOBHI W HE MEHSIIOTCS Ha TMOCJAEIHHX HTepauusx.
Ipu srom ans Gosee TOYHOTO MONYYEHHS] COGCTBEHHONO 3HAYeHHs
11e/1ecO06pasHO MOJIOKHTh

|x¢s+1) [ (xSt xtsth) 79
r — = —eeee

M’l,"’ [x57] (%57, x5 ( )
OrmerumM, uto mpH pacyerax Ha DBM Ha Kaxjpoii HTepalHH IoC/Ie
BHIYHC/IEHHS A; BeKTop Xx'**1) Hallo HOpMHpPOBATh, YTOGHI HE MOJNYYaTh
NEePEnoNHeHHH U/IH HCYE3HOBEHHH 4YHCesl.
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®opmanbHO 1pH §; =0 HTEpaluH CXOAATCH K CJeAyIoweMy cobCT-
BeHHOMY 3HaueHHI0. OfHAaKO H3-32 OWHGOK OKPYIVIEHHS & He MOMKET
OBITb TOYHO HyJIeM, 4 IIPH MaJioM §; Npolecc MNO-NpeKHeMY CXORHTCS
K TIepBOMY COOCTBEHHOMY 3HA4eHHIO, TOJbKO 3a Gosbluee YHCIO
uTepauui.

Ecnu HauGonbinee coGcTBEHHOE 3HAYeHHe KPaTHOE, HO COOTBETCT-
BYIOUIMH 3JIeMEHTApHBIH JAesnTe/ib MaTPHLE! JHHEeH, TO HTEpPAllUH CXO-
AAtcsi OOBIYHBIM o6pa30M Ho ecan A;=A,, a HX MORYJH paBHBI HJIH
€CJId 3JIeMeHTapHBIH JeJIHTe/b MaTPHIL HEJIMHEEH (KOPJAaHOBA KJIETKa),
TO IpoLecC He CXOAHTCH-

Ecnu | A |A2|Ay|, TO CXOIHMMOCTD OYeHb MemJIeHHAs; 3TOT CJAyYai
HepeaKo BCTpeYaeTcs B IPOCTEHINMX HMTEPalMOHHBIX METOojax pelile-
HHS Pa3sHOCTHBHIX CXeM IJIS 3JIIMNTHYECKHX ypaBHeHuil (rsaBa XII).
Torza cxoZMMOCTb MOXKHO YCKOpHTb Inpoleccom DiTKeHa (cM. rJa-
By IV, § I).

Onna urepauus A1 Marpuliel obiiero BHAa TpebyeT 2n® apudme-
TUYECKUX JEHCTBUH, a JJIA JIEHTOYHOH MaTpHULbl-—2mn JNeHCTBHH.
H3-3a mensleHHOH CXOAMMOCTH CTeNEeHHOH MeToJ NpPHMEHSIOT TOJbKO
K MaTpHIaM, COAEpXKaILHM OYeHb MHOI'O HYJIEBEHIX 3JIEMEHTOB (H Jaxe
K HUM—JOBO/JIbHO DEJKO). /

B MaremaTHyecKkoi JIUTEpaType OMHCaHa BapHalMsl CTENEeHHOro MeToxa, HMelo-
mas KBafApPaTHYHYIO CXOAUMOCTb: X'S)=Ax'®, rpe A;=A5y As_; u Ay=A. Ozn-

HaKo ecl¥ MatpHua A HMeeT MHOTO HYJEBHIX 3/IEMEHTOB, TO ee cTeneHn yxe Ta-
KUMH He GyZyT. I103TOMy 3TOT BapHaHT OGBIYHO He SKOHOMHYEH.

4, OGpatHbie WTepauuu co ciasuroM. Hamnuimem HTepalHOHHBIHR
npouecc, o6paTHHIl 1O OTHOLIEHHIO K CTENEHHOMY IIpoLeccy:

x5t = A-1x(s), (73)

OueBHIHO, OH CXOAMTC B YKa3aHHOM B II. 3 cMbicJe K HanGOMb:
1emMy IO MOAYJIO COGCTBEHHOMY 3HaueHHIO MaTpHuel -A-Y, T. e. K Hau-
MEHBILIEMY TI0 MOAYJIO COGCTBEHHOMY 3HaueHuIo mMatpuipl A (6o co6-
CTBeHHble 3HaueHHs Matpun A u A~! obparHl Apyr Apyry). Bce,
YTO TOBOPWJOCH B IpeNBlAyIleM IYHKTE O XapaKTepe CXOXMMOCTH,
pasymeercsi, ClpaBelJHBO U B 3TOM CJydae; CXOLHMOCTb GyAeT Ao-
BOJILHO MeJJIeHHOH.

OnHako 3zech MOJIOKEHHE MOXKHO CYLIECTBEHHO YJYYLIHTb Memo-
Oom cOsuea, KOTOPHIH 3akJjoyaercsi B ciepytomem. Ilycte Ham npu6-

JHIXKEHHO H3BECTHO HEKOTOpoe, He 06f3are/bHO HaHMeHbllee, cOGCT-
BeHHOE 3HAUEHHE h;. Torna Tak HaslBaemasi cOBuMYMAs mampuya
(A—- ?»iE) 6yleT HMerb COGCTBEHHble 3HaueHHS A —A,.. Y 3T0@t Mart-

DHIEI HHTEpECYIOUlee HAC COGCTBEHHOE 3HaueHHe A, — A, Gyger Ha-
MHOrO MeHbllle Mo MOJyJIO, YeM ocTasibHbie. ITostomy oGpatHbie ure-
palyu Co CABHHYTOH MaTpHUe# (KOTOphe MBI 3aMHINEM B HECKOJBbKO

HHO# (opMe) . )
(A —XE) xts) = x(9), (74a)
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OyRyT OBICTPO CXONHUTHCSH M ONpelensT TpeGyeMoe HaM COOGCTBEHHOE

3HaueHue MA;— A;. HanomHuM, 9To mnocsie KaxkJo# uHTepauud Hauo
HOPMHPOBATh BEKTOp, 4YTOGHI H36exaTb nepenosHeHui. C yueToM
aToro BMecto (74a) moOJNy4yHM NOC/CNOBATENbHOCTL HOPMY.JI

(4—LE)y© = 5,

. (s)\" ($) (746)
© 5 _[*%\ _ Y
AN —N= o/ x5+ = el

3zmech HHAEKC kB OTHOCHTCSI K KOMIIOHEHTaM BEKTOPOB, a CKOGKH (...
O3HAYAIOT HEKOTOpOe YCpEeJHEHHe MO BCeM KOMIIOHEHTaM: Hamlpumep,
cpelHea pH(METHYECKOE.

Ecan ucxonHoe npuGiaukeHHe ObLJIO XOPOIUHM, TO HHOTAA MpOLeECe
CXOAHTCSl 33 HECKOJIbKO HTepallHii; TOTAa BbIFOAHO HENOCPEICTBEHHO
peluath JuBefiHyio chHcteMy (73). Ecnu ke tpefyemoe uucio urepa-

M BEMHKO, To Jyuile o6patuth MaTpuuy (A — A,E). Buroxset Beero
IpH pelleHHH JUHeHHOH cucreMsl (74) MeTomoM uck/oueHus [aycca
HCIO/Ib30BaTh NOJNYUYEHHble HA NEpPBOil XKe HTepaluH BCIIOMOTaTeJIbHbIE
KO3(ppHUIHEHTHl Cpp (cM. TaBy V, § 1, m. 1) Ha Kaxnoli mocienyro-
el HUTepamud; HO 3TO He IPelyCMOTPEHO B OOBLIYHBIX CTaHAAPTHBIX
nporpaMmax.

Ec/au caBur mocTosiHHBIN, TO HTEpalHH CXOAATCA JHHEHHO. MoXKHO:
NOJIYYHTb KBAAPATHYHYIO CXOAUMOCTb, €CJHH YTOYHATH CABUT B XO#€
pacyera cjepyomuM o6pasom:

(A=APE)y© =x),
/xfzs)\ y (75)

(s+1) __ 4 (5) —
7\4L's ! - }\’i* + '\yg)/y x(S+1) = ”y‘S) H-

Il MarpHll, HMEIOIHX OPTOTOHAJNBHYIO CHCTEMY COGCTBEHHBIX BeK-
TOPOB (HanpHMep, 3PMHTOBBIX MaTpHI), CXOAMMOCTb BGJIH3H KOpPHS
Oyner naxke KyOuuecKod. 3aMeTHM, YTO AONYCKATb CJIHIIKOM TOYHOE

COBNaZieHHe A; € CcOOCTBEHHbIM 3HAueHHeM HeJab3sl, MO0 Marpuia
cHcTeMbl (75) CTaHOBHTCH IIJIOXO OOYCJOBJEHHOH; 06 3TOM YK€ ToBO-
pujock B § 1, n. 6 B CBA3H ¢ HaxoXJeHHeM COOCTBEHHBIX BEKTOPOB.

TTosToMy, Korza B Xofle MTepaluii y BeJHUHHEI A\ yCTAHABJIHBAIOTCS
(r. e. mepecTaloT MeHATbcSl) 5—7 3HAKOB, TO HTepalHH CJEyeT
TNpeKpamarh. ) .

3ameyanue 1. IlepemeHHbIH CABUT COGCTBEHHOrO 3HaYeHHs (75)
HeJb3s1 BKJIOYAaTh C MEpBOH HTepalMH; CHayajla Halo IOJYYHTb Ipy-
Gyr0 CXONMMOCTb HTEpalMil C NOCTOSTHHBIM CABHIOM.

3ameuaHnue 2, O6paTHble HTepalUuH OCOGEHHO YHOGHHI, ec/H
MaTpHIa 3apaHee INpuBefeHa IpeoOpasoBaHHeM NOJOOHA K IOUTH
TpeyrosnbHo#t ¢opme. Torpa opHa ofpaTHass uTepalUsl BHIMNOJHSAETCS
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MeTOJOM HCKJ/IIOUEHHSI ¢ BbIOOPOM TIJIaBHOTO 3JIeMEeHTa Bcero 3a 2n?
nefictBuil. TeopeTwueckH M5 JIEHTOYHBIX MATPHIl BO3MOXKHA elle
66mblas S5KCHOMHSI, HO npeoGpasoBaHHe NOACCHA MOYTH TPEYroJbHOM
MaTpHIbl K TpexAuaroHalbHOH ¢opMme He Bcerja yCTOHYHBO.
BriBoxn. O6paTHele uTepalHH C IOCTOSTHHBIM H OCOGEHHO C
NIepeMeHHBIM CABHrOM — o4eHb 3(QQeKTUBHBIA MeTox pacuera. J[las
HaXOXJIeHHsI COOCTBEHHBIX BEKTOPOB 3TOT METOJ CUHTaercsi HaubGoJsee

tounbiM. CXOZMMOCTb IPH XOpolleM Iom6ope A HacToJabKO OwICTpasi,
YTO MeToj NPHroleH Hu AJs1 OMM3KHX WJIH CHy4afiHO paBHHIX IO
MOIy/MO COGCTBEHHBIX 3HAueHHH (M60 Mocje CIOBHra OHH XOpOLIO
pas/nyaloTcs), W Jaxke NPH HAJIHYHHM y MaATPHIB HeJHHeHHOro 3sJje-
MEHTapHOTO JeJNHTe .

3ANAYN

1. JloxkasaTth, YTO €CM MaTPHIA A-TO MOPSAAKA MMEET 72 COGCTBEHHHIX BeKTODOB
e;={0m}, 1=<<k=n, T0o oHa guarcHanbHa. .

2. Haiitn coGcTBeHHBle BEKTOPHL TPeyroJbHOH MaTPHIEI, CYHTash BCe COGCTBEH-
HBIE 3HAUeHHsl NPOCTEIMH.

3. Jlokasate, YTO HOpPMaJbHasd MaTPHLA NpPH  YHHTapHOM IpeoGpasoBaHuH
Tofio6usl ocraetcss HOPMalbHOH.

4. TlokasaTb, 4YTO eclH MaTpuua A JieHTOYHas, TO mpeoGpa3oBaHHe TOXOGHSA
marpuuaMH oTpaxenus (30) He coxpaHsieT ee CTPYKTYPHI.

5. Kaxue s/eMeHTH Heo6XONMMO BEIYMCASITL B GopMmynax (43) —(44) npu mnpe-
o6pa3oBaHHH NOACOHST MaTPUIAMH BpamleHMs IS 5PMHTOBOH MaTpuusl AP

6. dokasarb, uTO cdepuyecKkas HOPMAa NPOHM3BONBLHOM MAaTpHIUE He MeHsieTcs
Np# YMHOXKEHHH ¢ JI060f CTOPOHBI Ha YHHTApHYIO MarpHLy.

7. B urepannonHOM MeTofle BPaleHHiH BBIBECTH A/ ONPEJeeHHs] NapameTpoB
MOBOPOTA KOMILIEKCHHIX MaTtpHll (opmyay, aHasoruuuyio (51).

8. Ilokasath, 4TO B HTePAaNUMOHHOM MeTOJ2 BpaueHui Gopmynsl (54) onpene-
NS0T COGCTBeHHEle BeKTOPHI ¢ TOYHOCThbIO O (€2), TAE &—MAaKCHUMyM MOZyJell BHe-
JIHaroHaNbHLIX 3JIeMEHTOB; eCJIH XKe B 3THX (OPMy/Iax MOJOXKHTh Y;=g;, TO TOu-
HocTb yxyamaercss no O (g).

9. TTonyyuTb Bce GopMyJiEl pacyeTa MaTPHYHBEIX 3JEMEHTOB JJIsi BTOPOro XOAa
MeTola 3JIEMEHTapHHIX Npeo6pa3oBaHHUil.

10. Hanucare ¢GopMyJBl BOCCTaHOBJEHHSI COGCTBEHHBIX BEKTOPOB MCXOLHOM
MAaTpPHIE N0 COGCIBEHHHIM BeKTOpPaM TPeXIHaroHaJbHOH MATpPHIbI B METOJE JieMeH-
TapHBIX Npeo6pa3oBaHuH.

11. Tlokasath, YTO eC/l¥ MaTpulla A JleHTOYHas, TO SJeMeHTapHOe mpeoGpa-
30BaHHe Nojo0us (57) paspylllaeT ee CTPYKTYpY.

12. a) Kako#t BHX rpuUMyT ¢opMyJbl MeTOxa JHHeapusauuu (70), ecnu Hepo-
CTapluee ypaBHeHHe IONy4aTh H3 YCJIOBHA HOPMHPOBKH COGCTBEHHOrO BeKTOpa

n

Z | #; [2=1? 6) Kak nocTpoMT SKOHOMHYHBIH aATOPUTM peIlleHHS MOJYYEHHOM
=1
IIPH 5TOM JIMHEHHO# CHCTeMBI, eCJiH Marpuua A sBjseTcs TpeXxAUaroHajbHON?

13. Jloka3ate, 4TO MeTOj OGPATHEIX HTepaluil C TlepeMeHHLIM CABUIOM (75)
CXOAuTCS KBAaZPaTHYHO BGIH3M IPOCTOro COGCTBEHHOIO 3HaYeHWd.

7 W H Kanutkuu



FJIABA VI
NMOHUCK MHHHUMYMA

B raase VII paccMoTpeHBI CrocoGhl HaXOXJEeHHS TaKOI'O 3HAaUEHHsl apryMmeHTa,
KOTOpOE MHHMMH3HPYeT HEKOTOPYIO 3aBHCAILYI0 OT Hero CKspHYIO BeJHYHHY.
B § 1 usnoxena 3agaua o MUHHMyMe OYHKUMHM OJHOrO IlePEMEHHOro, Jexauias
B OCHOBe Bcex 6ojiee CJOXKHBIX 3agau. B § 2 paccmoTpeHa 3agaya 0 MUHHMyMe
(GYHKIMY MHOTMX INIepeMeHHHX B HeOrpaHHUYeHHOH o6nactu. B § 3 obnacTe usmene-
HHSl TlepeMeHHBIX OIpaHuyeHa; Hapajy C OOmMM CIyYaeM PacCMOTpeHa dacTHas
3ajaya JUHEHHOrO NpPOrPaMMHUPOBAHHS, Ba)Hasg B TNpPHIOKEHHX K KOHOMHKe.
B § 4 paso6paHa 3ajaua O MHHHMH3aUuM (YHKIMOHAJa, KOrja apryMeHT cam
ABjfeTcs (PyHKUHEH ONHOT'O HJIH HECKONbKHMX IepeMeHHEHIX.

§ 1. MuaumyM ¢yHKUHH OJHOro NEPEMEHHOro

1. MocraHoska sanaun. ITycTb HMeeTCs HEKOTOpPOE MHOXKECTBO X,
cocTosimiee U3 3JIEMEHTOB X, MPHHAANeKAMX KaKOMY-HHOYAb METpH-
YeCKOMY INIPOCTPaHCTBY, H Ha HeM ONpelesieHa CKajsApHas (QyHKIHSA
@ (x). ToBopar, uto @ (x) umeem NOKAAbHOUL MUHUMYM HQA IAeMEH-
me X, eCJId CYILIECTBYeT HEKOTOpasi KOHEeYHas €-OKPECTHOCTb 3TOro
5JIEMEHTa, B KOTOPOH BBINMOJHSETCS

PEH<P(), |r—zx[<e. 1)
Y ¢yskunu mMoxkeT ObITb MHOrO JIOKaJbHBIX MHHHMYMOB. Ecin ke

BBLINNOJIHACTCA
© (7) = inf @ (1), @

TO TOBOPSAT O IOCTHXKEHUH (YHKIHeH abCOAOMmHO20 MUHUMYMA HQ
Oarrom MmHoxcecmse X.

EcrectBenHo Tpe6oBaTh, 4ToGbl GyHKuHsT D (x) GblIa HEMpepHIBHOM
HJIH, TIO KpaHHeH Mepe, KyCOUHO-HENpephlBHOH, a MHOXKECTBO X ObLIO
KOMNAKTHO *) M 3aMKHYTO **) (B yacTHOcTH, ecniH X caMO sBJ/seTcs

*) MHOXeCTBO KOMIIAKTHO, €CJIM M3 KaXjoro GeCKOHEYHOro H OrpaHMYEHHOro
ero NOJMHOXKECTBA MOXXHO BHIIJIMTh CXOAAMMYIOCH TOC/EeNOBATeNbHOCTD.,

**) MHOXeCTBO 3aMKHYTO, ec/HM Tpefies JI06G0H cxopsuelics mocienoBareb-
HOCTH €ro 5JIeMEHTOB IPHHAJJIeXXHT 3TOMY MHOXECTBY.



§ 1] MHUHHMYM ®YHKLHH OAHOTO NEPEMEHHOTO 195

TNIPOCTPAHCTBOM, TO 3TO INPOCTPAHCTBO JNONKHO GObITb GaHAXOBBIM).
Ecnn 311 TpeGoBaHus He COG/IONEHDI, TO BPSL JIH BO3MOXKHO NOCTPOHTD
pasyMHBIl aJrODHTM HaxoXAeHus pemeHud. Hanpumep, ecan @ (x)
He fBJSETCH KYCOYHO-HENpepblBHOH, TO €JHHCTBEHHBIM CrOCOGOM
pelleHHsl 3afauu ABJAETCS INepebop BceX 3JEeMEHTOB X, Ha KOTODBIX
3ajaHa (yHKOUA; STOT crnoco6 Heab3sl CYHTATh IpHeMJIeMbiM. Uem
GoJiee KeCTKHM TpeGoBaHuAM ynosiaerBopseT @ (x) (Takum, Kaxk cylie-
CTBOBaHHE HENpPEPLIBHBIX NPOU3BOAHBIX DAa3JHYHOrO MOPSAKA), TeM
Jierde MOCTPOUTb XOpOLIHE YHCJEHHbIE a/JTOPHTMBL.

ITepeuncium HauGosee Ba’KHBIE NMPHUMEPb MHOXKECTB, HA KOTODBIX
NPUXOIUTCA pelllaTb 3ajayy HaxoXAeHHA MuHUMYyMa. Ecau MHOXKe-
cTBO X sABJseTcss 4HCA0BOH ocblo, To (1) mam (2) ectp 3amaua Ha
MHHEMYM (YHKIMH OIHOrO BellecTBEHHOTo mnepemeHHoro. Eciau X
ecTb n-MepHOe BEKTOpHOE NpPOCTPAaHCTBO, TO Mbl HMeeM JIeJ0 ¢ 3aja-
yell Ha MUHHEMyM (QYHKIMH n nepeMeHHbX. Ecan X ectb mpocrpas-
crBo ¢ynkuuii x (f), To (1) HasbBalOT 3anauefl HA MUHUMYM (QYHK-
IMOHaJIa.|

Ins HaxoxieHHs a6GCOMIOTHOTO MHHHMYMa €CTb TOJIBKO ONHH
cnoco6: HafiTH BCe JIOKAJbHblE MHHHMYMBI, CPABHHTb HX M BHIGpPaTh
HauMmeHblllee 3HaueHnue. IlosTomMy 3amaua (2) cBogutcsi K 3ajgave (1),
u Mbl OyneM B OCHOBHOM 3aHMMaThCsl 3ajladell MOHCKA JIOKAJbHBIX
MHUHHMYMOB.

HsBectHo, u4tO pelneHHe 3anadu (1) ynoBjeTBOpsieT ypaBHEHHIO

5D
% =0- ®)

Ecnu MHOXKectBo X ecTb YHCJIOBAas OCb, TO HaNmMCaHHAs 3/eCh Mpo-
M3BOJHas fiBJseTcs OOBLIYHOM MpPOM3BOXHOM, M TOrAa ypaBHeHHe (3)
€CcThb TPOCTO ORHO (HeJNHHEHHOe) ypaBHEHHE C OLHHM HEH3BECTHBIM.
Ins n-MepHOro BEKTOPHOTO NPOCTPAHCTBA COOTHOLIEHHe (3) oKasbl-
BaeTcsi CHCTEMOH HeJNMHeHHBIX YypaBHeHu# 0Q/0x;=0, l<<i<n.
Hna mnpocrpanctBa ¢yHKuMEA ypaBHeHHe (3) saBaserca auddepen-
IHaJbHBIM UM HHTErpo-auddepeHnnaNbHbIM. B npHHLKNe Takue ypas-
HEHHS] MOXHO pellaTb YHC/JEHHbBIMH METOAAaMH, ONHCAHHLIMH B IJa-
Bax V u XIV. OpHako 3TH YypaBHEHHS HEpPENKO HMEIOT CJIOXKHBIM
BUJ, TaK YTO HTEPAIOHHBIE METOAbl X PELIEHHS MOT'YT OYeHb IJIOXO
CXOAUTbCA MM BooGumle He cxoautbes. I[losTomy B manHO# riase
MBI pDACCMOTPHM YHCJIEHHble MeTOAbl, NpPHMEHHMBIE HEMoCpEeNCTBEHHO
K 3anade (1), 6e3 mpuBeseHus ee K dopme (3).

ITycte X sBASIeTCA HEKOTOPLIM MHOXKECTBOM, MpHHAJEKALIKM
KakoMy-To mpoctpaHctBy. Torma (1) HasbiBaroT 3ajadeit Ha MUHHMYM
B orpaHn4eHHoi o6;aacTd. B wacTHOCTH, eciu MHOXKecTBO X BhHIIEIEHO
M3 MPOCTPAHCTBA C NIOMOIIBIO OTPAHHYHBAIOUIUX YCIOBH i THIA PABEHCTB,
To 3ajauy (1) Ha3plBAlOT 3ajayedl Ha YCJIOBHBI IKCTPEMYM; TaKue
3aJa4d METONIOM HEONpeleNeHHbIX MHOXHUTeNed Jlarpanxka wgacto
MOXHO CBECTH K 3ajayaM Ha 6e3yc/oBHHIA 3KcTpemyM. OJHAKO mpH

7
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YHCJIEHHOM pelleHHH OOBIYHO YAOOHee HMMEeTb JeJ0 HEMNOCPEACTBEHHO
c HCXOZHOH 3anaueit (1), XoTa npH ee pelleHHH B OrPAHHYEHHOH
06/1aCTH BO3HHMKAIOT CBOM TPYIHOCTH.

Pyuknus @ (x) MoxkeT uMeTb Ha MHoXKectBe X Gojee OZHOTO
JIOKaJIbHOrO MHHMMYyMa. B KOHKpeTHBIX NpHKJIaQHBIX 3afadax AajeKo
He BCerja yaaeTcsl 3apaHee HCClIenoBaTh cBoicTBa GpyHKUuU. [losTomy
JKeJaTe/bHO, YTOObI UMC/AEHHBIH aJTOPHTM IIO3BOJISJ ONpENeNHTb
YHCJIO MMHMMYMOB M HX DacloJIoXKeHHe U aKKypaTHO HalTH a6CoJIoT-
HBI MHHUMYM.

3ajnauy Ha3bIBAIOT OermepMuUHLPOBAHHOL, €C/TH TOTPELIHOCTBIO BBIYHC-
JleHHs (UM SKCIepUMeHTaJqbHOro omnpenenenus) Gynkuuu @ (x) MOXKHO
npeHe6peub. B npoTHBHOM Ciydae 3alady HasblBAIOT CHIOXACHIU4ECKOL.
Mb1 6ynem paccMaTpuBaThb B OCHOBHOM Je€TepMHUHHPOBAHHBIE 33lauH.
sl pelieHNsl CTOXacCTHYECKHX 3a/ad €CTb
CrelHa/bHble METOBl, HO OHU OY€Hb MeJ-
JIEHHble, ¥ INPHMEHATb HX K IeTepMUHH-
pOBaHHBIM 33la4aM HEBBHITOJHO.

2. 3oJi0T0e ceueHne. B 3ToM mapar-
pajge MBI paccCMOTPHM 3afayy HaXOXJe-
HUSl MHHUMYMa GYHKIHH OJHOM JneHcT-
BUTEJbHOH IepeMeHHOH. JTa ONHOMepHas

Puc. 36. 3aJlaya HepelKO BO3HHKAeT B INpaKTHYe-

CKHX NpuJoXeHHdaX. Kpome TOro, 60Jb-

IIMHCTBO METONOB pEIeHHs MHOTOMEpPHBIX 3aJay CBOAMTCHA K MOHCKY
OJHOMEPHOTO MHHHMYMa.

Cefiuac MBI PacCMOTpHM MeETOX 30JIOTOTO CEUeHHS, MPHMEHHMbIH
K HenuddepenuypyemsM ¢pyHkuusM. Bynem cunrars, uro @ (x) 3anana
¥ KYCOYHO-HENpephlBHA Ha OTpe3Ke a<<X<<b, U HMeeT Ha 5TOM
OTpesKe (BK/ouasi €ro KOHIB)) TOJNBKO OIHH JIOKAJBHBIH MHHHMYM.
IMocTpouM wuTepamyOHHBIA Ipoumecc, CXOAAWHACH K 3TOMY MHHH-
MyMY.

BuluncauM GYHKLIHIO Ha KOHLAX OTpe3Ka, a Takke B IBYX BHYT-
PEHHHX TOYKaX X;, Xz, CPaBHHM BCE UeTblpe 3HAueHUs (PYHKIHH
MeX1y co6oil u BbiGepeM cpend HHUX HaumeHbllee. IlycTb HaumeHb-
KM okKasanoch O (x;). OueBHIHO, MHHHMYM pAacCIOJIOKEH B OLHOM
M3 TpHJIEralomuX K HeMmy oTpe3koB (puc. 36). ITostomy oTpesok [x,, 6]
MOXKHO OTGPOCHTH H OCTaBHMTb OTPE3OK [a, X,]. Ilepsbifi war mpomecca
clesnaH.

Ha otpeske [a, x;] cHOBa Hafo BHIGpaThb ABE BHYTPEHHHE TOUKH,
BBIYHC/INTD B HHX H HA KOHIAX OTpe3ka 3HaueHHs (PYHKUHH, H che-
JaThb CJAeNyrouMi war nponecca. Ho Ha npexbifyliem Iuare BbIYHC/IE-
HHA Mbl yXe Hauvig @ (x) Ha KOHLAX HOBOTO OTPE3Ka d, X, U B OfHOH
€ro BHYTpeHHe# Touke x;. [TosTomy nocTaTtouno BeIGpaTh BHYTPH [a, Xo]
elle OfHy TOYKY Xz, ONpENEJUTh B Hefl 3HaueHHe QYHKOHUH H IIpO-
BECTH HEOOXOAHMble CpaBHEHHSl. DTO BUYETBEPO YMEHbIIAET 06BeEM
BBIYMC/IEHHI Ha OJHOM luare Ipolecca.
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Kak BeirogHo pasmemarb TOYKH? BeAxuit pas Mbl genum ocras-
IIKHACA OTPe30K Ha TPH 4YacTH (NpHYEM OJHA M3 TOUEK JeJeHHS YKe
onpefiefieHa INPeIbAYIMMH BBIUHCIEHHSIMH) U 3aTeM OTGpackiBaeM
OIMH H3 KpaHHHX oOTpe3koB. OueBHIHO, Hal0, 4YTOOHl CJeNyIOLHH
OTpe3oK ObUI nojeNeH MNoxoOHO npenwiayuiemy. st 3TOro JOJMAKHBL
BBINIOJIHATBCSA COOTHOLIEHHS
XH—a _ Xp—X

b—xy=x—a, =2 = x—a

Pelenve 3Tux ypaBHEHHH jgaer

b—x, X —a 2
e

b—a b—a 3—I——V§NO’38' @)

TTocsie npoBeneHHs] OYEPEIHOrO BLIYHC/JEHHS OTPE30K COKpaIaercs
B 1 —E~20,62 pasa; nocie n BbuHCIEHHH (YHKLIHH OH COCTaBJSET
(1 —&)™3 moso NepBOHAYAJbHON BeJHUYHHBl (TPH IIepBBHIX BHIYHCIIE-
HUSl B TOYKax a, b, x; elie He COKpAILAIT OTPe30K). CexoBaTensHO,
NpH n->00 JJIHHA OCTaBLIErocsl OTpe3Ka CTPEeMHTCA K- HYJIO Kak
reoMeTpuyeckas MNporpeccus co 3HameHartelem 1 —E~=0,62, T. e.
METOJ 30JI0TOTO CEYeHHs Bcerga CXOLUTCSH, NpHYeM JHUHEeHHO.
3anuuieM aaroput™ BbluucaeHHs. s eAMHOOOpasusA 3alMCH

0603HaYUM
a=1x, b=1x,

a roovyepeqHO BBOJHMbIE BHYTPEHHHE TOYKH OYAYT X3, X3, ... Ha mep-
BOM llare moJiaraeM corJiacHo (4)

Xo=Xo+E (X1 — X)), X3=2x1—§ (% — Xp). (5)

ITocne cpaBHeHHSI MOXKeT ObITb OTGpOILEHA TOYKA C JIOOLIM HOMEpOM,
TaK 4TO Ha CMEAYIOMHX llaraXx OCTaBLIHeCH TOYKH G6YAyT mepeHyMe-
poBanbl GecriopafouHo. IlycTh Ha JaHHOM OTpesKe eCcTb YeThIpe
TOUKH Xj, Xj, Xz, X;, U3 KOTOPbIX KaKHe-TO JBe fBJISIOTCS KOHLAMH
‘oTpe3ka. Brifepem Ty TOUKY, B KOTOPOH QYHKIHUS NPHHUMAET HAUMEHb-

1ee 3HaueHHe; NMYCTb 5TO OKas3ajoch X;:

Ox)<D(y), D(xr), D(x). (6)
3arem orGpachiBaeM Ty TOYKY, KoTopas GoJee Bcero yjajeHa *)
OT X;; TMYCTb 3TOH TOYKOH OKasajnach X;:

|
la—xi| >1x—xl |x—x] (7)
OnpefennM TNOPANOK DACNOJIOXKEHHS OCTAaBIUMXCA TPeX TOYeK Ha
YHCJOBOM OCH; NYCTb, /ISl ONpEIEJEeHHOCTH,
X <X < X ()]

*) OTo BepHO He INpH BCAKHX JeJeHHAX OTpesKa, HO Vsl JIGNIeHHS B COOT-
BeTCTBHH (4) 3TO cHpaBefIUBQ,




198 TIOUCK MUHUMYMA [[J1. VII

Torpa HOByIO BHYTPEHHIOIO TOYKY BBEJEM TaKHM COOTHOIUEHHEM *):
X=X;+ %, — X, 9)

M TIPHCBOMM eii ouepenHOH HoMep. MHHHMYM HaXOAHTCA II€-TO BHYTPH
TMOCJ/IeIHErO0 OTpe3Ka, X, << X¥<<X;. IlosTomMy wuTepauuu mpekpaiaewm,
KOrza AJHMHA 3TOTO OTPE3Ka CTaHEeT MEeHbIUE 3aJaHHOH NOrPelIHOCTH §:

xj—xk<6. (10)

Mertox 3o0s10TOrO. CeyeHHs sBasercd -HanGoJiee SKOHOMHUHBIM aHa-
JIOTOM MeTola IMXOTOMHH IIPHMEHHTEJ]bHO K 3ajayaM Ha MHHHMYM.
OH npumeHuM Jaxe K HeiuddepeHuMpyeMbIM (YHKIUAM H Bceria
CXOUTCS; CXORHUMOCTb ero JuHefiHa. Eciu Ha oTpeske [a, b] dyHkuus
HMeeT HECKOJIbKO JIOKaJIbHbIX MUHHMYMOB, TO IPOLIECC CORIETCS K ONHOMY
U3 HUX (HO He 0053aTEJbHO K HalMEHbUIEMY).

3TOT METOA HepenKo INPHMEHSIOT B TEXHHYECKHX WJIM 3SKOHOMH-
YeCKHX 3ajayax ONTHMH3alMH, KOTAA MHHHMH3HUpyeMas QYHKIHS
HenuddepeHUHpyeMa, a Kaxkaoe BbYHC/A€HHE QYHKIHU —3TO NOPOrod
9KCIEPUMEHT.

Meroz 30/10TOrO CeueHH s PacCUTaH Ha JeTepMHHIPOBAHHEIE 3a/1aUH.
B croxacruueckux 3ajayax M3-3a OMIHGOK SKCIEpHMEHTa MOXKHO Helpa-
BHJIBHO OIIPENEeHTb COOTHOIIEHHS MEXKIY 3HAueHUSAMH (GYHKIHUH B TOU-
Kax; TOTAa faJbHellle HTepauuy MoAAyT no goxHoMy nytH. [Tostomy
ec/Id pasauydsi QYHKIHH B BHIGPAHHBIX TOUKAX CTAJIH TOTO XK€ MOPsLKa,
uTO M OIUMOGKH SKCIepHMeHTa, TO HTepalHiH Hajo npekpamarb. Ilo-
CKOIbKY BG/H3H MHHMMyMa yaie Bcero 8@ ~ (6x)%, To HeGosblias
norpeilHocTs (QYHKIHHE IPHBOAUT K NOSBJEHHIO [OBOJBHO G6OJIbIIONM
o6acTi HeonpeneneHHocTH 6x~ J/ 8O.

3. Meron mnapaGoa. Merox 30/I0TCrO CeuyeHHS HANEXHBIH, HO
mengenneli. Ecnn @ (x) nuddepeHuupyema, TO MOMKHO IOCTPOHTH
ropasgo Gosiee ObICTpLIE METOABl, OCHOBAHHBIE HA PEIleHHH ypaBHEHHs
@’ (x) =0. HanoMHHM, 4TO KOpE€Hb X 5TOr0 YpaBHEHHS SIBJSETCSH
TouKoH MHHHMYMa, ecan @D (X)>0, u Toukoii MaKcUMyMa Tmpu
D" (x) < 0.

Ha npakruke uwacro @ (x) WMeeT U NepBYIO INPOHU3BOAHYIO H
Bropylo. IloaTomy A/1s1 HaxoxkueHusi HYyJe#l nepBOi NPOM3BORHOM NpH-
MEHSIOT METOJ JIHHeapH3altu, YTO IPHBOAHT K TAKOMY HTEPaLHOHHOMY
nporeccy:

. D' (xy) | (1)

Xspy = Xsg— D (x)

B IPOCTEHIINX 3afayax HyJeBoe NpHOMHKEHHEe MOXHO BbGparb rpa-
¢duueckn. Popmyay (11) MOXKHO MONYYHTH HECKONBKO HHBIM CIIOCOOOM.
Pasnoxum @ (x) B Touke x; mo ¢opmyae Tefinopa, OrpaHMYHBLIHCH

*) CM. npembiAyILyi0 CHOCKY.
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TPEMsi WIEHaMH, T. €. annpoKCHMHPYeM KpHBYIO mnapa6oJoi
1 ,
D (x) ~ D (x) + (x — %) D' (%) +5 (¥ — %) D" (xy);

MUHHMYM 3TOH napaGosibl JOCTHraeTcs B TOuKe, OnpefleisieMod ¢op-
myqoft (11). Mrepamuonnsiit npouece (11) sBasieTcss HBIOTOHOBCKHM;
BO/MM3H MPOCTOro KopHsi ypaBHeHuss @’ (x) =0, T. e. B61u3M 3KCTpe-
Myma C HeHYJ/IeBOH BTODOH IPOH3BOAHOH, OH CXOZHMTCS KBaApPaTHUHO.
Ecmn ke @"(x) =0, To cX0AMMOCTb B JOCTAaTOYHO Ma/Oi OKPECTHOCTH
3KCTpEMyMa €CTb, HO OHa GoJiee MelJIeHHas — JIMHEeHHAas.

OG6bluHo 1/t mepBo#t M TeM GoJiee BTOPOH NpPOH3BOAHOH MOJY-
Y3lOTCS OYeHb I'POMO3JKHE BhIpaxkeHHs. [103TOMY BhIrofiHee 3aMEHHTH
MX KOHEUHO-DasHOCTHBIMM annpokcuManusmu. HaunGosee yacto Gepyr
cUMMeTpHYHbIe pasHocTH (3.6)—(3.7) ¢ IOCTOSIHHBIM II4AroM, YTO
NpUBOAUT K dopmyJe

. A D (xs+h)—@ (xs—h)
o1 =% = 5 Gy ) — 20 (rg) - B (65 =) (2

OT0 5KBUBA/JEHTHO 3aMEHe KPHBOH Ha MHTEPNOJIALHOHHYIO mapa6ody,
TIOCTPOEHHYIO MO TPEM TOYKaM Xg— A, X5, Xs—+HA. OObIYHO BHIGHpaOT
BCrioMoraredbHbld mwar A~=0,1 — 0,01 npu py4HBIX pacuerax ¢ HEGOJIb-
IMMM YHCJOM 3HAaKOB H h~=0,01 —0,001 mpu pacuerax Ha 3DBM;
TOrla XapakTep CXOAMMOCTH BGJM3H 3KCTPeMyMa BILIOTB IO PacCTosi-
HUA ~h® NpaKTHYeCKH He OTJIMYaeTcs OT KBaiparHusoro. ®op-
myna (12) nan6osee gacto ymorpeb/siercsi B MPaKTHYECKHX pacyerax.

10T crIoco6 KakeTcsl HEIKOHOMHEIM, HEO HA -KaX[OH WTepauuH HAaZo BHUHC-
JATH TpU 3HAueHHS GYHKUMM. IlocTpoeHHe MapaGoMEl MO TPEM MOC/AELOBATEbHBIM
UTepauHsM, KaK 3TO AeNajoch B MeTOfe Napabos NpH HAXOXAEHWH KOpHel MHOrO-
ujleHa, KaeT
D (%5, *5_1)

=\ Asl) 13
B (s, X5 or %sd (13)

2syi=%s+Xsi—

u TpebyeT TONBKO OJHOrO BEIUMCAEHHsS QYHKuMH 3a MTepauuio. OpHako paHee yxe
OTMeYasoch, 4TO TaKasl 3aMeHa IPOM3BOXHBIX Da3fieNeHIIbIMH DPa3HOCTSMH yMeHb-
IaeT CKOPOCTb CXOAHMOCTH. MOXHO NOKa3aTh, MHCIONb3Ysl ONHCAHHYIO B riase V,
§ 2, n. 7 TexHHKY, UTO BOIH3H HEBBHIPOXKAEHHOrO MHHHMyMa

¢)II/ (2)
60" (%)

Bo-mepBeiX, OTCIOAA BHIHO, UTO | Xs,j—X|<C|Xs—ZX |, TOJNBKO eCJH BEIIOJ-
HeHO ycioshe | Xg—% | << |[6@"/@" |; 370 NpuONU3WTENBHO TOKa3kBaeT pasMepsl
OKDECTHOCTH KOpHS, B KOTOPOI HTepallMH CXOZATCSH. DTa OKPECTHOCTh MOXKeET GHITh
HeGoaspllol, ecnu @" (X) Benuka.

Bo-BTOpbIX, aCHMNTOTHYECKAas CKOPOCTb CXOXHMOCTH ONpefjensieTcss MoKasa-
TelleM CTeleHH IpH | xg—X | B npaBod 4acTu cooTHowenus (14). dror ToKa3aTelNb
HeBeJIUK; TMO3TOMY CXOZHMOCTb HACTONBKO MeJJleHHa, YTO TPH HTepPalHH 1O 3TOH
¢opMyJie TOMBKO HEMHOTO CHJIbHeHl yMeHbINAIOT MOTpPellHOCTb, HeM OXHA HTepalus
no dopmyne (12). A mockonbky ¢opmyna (13) uefOCTATOYHO HCMBLITAHA HA HPAK-
THKe, TO HeT yBepeHHOCTH, UTO OHA OKaXKeTcs Jyulle,

0,325

[¥sp1—% | == ‘ Xs—X |1'325- (14
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3ameTHM, YTO BO BCeX BapHaHTaX MeToja nmapadoJi 415 YCIeHo#
paboThl HEOGXOAMMBI «KYXOHHBIE» MONpPaBKH K ajropurmy. B xozme
BBIUHCJIEHHH Hajo MpOBEPATb, ABHIKEMCS JIM Mbl K MHHMMYMY: BTOpas
pasHoCTb, crosimiasi B 3HameHaTtese dopmyJsl (12), uau BrOpas mpo-
M3BOXHAas B 3HaMmeHarese ¢opmysbl (11) momkHa OBITH IOJIOXKHTEND-
Ho#l. Ecsin oHa orpuuaTte/sibHa, TO HTEpalVH CXOLSTCA K MaKCHMyMY,
U Hajo clesarb KaKOH-TO Iuar B OOpaTHOM HaNpaBJIeHUH, IpHYeM
JIOCTATOYHO GOJILILOH.

BoiuncineB HOBoe mNpuOJHKeHHE, Hafo 00653aTeIbHO INPOBEPHTH,
yMeHblIAach Jd QyHKUMs. Ecan okasamocs, 4To

D (x51,) > D (x),

TO 3HAYeHHE X, Heb3s HCNOJb30BaTh H HANO MpPOCTO CHeJaTb OT
TOYKH X; KaKOH-TO IIar B CTOPOHY YObiBaHUA (YHKUIHH. OGLIYHO
JealoT 1Iar BeJIHYHHOM T (Xgy; — Xs) C T=1/, U MPOBEPSAIOT yCJOBHE
yObIBaHUSI (DYHKIHH; €CJH OHO CHOBA HE BBHIIOJHEHO, TO YMEHbILAOT T
BABOE W JeNaloT 1ar OnsATb M3 TOYKH X, M TaK JO TeX MOp, TMOKa
He J06bIOTCA YObIBAaHHSA (DYHKIHH.

dakTHuecKasi CKOpOCTb paGOTHl IPOrpaMMbl OUeHb CHJIBHO 3aBHUCHUT
OT TOTO, HACKOJIBKO TIIATEIbHO OGAyMAaHEl 5TH IIONPABKH K aJTOPUTMY.

Ecnn ¢yHKIHS HMeeT HECKOJNBKO JIOKAaJbHBIX MHHHMYMOB, TO
HTEPAlHOHHbIH METOH MOXKeT COHTHCh K JI060MY H3 HHX. YJIanaTb
HafileHHble MHHAMYMBI MOXHO TOJIBKO B TOM Cjyyae, KOI'Za Mbl pac-
nojiaraeM fIBHbIM BhlpaxkeHnem A @' (x) ¥ pemaeM He HCXOIHYIO
sanauy (1), a ypaBHeHne @’ (x)=0; Torga yjansiioT yXKe HalileH-
Hble KODHH 3TOrO YpaBHEHHS] IPH TOMOWM TeXHHKH, ONHCAHHOH
B riase V

Eciu Tak clenatb He yAaercsi, TO BbIOHPAIOT HECKOJbKO Hauyadb-
HbIX NMPHOJHKEHHH B DasHBIX yyacTKax OTPesKa [a, b], u u3 kaxzoro
HAYaJbHOTO NpPHUOJHMKEHHsSI NPOBOAAT KaKOH-HHOYIb HTEPAlHOHHBIH
npoliecc NOHCKa MHHMMyMa. HekoTopble W3 3THX HTEpalHOHHBIX NPO-
IIECCOB MOTYT CXOAMTBCA K ONHOMY M TOMY e JIOKaJbHOMY MHHH-
MyMy, a HekoTopele — K ApyruM. OcTaercs cpaBHHTb HalilleHHBIE JIO-
KaJibHble MHHHMYMH MeXny coOod H BbIOpaTb HaMMEHBIUHH (eciu
310 TpebGyeTcsi HO YCJOBUAM 3anauH).

OnucanHplit cioco6 He JaeT rapaHTHH TOro, 4To OYAyT HaHIeHH
BCE MHHHMYMBbI (M Te€M caMbIM, 4TO OyIeT HaijeH aGCOJIOTHBI MHHH-
MyM). Ho nns HemocraTouHo H3yueHHON (YHKIUH TakOH TrapaHTHH
He JaloT HHKaKHe CIOCOOHI.

4. Croxactuueckne 3ajaud. OnuileM OIHH aNrOPHTM, PacCuu-
TaHHBIM Ha croxacTHueckue 3ajgaud. OH OCHOBaH Ha MpPENNOJIOXKEHHH,
4TO OLIMOKH omnpejejeHus ¢yHKUHH @ (X) HMEIOT CTaTHCTHYECKYIO
NPUPOAY, T. €. OHH LIEJTHKOM CJAy4alHbl, a CHCTeMaTHYeCKOH morpeiu-
HocTH HeT. Torna MoxkHO oOnpelequTb MHHHMYM CO CKOJb YrOIHO
BLICOKOH TOYHOCTBIO (hakTHUeCKH WIHOPUpPYsS 06/1aCThb HeOoTpeneseH-

Hocth 8x ~ )/ 8®D), ecnnm BOCIO/MB3OBATHCA TAKHM WTEPALHOHHBIM
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poneccoM:
xn+1=xn_'g:l7[cp (xn'l‘bn) _CD(xn_bn)], (15)

Tie @, b,— I0C/eNOBaTeIbHOCTH MOJIOKHTENbHBIX YUCeJ, YAOBJIETBO-
PAOILHE CJIEYIOMUM YCIOBUSM:

n—oo

tny b0, ia,,:oo, i(g—z>2<oo. (16)
n=1

n=I1

Ilpu BHIMOMHEHMW 3THX YCJIOBHH X,—>X C BEPOSTHOCTBIO EIHHHIA
npy n—-oo (HaNOMHHM, YTO CTPEeMJIEHHE C BEpPOSITHOCTBIO eIHHHIA
O3HAYaeT «TIOYTH BCETla CTPEMHTCS», a He «003aTeJbHO CTPEMHTCSY).
Ycnosuam (16) ynoBnerBopsioT, Hanpumep, a,=1/n u b,=n"'s.

- Jr1OT aIrOpuUTM SABJAETCA O06OOLIeHHeM ajnroputmMa Po66uHca —
Monpo, onucanHoro B rsiaBe V, Ha 3ajaud IOMCKA MHUHHMyMa.
OH cxomuTcs BecbMa MELJEHHO, HGO M3MEHEHHe apryMeHTa 3a liar
PaBHO | X,y — X, |~ 2a,| D’ (x,)|, a BenuyuHE @, YOHIBAIOT OYEHb
MeIJIEHHO, KaK BHMAHO H3 BToporo ycjosus (16). Ilostomy npumensts
3TOT aJropUTM K JeTepMHHHDOBAHHBIM 3aJayaM HEeBHIIOJHO.

§ 2. MuanMyM GYHKUHM MHOTHX HepeMeHHbIX

1. Peaved ¢ynkuun. OcHOBHBIE TPYAHOCTH MHOTOMEPHOTO CJAy4Yas
yIO6HO paccMOTpeTh Ha mpumepe GYHKIUK ABYX nepeMeHHbX D (x, y).
Ona onuchiBaeT HEKOTOPYIO NIOBEPXHOCTh B TPEXMEPHOM NPOCTPAHCTBE
¢ xoopiaunHaramu X, y, @. 3anaua @ (x, y) = min o3HayaeT MOUCK
Hu3lleHd TOYKM 3TOH NOBEPXHOCTH.

Kak B Tonorpacuu, H306pasuM pesbed STOH NOBEPXHOCTH JIHHUSAMH
ypoBHsi. Ilposenem paBHooTcTOsIMe miiockocTH D = const u Halinem
AWHWM MX TepeceyeHHsi ¢ mnoBepxHocThio @ (x, y); mpoexkumuu 3THX
JIMHHHA Ha IUIOCKOCTb X, y HasklBAlOT JIMHMSAMH YpOBHS. Hanpassenue
yObiBaHHST (QYHKUMH GyleM yKasblBaTb IUTPUXAMH, PHCYEMBIMH OKOJIO
JuHui ypoBHsA. IlonyyeHHas KapTHHA HanOMHHAeT TOMOrpadUuecKoe
uso6paxenne penpeda ropusonranamu. I[lo BUAY mHHHE ypOBHA
YCJIOBHO BBHIEJIHM [TpH THIa penbeda: KOTIOBHHHBIH, OBpaKHHIM
H HeynopsNOueHHBIH.

Ipu xomaosunnom penbede JUHUKM yPOBHSA NOXOXKH Ha 3JIIMIICH
(puc. 37, a).” B manofl OKpPeCTHOCTH HEBLHIPOXJAEHHOrO MHHHMYyMa
penved GQYHKUMM KOT/IOBHHHBIE. B caMoM gese, TOYKa MHUHHMYMa
rJafkoit (GyHKUHH omnpefie/sieTcss HeoGXONUMBIMH YCJIOBHSIMH

L

0x —W—:O’ (17)

U pasnoxeHne QyHKUuH 10 ¢opmyie Teisopa BGIM3H MHHHMYMa
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1MeeT BHJ
© (5, ) =D (%, §)+5 (B9 Opt
+ A58y Dyt AR Dyt (18)
npuyeM KBanpatuyHas ¢opma (18) —mosoxuresnbHO onpesneneHHas *),

HHaye 3Ta TOuka He 6bljia Gbl HEBHIPOXKAEHHHIM MHHUMYMOM. A JIHHHH
YPOBHS 3HAKOOTpeNe/JeHHOH KBaApaTHYHOH (DOPMEI —3TO 3JIJHUICHL.

¥

Puc. 37.

Cnyuait, Korna Bce BTOpHE IPOHSBOJHLIE PABHH B 3TOH TOuKe
HY/MIO M MHHHMYM onpefe/sercs Gojee BHICOKHMH IPOH3BOLHBIMH,
MO CYWECTBY HHMYEro HOBOTO He JaeT, ¥ Mbl He GY/eM ero CrelyaJsbHo
paccMaTpuBaTh (NHHHH YPOBHS BMECTO 3JJIMICOB OYAYT NOXOXKHMH
Ha HUX KPHMBEIMH YeTBEPTOro NOpPsIKa).

Ormerum, uto ycnoBuio (17) YHOBJETBOPSIOT TaKkKe TOYKH Mak-
CHUMYMOB U cenJioBble ToukH. Ho B Toukax MakCcHMYMOB KBaipaTHYHas

*) Keagpatuuuas gopma 2 Qip 23 2, HA3LIBAETCH I1IOJIOKUTENIBHO OMNpefesieH-

i, &
HOH, el TpH JIOGbIX 2; (32 HCKIOYEHHEM OGPAINANMHUXCA ONHOBPEMEHHO B HYJb)
OHa MOJIOMHUTE/IBHA,
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dopma (18) orpuuaTenbHO OmpefieNeHHAss, a B CeJJIOBHHAX OHa 3Ha-
KOIepeMeHHa.

B6ausn MuHMUMYyMa GYHKLUHS MaJo MeHsieTcsi ITpH  3aMeTHBHIX
U3MeHeHusX nepeMeHHbIX. [losToMy Jaxke ec/M MbH He OYeHb TOYHO
OTIpefie/IUM Te 3HAueHHs NepeMeHHBIX, KOTOpble JOJDKHBI MHHHUMH3HPO-
BaThb (QYHKIHIO, TO CaMO 3HaueHHe (YHKIHUH IIPH 3TOM OGBLIYHO GYHeT
MaJio OTJIHYaThCs OT MHHHMAJbHOTO.

Paccmotpum ospasicreul T penbeda. Ecanm JuHME ypoBHS KYy-
COYHO-TJIafIKHe, TO BHJEJNM HA KaxIof H3 HHUX TOYKY H3JOMa.
TFeomeTpHyeckoe MeCTO TOUEK H3/I0Ma HA30BEM UCMUHHOIM 08PAZOM,
€CJIH YroJl HamnpaBJeH B CTOPOHY BO3pacTaHHs (PyHKIHU, U epebHem —
€cJii B CTOPOHY yOuiBaHHs (puc. 37, 6). Uaile JHHUH yPOBHS BCIOLY
TJlaJKie, HO -Ha HUX HMMEIOTCS YYacTKU ¢ OOJBbIIOH KPHUBHU3HOH; reo-
MeTpHYecKHe MecTa ToueK ¢ HauboJsbllled KPHUBU3HOH Has3oBeM pas-
pewiumobimy oBparamu umu rpe6usamu (puc. 37, 6). Hanpumep, peabed
dbyHKUHH

D (x, y) =10 (y—sinx)240,1 »2, (19

HU300paXkeHHBIH Ha 3TOM pHCYHKe, HMMEET SIPKO BHIDAXKEHHHIH W3BH-
JIUCTHIH paspelluMblfi OBpar, «IHO» KOTOPOrO — CHHYCOMJAa, a HHU3llas
TOYKa — HayaJo KOOpAHHAT.

B ¢usuueckux 3azauax OBpaxKHHIH penbed YKasbiBaeT Ha TO,
YTO BBIUMC/IHTETb HE YUeJs KaKylo-TO 3aKOHOMEPHOCTb, HMEIOLLYI0 BHJ
CBA3H MeXn1y nepeMeHHbIMH. OOGHapyXeHHe U SBHBIH ydyeT 3TOH
3aKOHOMEpHOCTH OOJIeryaioT pellleHHe MaTeMaTHyeckod 3anaun. Tak,
eci B mpumepe (19) BBecTH HOBHIE IepeMeHHble § =X, =y —sinx,
TO pesbed CTAHOBUTCSA KOTJOBHHHBLIM.

Heynopsadouennowi tan penveda (puc. 37, &) Xapakrepusyercs
Ha/JMYHeM MHOTMX MaKCUMYMOB, MHHHMYMOB M cef/oBuH. Ilpumepom
MOKET CJYKHUTb (PYHKIUS

D (x, y) = (14 sin’x) (1 +siny), (20)

pesbed KOTOpoH H306paxkeH Ha 3TOM PHUCYHKE; OHA MMEET MUHHMYMBI
B TOYKAaX C KOOpAMHATaMH X, =7k, 7, =Tl ¥ MaKCHAMyMH B TOUKax,
CIABMHYTHIX OTHOCHTEJbHO MHHUMYMOB Ha 71/2 IO KaXJ0H KOOpIHHATe.

Bce adhexTHBHBIE METOAb! MOMCKA MHHMMYMAa CBOASITCS K MOCTpOe-
HHIO TPAeKTOpHUi#, BAOMb KOTOPHIX (YHKIHs YOBIBAaeT, pasHble METOIbI
OTJIMYAIOTCS CMOCO6aMH TOCTPOEHMsI TaKuUX TpaekTopuil. Meton, npuc-
Noco6/IeHHBIH K OJHOMY THUNY pejbeda, MOXKET 0Ka3aTbCsl IJIOXHM
Ha peJbede ApYroro Tuma.

2. Cnyck mno koopaunaram. Kasanock Obl, I/ HaXOXIEHHA
MHHHMMYMa JOCTaTOYHO DELIMTh CHCTeMY ypaBHeHHui Tuma (17) meTonom
JMHeapusallid WM HPOCTHIX HTepalmuii H OTGPOCHTb Te pelleHHs,
KOTOphIe SIBJISIOTCS CeJJIOBUHAMH MIM Makcumymamu. OnHako B
peajibHBIX 3aJayaX MHHMMH3alHM 3TH METONbl OCHIYHO CXOAATCS B
HaCTOMIbKO MaJIofi OKPEeCTHOCTH MHHHMMYMa, YTO BhIGpaTh MOAXOAAIIEe
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HyJeBoe Npub/IMKEHHe naneko He Bcerpa yhaercs. Ilpome u addex-
THBHEE NIPOBECTH CNYCK 1O KOopAMHaTaM. M3j0xuM 3TOT MeTon Ha
npuMepe ¢yHKUMH Tpex nepeMeHHHX D (x, y, 2).

BriGepem HyJieBoe NpuOJIMKEHHE X, -Yy, 2, PUKCHpPYeM 3HAUEHU ST
JBYX KOOpPIWHAT Y=y, 2=2, lorda ¢yHkuua O6yIeT 3aBHCETb
TOJBKO OT OIHOH IepeMeHHOH x; o003HauuM ee uepe3 f, (x) =
= D (x, Yo, 2,). Ucroneays omucannble B § 1 Merolpl, HaineM MHHH-
MyM GYHKIMH ONHOH mepeMeHHOH f; (x) M o603HaYMM €ro uepes x;.
Mu cpenanu imar w3 TOYKH (X, Yy, 2,) B TOUKY (X, Yo, 2) IO Ha-
IpaBJEHHI0, Napajje]bHOMY OCH X; Ha 3TOM luare 3HadeHHe (QyHK-
UM YMeHbIIUIOCh.

B(21,4p) !

‘z‘ﬂryﬂ
N

10(zy,4;) i

a) 7)
Puc. 38.

3areM M3 HOBOM TOUKH CIeJlaeM CIYCK IO HalpaBJ/eHHIo, napal-
JIeTEHOMY OCH ¥, T. €. paccMoTouM [y (y) =D (x,, y, 2,), Hafinem ee
MHHHMYM 4 06O3HaYHUM ero uepes y;. BTopoil 1ar npuBOAMT Hac B
TOYKY (%, Y, 20)- VI3 310 TOUKM JHenaeM TPETHH ILIar — CmycK
napajJjieflbHO OCH Z U HaXOIUM MUHUMYM QYHKIHH f3 (2) =D (xy, 4y, 2).
IIpuxon B TOYKY (%, Yy, 2,) 3aBepIIAET YUKA CHYCKOB.

ByneM mnoeropsTe UMKJB. Ha KaxaoMmM cnycke QYHKIHS HE
BO3pacTaeT, W IPH 3TOM 3HaueHHs (YHKUMH OrpDaHMYEHBl CHH3Y ee

sHauenneM B MuHuMyme @ =@ (%, 7, 2). CnenosaresbHO, HTepalHH

cxonarcss K HekoropoMmy mnpeneny ®@=®. Byner Jiu 3jeck uMeTb
MECTO paBeHCTBO, T. €. COHAYTCA JIM CIYCKH K MHHUMYMY H
KakK GrCcTpo?

D10 3aBHCHT OT (YHKUHH W BbI6Opa HYJIEBOTO NPHOMHNKEHHS.
Ha npumepe ¢YHKIMH [BYX IePEMEHHBIX JIErKO YOEIUThCS, YTO
CYLIECTBYIOT CJyYau CXOAMMOCTH CIyCKa IO KOOpAHMHATAM K HCKOMOMY
MHHHMYMY H CJy4aH, KOTJa 3TOT CIYCK K MHHHMYMY He CXOMHTCA.

B camom pene, paccMOTpUM TreOMETDHYECKYIO TPAKTOBKY CIyCKa
no xoopauHaram (puc. 38). Bynem nBuratbcs mo BHIGPAHHOMY
HanpaBJeHHIO, T. €. IO HEKOTOPOH NpsAMOH B IUIOCKOCTH X, Y.
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B Tex yuyactkax, rle InpsMas IepeceKaeT JHHHHM YPOBHS, Ml NpH
JIBHKEHHY [epexoiuM OT ORHOH JIMHIM YpOBHSI K APYrofl, Tak 4rto
npy 3TOM JBHXKEHHH (YHKUHS MeHseTcs (BO3pacTaeT WJH yObIBaer,
B 3aBHCHMOCTH OT HallpaBieHHs IBHXKeHHs)). TombKo B TOH TOuke, rie
JlaHHas npsMas KacaeTcs JHMHHM YpoBHA (puc. 38, @), GyHKUHS
HMeeT 3KCTPEMYM BIOJb 5TOrO HampaB/eHus. Ha#iis Takyio TOuky,
Mbl 3aBepliiaeM B Hell CIyCcK IO NepBOMY HAalpaBJIeHHIO, U JOJDKHBI
Hayath CHYCK O BTOPOMY HanpaBJeHHIO (MOCKOJBKY HarpaBJ/eHHs
MBI cefiyac BbiOHpaeM TapaJijeqbHO KOOPAMHATHEIM OCSIM, TO BTOpOE
Hampap/ieHue NepNeHAHKYJISpPHO NIepBOMY).

Ilyctb nuHMM YypOBHS 0GpasyloT HCTHHHBIA oBpar. Torza Bo3MOKeH
cayya#t (puc. 38, 6), Koria cnyck Mo ONHOH KOOpAHHATe NPHBOTHUT
Hac Ha «JHO» OBpara, a Jo6oe ABHXKEHHE IO CJelyromell KoopaHHaTe
(NyHKTHpHAs JMHHS) BeleT Hac Ha noibeM. HuKakoil HanbHeHdmni
CIIYCK 1O KOOPAHWHATaM HEBO3MOXKeH, XOTsl MHHHMYM ellle He JOCTHTHYT;
npolecc crnycka IO KOOpAMHAaTaM B JAaHHOM cJydae He CXOLHTCA
K MHHHMYMY.

HaoGopor, eciu ¢yHKUMS AOCTATOYHO TJajKas, TO B HEKOTOPOH
OKPECTHOCTH MHMHHMYMa IpOLECC CIYCKa MO KOOPAWHATAM CXOAMTCS
K 3ToMy MuHUMYMY. IlycTb (YHKLUHS HMeeT HelpephIBHBIE BTOPbLIE
NPOM3BOLHHE, a €e MHHMMYM He BBHIDOXJEH. [l INpPOCTOTH ONATh
paccMotpuM GyHKuIHIO ABYX nepeMeHHHX @ (x, y). BuiGepem HekoTO-
poe HYyJIeBoe NPHOMIXKEHHE X,, Y, U NPOBELEeM JHHUIO YPOBHS Yepes3
sty Touky. IlycTh B o6s1acti G, orpaHvyeHHOH 3TOH JMHHeH ypOBHS,
BHITOJIHSIOTCS HEPaBeHCTBA, O3HAYAIOIME MNOJIOKHTEIbHYIO OMpeliesieH-
HOCTb KBanpaTHyHoH ¢opMmel (18):

Op=a>0, O)y=b0>0, |D,y|<c, ab>c2 (21)

JlokaxeM, 4TO TOT/a CIYCK IO KOOPAMHATAM M3 JAHHOTO HYJIEBOTO
NpHGIMKEHUS CXOAMTCH K MHHHMYMY, NPHYEM JHHEHHO.

3HaueHnst (yHKUMH BIONb TPAGKTOPHMH CIYCKa He BO3PaCTaioT;
N03TOMY TpaeKTOpHs He MOXKeT BHIHTH M3 obnactd G, U HepaBeH-
crBa (21) 6yAyT BHIIOMHATBCA Ha Bcex Miarax. PaccmorpuM onuu
U3 IWKJOB, HauuHawowmwuiics B Touke A (puc. 38,q). Ilpensinymuii
IIMKJI OKOHYMJICS TOMCKOM MHHHMyMa IO HalpaB/eHHIo y, CjeioBa-
teqpHo, (@)a=0 u |D,|s=E, 0. IlepBuifi mar HOBOro wHKJIA
CIIyCKaeT Hac NO HamnpaBseHuio x B Touky B, B koropoit @, =0 u
@, | =n=0. IlockoabKy BTOpHIE MPOM3BOIHLIE HENMPEPHIBHELI, MOKHO
IIPYMEHHTh TEOPEMY O CpeIHeM; NOJYYHM

E=|(@)a— (D) =|Psx|pap=0apas,
N=](D)a— (@y)s|=|Dyy|pa<<cpaz
rle uepes O OGO3HAUEHBI DACCTOSAHMA MeXAy Toukamu. Orciofa

nosnyyaeM cE ==av. BbinosHMM BTOpPOH INAar WHKJIA — CIYCK IO
HanpaeJseHnio y B Touky C, mocie koroporo (Dy)c=0 u|D,|c=E,.
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Anasornusple pacCyaeHHsl JAloT COOTHOLIeHHe ¢ 1 == b &,. O6benunss
3TH HepaBeHCTBa, HableM

2
L<qf, =5 0<g<lL

CrenoBaresnbHO, 3a onuH HukaA D, yMmeHbluaeTcss B ¢ pas: To XKe
crupasenueo fisi Dy, ecau paccMOTPeTb LMKJI, CABHHYTHIH Ha ONHMH
mar, T. e. HayuHamomuica B Touke B u Konuawomuiics B Touke D.

3HayuT, KOrJa UYHUCJO IUKJOB A —- CO, TO BCE TepBLHE NPOU3BOIHEIE
JIMHEHHO CTPeMATCH K HYJIO:

Dy, <q" | Dy |p—0 1 |Dy|, ~g"—0.

IlepBble mMpou3BoAHEIE OXHOBPEMEHHO OGpAIAlOTCSl B HYJb B TOUKE
MHUHMMYMa M BOJHM3H HETO fBJAIOTCA JHHEHHBIMH OJHOPOIHBIMU
GYHKUHAMH nOpupamieHui Koopausat. IlosToMy KOOpAHHATHL TOYEK
CIIyCKa JIMHEHHO cTpeMATCs K KOOpJAMHATaM, TOYKH MHHHMyMa, T. e.
B JaHHOM CJyyae CITyCK IO KOOpPAMHATaM CXOAMTCS, NPHYeM JIHHEHHO.

Cnyyait (21) saBemomo peanusyeTcss B JOCTaTOYHO MaJsioH OKpe-
CTHOCTH HEBBIPDOXKIEHHOTO MHHHMYyMa, HGO 3TH YCJIOBHA 3SKBHBa-
JIEHTHH TpeGOBAaHHUIO NOJIOKHUTENbHOH OMpele/eHHOCTH KBaJApaTHYHOM
cdopmer (18). Takum o6pas3oM, BOIH3H HEBHIPOXKAEHHOTO MMHHMMyMa
JIOCTATOYHO TJIafAKOH (DYHKUHMM CIYCK NO KOOpPAMHATaM JIMHEHHO cxo-
IUTCA K MHHHUMyMY. B uacTHOCTH, LIS KBaJApaTH4HOH (YHKIHMHU 3TOT
MeTOJ, CXOJMTCS NpH J060M HYJEBOM NPUG/IKKEHHH.

dakryuyeckas CKOPOCTb CXOAMMOCTH GYJIeT HEIJIOXOH NpH MaJbiX ¢,
KOTJla JIMHHH YPOBHS GJIM3KHU K 3JIJIMICAM, OCH KOTODHIX NAapajlje/bHbl
OCSIM KOOPJAHUHAT. [/ 3//IMNICOB, CHJBHO BBITSIHYTBIX NOJ 3HAUHTE/b-
HpIM yIJIOM K OCAIM KOOPJMHAT, BeJNHYHHA ¢~ ] U CXONUMOCTb OYeHb
MeJIeHHasl.

Ecian cxonumocTs MelieHHast, HO TPAaeKTOpUS yKe Tomnajia B 6/H3-
KYI0 OKPEeCTHOCTb MHHHMyMa, TO HTepAllMH MOXHO YTOUHATH MpOIIeC-
coM OHTKeHa; pasyMeercsl, IPH 3TOM HaJo 6paThb B KauyecTBe HCXOJ-
HBIX 3HAYeHHs He Ha TpPeX NOCJNEeNHHX CIyCKaX, a Ha TPeX yukiax
cnyckoB (T. e. He Toukd A, B, C, a Toukn B, D u Tperbsi Touka,
KOTOpO#l HeT Ha puc. 38, a).

PaspemnMblii oBpar HamnOMHHAeT CHJIBHO BHITSHYTYIO KOTJIOBHHY
(eM. puc. 38, 6). Ilpu nonanaHuu TpaeKTOPHH CIycKa B TaKOH oBpar
CXOJMMOCThL CTAHOBHTCS HACTOJBKO MEJNJIEHHOH, YTO pacyeT NpaKTH-
YECKH HEBO3MOXHO BecTH. OTMETHM, YTO B CTOXacCTHYECKHMX 3ajayax
Ha/juyue OINMOGOK 3KBHBAJEHTHO MPEBpAlleHHI0 HCTHHHBIX OBPAaroB
U TrpeCHel B paspelluMble; pacyeT IPH 3ITOM MOXKHO IPONOJXKATh,
XOTsl NpAaKTHYeCKas LEHHOCTb TAKOTO pacyeTa HeBeJHKa: CXOILHUMOCTb
OYyeHb MeJlJIeHHas.

Meroxl crnycka IO KOOpAMHATAM HECJOXKEH U JIETKO IPOrpaMMH-
pyercsa Ha 9BM. Ho cxonurcss oH MeaJeHHO, a NpH HaJHYUH OBpa-
roB —oyeHb mnyoxo. IlosToMy ero HcnoJb3ylOT B KayecTBe MNEPBOi
NONBITKH NPH HAaXOXKAEHHH MHUHHMYMa.
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ITpumep. PaccMorpum KBaipatuynyio ¢yskuuio @ (x, y) =
=x+y?4xy u BoOepeM HyJeBoe NpHOMHKEHHE X,=1, y,=2.
BeInosiHss BBIYHC/IEHHS, TOJMYYHM

v=—1, yy=" to=—"4 Yo="10s Xs=—"1/16, Y3="f5.

YTouynenue mo DiTkeHy JaeT X=7=0, T. €. TOYHOE IOJOKEHHE
MHHHMYyMa (3aMeTHM, YTO JesaTb YTOYHEHHE C HCIOJb30BAHHEM HYJIe-
BOro NpUOGJMKEHHS HeJb3s; YHUTATeJNAM Ipeljaraercsi OGbACHHUTD,
noyemy).

3. Hamuckopeiimmii cnyck. CrnyckaTeC MOXKHO He TOJNBKO Mapai-
JIeIbHO OCSIM KOOpAMHAT. Broap moboilt npsmoit »=r,4-at dpyHk-
IMs 3aBHCHT - TOJLKO OT OAHOH mnepemenHo#, @ (r,+ af)=o (f),
U MUHHUMYM Ha 3TOH NpSAMOH HaXOAMTCH ONHCAHHBIMH B § 1 MeTomamu.

HanGosiee u3BeCTHBIM SBJSETCS METOJ HAHCKOpEHILIEro CIycKa,
Korja BeiGupaercs @ =— (grad @),_,,, T. e. HanpaBjieHHe, B KOTO-
poM ¢yHKIUS OpicTpee Bcero yObIBaeT NpU GECKOHEYHO MaJioM ABHKe-
HHM U3 NaHHOH ToukH. CIyCK IO 3TOMY HampaB/eHHIO 10 MUHUMYyMa
onpejessieT HOBoe NpHOGIMXKeHHe 7. B 3710l Touke cHoBa ompere-
JISIeTCsl TPANUMeHT U JeJNAeTCsl CNeNYIOWHH CIYCK.

OznHako 3TOT MeTOJ 3HAYUTENBHO CJOXKHee CIycKa IO KOOpAHHa-
TaM, H60 Tpe6yeTcsl BEIUMCIAATH IPOU3BOJLHLIE U I'DALUEHT (3TO HEPELKO
JleNaloT KOHEYHO-PA3sHOCTHHIMH METOJaMH) H TepexQIuThb K IpYruM
nepeMeHHEIM. K ToMy ke, IO CXONMMOCTH HAaHCKOpeHIIMH CIYCK
He Jyyllle cNycKa no KoopAuHaTaMm. llpu mnonanamuu TpaekTopuu
B UCTHHHBIH OBpar CHycK IpeKpallaeTcsi, a B pa3pelllIMOM OBpare
CHJIbHO 3aMeLJIseTCs.

Eciu ¢yHKIHS sBAsSeTCS MONOXKHUTENILHO ONpeleseHHOH KBajpa-

TUYHO! (yHKuUeH
O (r)=(r, Ar)+®, r)+c, (22

TO GOpMYJIEI HAaUCKOpEHIIero CHycka IpHOOpeTaloT HEC/NOXKHHIH BHI.
Brosp npsaMoét ¥=r,tat ¢yHkous (22) KBajpaTHYHO 32BHCHT
oT mapamerpa .

pO) =0 (r,t+at)y=D(r,)+QAr,+0b, a)t+(a, Aa)2. (23)
U3 ypasuenusa (deg/df) =0 Jerko HaXoiHUM €€ MHHUMYM
f=—(24r,+0b, a)/2 (a, Aa), (24)
JAOIKA HaMm CJIENYIOUYI0 TOYKY CIycKa:
Fru = rp+at,

R )

4 (a, Aa)

Hanpapnenne HauckopeHllero crycka oOnpejensieTcsi I'pajHeHTOM
KBaZpaTuyHOH QyHKIMH (22):

a=—(grad ®), =—(24r,+b). (26)
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IopcraBnsia 310 sHaueHuwe B ¢opMyan (24) — (25), MONy4yuM OKOH-
yaTesbHble BBIPAXKEHHS /51 BbIUHC/IEHHS INOC/IeL0BATEJNbHbLIX CIYCKOB.

Ecnn BoCmonb30BaThcs pasfioKeHNEM BceX IBHXKEHHH Mo 6asucy,
COCTOSAIEMY H3 COGCTBEHHEIX BEKTOPOB MaTpHibl A, TO MOXKHO NOKa-
3aThb, YTO JJIf KBaJApaTHUYHOH (GYHKIMH METOJ HauCcKOpeHIlero cnycka
JIMHEHHO CXOAWTCS, IpHUEM

- N "' xmm
]rntl_rlgqlrn—‘rl, rie q—ﬁ&:r<l; 27
max min

31€Cb A — COGCTBEHHBIE 3HAUYEHHS IOJIOXKHTEIbHO OINpee/eHHOH
MaTpuusl A (OHHM BEIIECTBEHHE! H MOJOXKHTENbHBI). ECHH Amin < Mmax,
YTO COOTBETCTBYET CHUJILHO BHITSHYTHIM 3JIIMICAM — JWHHSAM YPOBHS,

TO g~ 1 ¥ cXOAUMOCTb MOXeT OBITh
9 oueHp MeijeHHOH. EcTb Takue Ha-
yanbHble npubinxkenus (puc. 39),
KOTZla TOYHO peau3yercsi Hauxyl-
masi BO3MOXXHas! OLEHKa, T. e. B (27)
HMeeT MEeCTO PaBeHCTBO.

IIpyuuuebl HETPYJHO NOHATL. Bo-
IepBLHX, B JaHHOH TOUKe JIOOYIO
npsAMYI0, B TOM YHCJE HEBBIFOAHYIO
IJIs1 CIycKa, MOXHO cJlen1aTh Ha-
npasJjeHueM TrpajMeHTa, eclu CcIe-

Puc. 39. [UAaJbHO NOAOOpaTh U3MEHeHHe Mac-

mTa6oB mo ocaM. Bo-BTophx, Kax-

Jbll CIyCK KOHYaeTcs B TOYKe, TJe €ro HampapjeHHe Kacaercs JiH-

HMH (IIOBEPXHOCTH) YypoBHA. [paiueHT mnepneHAHKYJAsIpeH NOoBepX-

HocTH ypoBHsA. CilefoBaTenbHO, B METOJe HAMCKOpeHLIero cmycka

KaxIbll CHyCcK NepHeHNUKYJAspeH mpexbAymeMy. B ABymepHOM

cJly4yae 3TO O3HAyaeT, YTO Mbl COBEpLIaeM CIYCK II0 KOOpAMHATaM,

TIOBEPHYTHIM TAK, YTO OJHA OCh NapaJile/bHa IpPajHeHTy B HayaJbHOH
TOYKe.

s ynydileHuss MeTofa HaucKOpeHilero chycka Ipeisararor
«KYXOHHBI®» IIONPABKH K alITOPHTMY — HalpHMep, COBEPLIAIOT M0 KaX-
JOMY HalpaBJjeHHI0 CIYCK He TOYHO 10 MHHMMYyMa. HauGosee moGo-
NBITHEIM TIPEACTaB/IseTCS TaKOoe BHIOHW3MEHeHHe anaroputMa. bBynem
JlelaTb TI0 HAalpaB/eHHIO, IPOTHBOIOJIOXKHOMY TDaiMeHTy, TOJbKO
0ECKOHEYHO MaJIblfl LIar ¥ Iocje Hero BHOBb YTOYHATb HalpaBiieHHe
cnycka. OTO INPUBQIMT K IBHXKEHHIO 1O KpHBO# # (f), ABJIsOWecs
pellleHHeM CHCTeMbl OOBIKHOBEHHBIX JuddepeHuUHaNbHEX ypaBHEHHH:

dr
dt

Bronpb sroii kpusoit d®/dt = (d®/dr) (dr/df) = — (grad ®)? <0, T. e.
GyHKuMs y6bIBaeT, M MBI JABHXKEMCA K MHHHMYMY IpH f—-oco.

z

& o

= —grad @ (7 (?)). (28)
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YpaBHenue (28) MonenupyeT GesbIHEDIHOHHOE JBHKEHHE MATepHA/Ib-
HO¥ TOYKHM BHH3 1O JIMHWM Ipajinenta. MoxHO mocTpouts M Apyrue
ypaBHeHHS — HANpuMep,  Au¢pdepeHnHalpHOE  YpaBHEHHE BTOPOrO
HOpsiiKa, MOJENHUpYIOee ABHXKEHHE TOUKH [pPH HAJMYHH BS3KOTO
TpeHHsl.

Onnako or uuen MeTola eme JaJeKo N0 HaleXHOrO ajrOpHTMa.
DaxTHyecKH cucTeMy AHbGdepeHnHaNbHBIX YpaBHEHHH (28) Hano yuc-
JIeHHO wuHTerpupoBath (cM. riaBy VIII). Ecaum wunTerpuposats
¢ GOJIBIINM IIAroM, TO YHCJIEHHOE penleHne GYLeT 3aMEeTHO OTKJIOHSTHCS
OT JIMHHM TIpajyueHTta. A Npu HHTErPUPOBAHMH MAJIBIM LIATOM CHJIBHO
Bo3pacraer o0beM pacyeToB. Kpome Toro, eciu penved HMeeT u3BH-
JHUCTHIE OBpard, TO TPYAHO OXKHAATb XOpPOWIEH CXONMMOCTH 3TOrO
MeToJa.

AnTOpUTMBl HAWCKOpPEHUIEro CHycKa M BceX €ro BHIAOH3MEHEHHH
ceflyac HenOCTaTOYHO oOTpaoTansl. IlosToMy Merox Hauckopeiimero
clycka AJisl CJOXKHBIX HeJMHEHHBIX 3ajau ¢ GOJIBLIMM YHCIOM Mepe-
MeHHBIX' (M >5) pelko NpHMEeHseTcsl, HO B YAaCTHBIX CJyyasX OH
MOXXET OKasaTbCH I10JIe3HBIM.

4. Merox osparos. Paccmorpum sajauy @ (r)=min. Brifepem npoussospHO
TOYKY Qo ¥ CIYCTHMCS M3 Hee (HampHMep, O KOODAMHATAM), Jieas He OUeHb MHOIO
maroB, T. €. He TpeGysl BBICOKOH TOWHOCTH cxopuMoctH. KoHeuHyio Touky cmycka
oGo3HauuM ro. Ecin penbed oBpaxHEI, 5Ta TOMKa OKaxeTcs BOJH3H IHA oBpara
(puc. 40).

Tenepp BbiGepeM APYTYI0 TOUKY Q@ He C/MIIKOM JaleKO OT mepBoii, M3 Hee
TaKie ChelaeM CIYCK M TOMajeM B HEKOTOPYI TOYKY ry. DTa TOYKA TOXKE JIEKHT
B6Au3H pHa oBpara. IIposemeM uepes
TOYKH Fy H Fy Ha JiHe OBpara Ipsmyio —
npHGIH3HTENbHYIO JHHHIO JHA OBpara,
NepejBHHEMCS IO 3TOH JIHHHH B CTOPO-
Hy yObiBaHHS GYHKIHH H BbiGepeM HO-
BYIO TOYKY

pe=rix(ri—roh, -

h=const > 0. (?9)

B dopmyne (29) BmGHpaeTcs ILIIOC,
ecnt @ () <D (ry), 1 MuHYyC B 06- - Puc. 40.

paTHOM clydyae, Tak 4YTO IBHXKeHHe Ha-

NpaBjieHo B CTOPOHy MOHIKGHHS JHA OBpara. BemuuwHa s HaseiBaeTCs 08pascHobLM
wazom ¥ p1s Kaxpol QYyHKIME nopbHpaeTcss B Xofe pacyeTa.

JlHo oBpara He sIBNseTCS OTPe3KOM IPSMOMH, NOSTOMY TOUKa O, HA CAMOM JeJe
JIEXHT He Ha JHe 0Bpara, a Ha CkJOHe. I3 5ToHl TOYKH CHOBA CIyCTHMCS Ha OHO
M TIOMajeM B HEKOTODYIO TOUKY ry. 3aTeM COEJHHUM TOYKH ry H F, IpSMOH, Hame-
THM HOBYIO JIMHHIG JHa OBpara M CjeJaeM HOBBIH mar mo ospary. ITpogoskum
Tmporecc AV TeX MOp, MOKa 3HaueHHs (QYHKIHMHM Ha JHe OBpara, T. €. B TOYKAX Fp,
y6eiBator. B ciyuae, korpa :

b D (rp41) > O (ry),

Tpolece Hajo NMpeKpaTHTb M 3HAyeHHE r,,; He HCIONbL30BaTh.

Merton opparoB paccyMTaH Ha TO, 4YTOObl INpPOHTH BJOML OBpara ¥ BHIATH
B KOTJIOBMHY OKONO MHHMMyMa. B 3TOH KOTJIOBHHe 3HAYCHHS MHHHMyMa Jyylue
YTOYHATh APYrHMH METOLAMH.
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MeTozoM OBparoB ynaeTcsi HaXOAUTb MHHHMYMbI JOCTaTOYHO CJIOXKHHEIX (yHK-
muit or 5—10 nepemeHHeix. Ho sToT Merog moBonbHO KanpHseH. Jlas kaxpoi
GyHKIMM OpUXOIMTCS NOACHparh CBOH OBpaKHBIA iar, BH3yaJbHO HaGmoaath
3a XOOM pacyeTa W BHOCHTb KOppPeKTHBH. [IporpamMmupoBaHHe 5TOTO MeTOfa Ha
2BM Hec0XHO,

5. ConpsixeHHble HampaBJeHusi. Meronpl Hauckopeiiliero crycka
WJIM CIyCKa MO KOOpAMHATaM Jaxe /s KBaJpaTHYHOH (GYHKIHH
TpeGyloT GecKoHeyHoro uyucaa urepanuii. OXHAKO MOXKHO HOCTPOUTH
TaKHe HanpaB/eHUs CIycKa, YTO IJIsl KBaJpaTHYHOH (QYHKIHH

O F)=(r, Ar)+©®, )+ (30)

(tne # ecTb n-MepHHIH -BEKTOp) C CHMMETPHYHOH MOJOKUTENBHO
ompezesneHHON MaTpuuell A mpomecc crnycka coiuercss TOYHO K MUHH-
MYMy 3a KOHEUHOE YHCJO LIaroB.

ITonoxuTenpHO ONpeneneHHast MaTPHLA IIO3BOJISET BBECTH HOPMY
BEKTOpa CJeNYIomUM 06pasoM:

[x[P=(x, Ax)>0 npu x 0. 31

HeTpynno npoBeputs, YTO BCE aKCHOMBI HODMBI IIPH 3TOM BHIIOJIHEHEL.
Onpenenenne (31) osHauaer, 4TO NON CKaJsSpPHBIM IPOH3BENEHHEM
IBYX BEKTOPOB X H ) Tenepb NoApasyMeBaeTcsi BenuduHa (x, Ay).
BexTOphl, OpTOrOHA/JBHHE B CMBIC/JE 3TOTO CKAJASPHOTO NPOU3BENEHHS

(x, Ay)=0, (32)

Has3bIBAIOT CONpAdceHHbimy (MO OTHOLIEHHIO K JaHHOH MaTpuie A).
Huxe MBI yBHMAHM, YTO NOOYEPENHBIH CIYCK IO CONpSIXKEHHBIM HaNpaB-
JIEHUSIM OCOGEHHO BHIIOJEH NPH MOHCKE MHHHMYMa.

Ha »sTomM ocHOoBana G6osblliasi TPyNna METONOB: COMPSKEHHBIX
TPajieHTOB, CONpSKEHHHX HAIpaBleHHH, Napa/esbHBIX Kacarelb-
HbIX W Apyrue. Jias KBajpaTHYHOH QYHKUMH OHH IPUMEHSIOTCS
C OIMHAKOBEIM ycnexoM. Ha npousBosbHbe GyHKIMH HanboJee XOpoLIo
060011aeTCst METOJl, CONPAINEHHbIX HANPAasAeHull, Yy KOTOPOTO NEeTaJH
aJqTOpUTMa TIIATENBHO OTpaGOTaHB; 3TOT METOJA H3/1araertcsi B JaH-
HOM IYHKTe.

a) CHauana paccMOTpPHM, KakK HpHUMEHseTCs 3TOT MeTol K KBaj-
patudHo# dopme (30). s 3Toro HaMm nmoTpeGyIOTCS HEKOTOphIE CBOM-
CTBAa CONPSAMEHHHIX BeKTOpOB. IlycTb uMeeTcsi HekoTopasi cucTema
NONAPHO CONPSIXKEHHBIX BEKTOpoB X;. HopmupyeM Kaxnublil U3 3THX
BEKTOpOB B CMEIcJe HOpPMHE (31); Torja COOTHOLUEHHS MEXIY HWMH
NPUMYT BHA

(xbz¢@)=6w 6&

o I3
JlokaxeM, 4TO B3aUMHO COTIPSIKEHHHE BEKTODH! JHHEHHO-He3aBHCHMEL.
Vs paEeHCTBA Xy = Y 0.;X; CIEAYeT (X5, AXy) = D oy (%, Ax;) =0,

i=2 1=2
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YTO TPOTHBOPEYHT TMOJNOKHTENBHOH ONpeleNeHHOCTH MaTpHIbl. ITO
NIPOTHBOpeYHe JOKa3biBaeT Hallle yTBepXKIeHHe. 3HAyHuT, CHCTEMa N
CONPSKEHHBIX BEKTOPOB FABIISETCS 6a3uCOM B n-MepHOM IPOCTPAHCTBE.
Hansi nanHo#i MaTpuupl umeercsi GecYUCTEHHOE MHOMKECTBO 6as3HCOB,
COCTOSIIIUX H3 B3aHMHO CONpPSI’KEHHEIX BEKTOPOB.

[TycTs MBI HalIM HEKOTOPHIH COMpPSMEHHHH 6asuc X;, 1 <<i<<n.
BrifepeM NpOH3BOJIBHYIO TOUKY #,. JI1060Oe IBHXKEHHE H3 3TOH TOUKH
MOXKHO Pas/OXKHTb 110 CONPSIKEHHOMY G6asucy

r=ro+Z a;X;. (34)

i=1

IMoxcraBasia 370 BhIpaXkeHHe B NMpaByl0 dacTb dopmyas (30), npeo6-
pasyem ee ¢ y4eToM CONpsKEHHOCTH 6asuca (33) K caenyiomeMy BHLY:

O =0 (r)+ 3 [ed+20 (k0 Ar)+oy(x, D] (35)

i=1

ITocnennsis cymMmMa COCTOMT M3 UJ/EHOB, KaXKMIBIH M3 KOTOPEIX COOT-
BETCTBYET TOJIBKO OJHO KOMIIOHeHTe cymmbl (34). DTo o3Hauaer, yTo
IBIKEHVE N0 OJHOMY M3 CONpPSKEHHBIX HamnpaBieHU#d X; MeHseT
TONBKO OAMH WIeH cyMMHl (35), He 3aTparuBasl OCTa/bHBIX.

CoBepmiuM W3 TOYKHM 7, TNOOYEpefHLIE CIYCKH O MHHUMYMa IO
KaXXJIOMYy M3 CONpSIKeHHBIX HampabjeHH#l x;. Kaxnslli cnyck MHHH-
MH3HpPYET CBOH u/eH CYMMHI (35), Tak UYTO MUHUMYM KEAOPAMU4HOL
GyHKyuL mouro O00CMu2aemcs nocae 8blNOAHEHUS 00H020 YUKAQ CHYCKOB,
TO eCTh 32 KOHEYHOe YUC/IO JAeHCTBHUI.

ITosicHUM reomMeTpHYeCKUH CMEICJI CONpsXeHHOro 6asuca. Ecawu
OCIMM KOOpJMHAT cle]aTh IVIaBHBIE OCH 3SJJIMICOMIOB YpPOBHS KBal-
paTHyHOH (YHKIHM, TO OMH LUK/ CIHYCKOB MO 3THM KOOpJAMHATaMm
IPUBOANT TOYHO B MMHMMYM. EciH nepefTH K HeKoTopbiM adduH-
HBIM KOOpJHHATaM, TO Q)nyLmﬂ OCTaHeTCsl KBaApPaTH4YHOH, HO KO3}-
(unMenTsl KBaApaTHYHOH (OpMBl H3MeHsTCSA. MoxHO dopmasnbHO pac-
CMOTpeTh Hally KBaJApaTHYHYO (YHKLIHIO C H3MEHEHHBHIMH KO3ddu-
IMeHTaMH KaK HEeKOTOpPYIO HOBYIO KBaJpaTHUHYIO GOPMY B J€KapTOBBIX
KOOpAMHATaX W HalTH IJIaBHble OCH ee 3JjuncounoB. Ilonoxenue
3TUX IVIaBHBIX Oced B UCXOJHBIX adPUHHBEIX KOOpAHHATax 6yIeT HEKO-
TOpO#l cHcTeMOH CONpSKEHHBIX HanpasileHuH. PasHbilt BeIGOp adduH-
HBEIX KOOpDAHHAT eCcTeCTBEHHO INPHUBOAUT K pAa3HBIM COIPSIKEHHBIM
6asucam.

6) ConpskeHHBIH 6a3HC MOXKHO IOCTPOHTBL CIOCOGOM NApanelb-
HbLX KACAmenbHblX MAOCKOCMELL.

ITycTe HekoTOpass mnpsMas napajsienbHa BEeKTOpY X, a KBanpa-
THYHasl (YHKIHSA JOCTHraeT Ha 5TOH NpPAMOH MHHUMA/JLHOrO 3Hadge-
HUs B Touke 7. IloxcraBuM ypaBHeHHe 3TOH NpsAMOf 7 =Fr,toax
B BuipaxeHue (30) u morpeGyeM BHINOJHEHHS YCJIOBHS MHHHMyMa
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oyakuun ¢ (@) =@ (,+ax) B Touke r=r,, T. e. npu a=0. Iad
3TOr0 BOCHOJIb3yeMcs BeIpaxkeHHeM (35), rie B CyMMe OCTaBHM TOJBKO

_ OIMH UJIeH:
@ (@) =D (ro) +o?+o(x, 24r,+b),

U nonoxuMm (dg/dw)y.,=0. Otciona clefyeT ypaBHeHHE, KOTOpPOMY
yZOBJIETBOPSIET TOYKA MHHHMYMa:

(x, 2Ar,+b) =0. (36)

ITyctp Ha KakoH-HMGYIbL Apyrofi NpsiMOH, NapaJ/enbHOH NepBOH,
¢yHKOMS TpUHUMAaeT MWHHMaJbHOe 3HayeHUe B TOYKe 7;; TOrIa aHa-
JoruyHo Hanem (x, 24r,+ b)=0. Beuuras 370 paBeHCTBO u3 (36),
N0 y4uM

(x, A(r,—ry))=0. (37)

.CnenoBateNibHO, HANpABACHUE, COLOUHAIOUEE MOUKU MUHUMYMA HA
08Yyx NAPANNCAbHBLX NPAMbIX, CONPAINCEHO HANDABACHUIO IMUX NPAMbIX.
Takum o6pasoM, Bcerfa MOXKHO MOCTPOHTH BEKTOP, CONPSKeHHHBIH
NPOM3BOIPHOMY 3aJJaHHOMY BEKTOpPY X. [/ 3TOro JOCTaTO4HO IIpo-
BECTH JBe NpsMbE, TNapajfeibHble X, W HaHTH Ha KaxIo#i npamoi
MHHEMYM KBajgpatuynoli ¢opmel (30). Bekrop #, — 7,, coenunsomui
5TH MHHUMYMBI, CONpSKeH X. 3aMeTHM, 4TO NpaAMas Kacaercs JHHHH
YPOBHSI B TOH TOuYKe, rie (QyHKNMA Ha JAHHOH NpAMOH NpUHHUMAET
MHHHUMaJ/bHOE 3HAueHHE; C 3THM CBSI3aHO Ha3BaHHe crocoba.

Ilyctb uMmeloTcsl 1Be napaJsiienbHble m-MepHBIe MJIOCKOCTH, NMOPOXK-
JIeHHBIE CHCTEMOH CONpPSIKEHHBIX BEKTOPOB X;, 1 <<i=<<m <<n. Ilycts
KBajipaTuyHas (QYHKUHS JOCTHraeT CBOEr0O MHHHMMAJbHOTO 3HAUeHHs
Ha 3THX ILJIOCKOCTSIX COOTBETCTBEHHO B TOYKax 7o M #y. AHajorud-
HBIMH DacCy:KIEeHHSMH MOXHO J0KasaTh, YTO BEKTOP #; — F,, COeNH-
HAIHUA TOYKM MHHHMYyMa, CONpsiKeH BceM Bekropam X;. Cienosa-
TeJIbHO, €C/AU 3aJaHa HeMoNHas CUCTeMa CONpSIKEHHBIX BEKTOPOB X,
TO 5THM CIOCOGOM BCErZa MOXKHO IOCTPOHUTH BEKTOp #;— #,, COIpS-
JKEHHBIH BCEeM BEKTOpaM 3TOH CHCTEMEI.

PaccMOTpHM OJHH LUKJ Ipouecca IOCTPOEHUS CONpSIXKeH-
Horo Gasuca. Ilycth y:xe mocrpoeH 6asuc, B KOTOPOM NOC/IENHHE M
BEKTOpPOB B3aHMHO CONPSKEHHl, a NIepBble /1 — M BEKTOPOB HE CONps-
JKeHbl nociaenHuM. HadgeM MunHuMyM KBaipaTHyHOH ¢yHKuuH (30)
B KaKOH-HHOYIb M-MEPHOH MJIOCKOCTH, MOPOXKIEHHOH NOC/JeIHHMH m
BeKTOpaMH Oasuca. ITockoMbKy 3TH BEKTOPHl B3aHMHO COIpsiXKEHHI,
TO JJIsl 3TOTO JOCTAaTOYHO INIPOM3BOJBHO BBIOPATH TOUKY #, H cle/narb
W3 Hee CNYCK IOOYEpENHO 10 KaXKIOMy H3 3THUX HanpabJeHH# (fo
muHuMyMal). Touky MMHHMyMa B 3TOH TJIOCKOCTH OOO3HayuM 4e-
pes 7. ‘

Tenepb W3 TOYKM #; CleNaeM MOOYEPENHBIHl CHOYCK IO MEepPBBIM
n—m BeKTopam 0a3uca. DTOT CHYCK BHIBEJET TPAEKTOPHIO H3 Imep-
BOH IJIOCKOCTH Y INPUBEJET ee B HEKOTOPYIO TOUKY #5. M3 TOuku 7,
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CHOBa COBEpLUIHM MO TOCTENHUM /1 HaNpaBJeHHAM CHYCK, KOTOPHIH
NpUBEIET B TOYKY #y. ITOT CHYCK O3HAuaeT TOYHOE HAXOXKIEHHE
MHHMMYMa BO BTOPOH IIIOCKOCTH, NapaJjjieJbHOH NMepBoH IJIOCKOCTH.
CaienoBaTenbHO, HaNpaBleHHe #3— /) CONPSKEHO NOCNENHUM /M BEK-
TopaM 6asmuca.

Ecnu ofHO W3 HeCONpsKEHHBIX HanpaB/ieHUH B Gasuce 3aMEHHTh
HampaB/eHHeM #3;—F;, TO B HOBOM 0asuce yxke m-}1 HanpasjieHue
6yneT B3aMMHO CONPSAMKEHO.

HauneM pacyer IMKJIOB ¢ IPOHW3BOJBHOrO 6asuca; 1Jisi HEr0 MOXKHO
cuurath, yto m=1. OnucaHHblfl npoLecc 3a OJUH LUK/ yBETHYHBAET
Ha ENWHUIY YHCJIO CONpSKEHHBIX BEKTOPOB B 6asuce. 3HAYUT, 3a
n—1 UuKJ Bce BeKTOPHI Gasuca CTaHYT CONPSKEHHBIMH, U CJefyio-
IUA LUK TPUBENET TPAaeKTOPHIO B TOYKY MHHHMYMa KBaJpaTHYHOH
¢dyukuuu (30).

B) XOTs NOHATHE CONpsKeHHOro 6asuca onpeneneHo TOMBKO s
KBaJpaTHYHOH (QYHKUMH, ONHCAHHBIA BRHIIIE NPOLECC NOCTPOEH TaK,
YTO €F0 MOXKHO (OpMa/bHO NPHUMEHATH A/ NPOU3BONBHOH (YHKUHH.
PasymMeercss, 4TO NPH 3TOM HaXOIHTb MHHHMYM BIO/Nb HAaIpaBJeHHS
HaJo METOLOM IapaboJi, He HCIOAb3ys HHTIe (GOpMYJ, CBA3aHHHIX
C KOHKPETHHIM BHIOM KBajpaTuyHo#l dyHkuuu (30).

B Mmanoft OKpecTHOCTH MHHMMYMa INpHpalieHHe AOCTaTOYHO IJIaf-
KON (YHKUHH OOBLIYHO IIPEACTaBUMO B BHIE CHMMETPUYHOH INOJIOXKH-
TeJIBHO OnpeleseHHOH KBaapaTHuHoH (opMel Tuna (18). Ecnu 6 31O
npencraBieHHe ObIO TOYHBIM, TO METOJ CONpPSXKEHHBIX HallpaBleHHi
cxonunaca GOl 3a KOHeYHOoe 4ucao maroB. Ho npexcraBiaenue mpu-
GIHXKEHHO, TIO3TOMY YHCJO 1uaroB OyfeT GeCKOHEYHBIM; 3aTO CXONH-
MOCTb 3TOrO MeTOAa BOGAH3H MHHHMyMa OyIeT KBaipaTHYHOM.

Baaronapa KBajpaTHYHOH CXOAHMMOCTH METOJ CONPSKEHHHIX Ha-
[paBleHUH T03BOJISAET HAXOAUTh MHHHMYM C BBHICOKOH TOYHOCTEIO.
Meronbl ¢ NMHHEHHOH CXONMMOCTBIO OOBIYHO OIPENENSIOT SKCTpeMasb-
Hble 3HAYeHHs KOOpAMHAT MeHee TOYHO.

3ameuanue 1. PealpHo jaaxe NI KBaipaTHYHOH (YHKUHH
npouecc He BCErAa YKJaAbiBaeTcsh B 1 UMKJOB. IlocTpoenue compsi-
KeHHoro 6asuca 03HayaeT OPTOrOHA/IM3alHI0 B METPHUKE, MOPOMKIEH-
Hoit marpureii A. PaHee oTMeuasoch, YTO B IPOLECCE OPTOrOHA/IH-
3alMH TepsieTcs TOYHOCTh; NpPH GOJBILIOM YHc/le NePEeMEHHBIX MOrpell-
HOCTb HAcTOJNBKO BO3pacTaeT, 4YTO NPONECC NPUXOLHTCS MOBTO-
pATB.

3ameuanue 2. Teopernueckn 6e3pasinyHO, KaKOe U3 HECONPs-
JKEHHBIX HanpaBleHHH BBIKMHYTb U3 6asuca B KoHIE IuKJaa. OGBYHO
BBIKHUBIBAIOT TO HaNpaBJ/ieHHEe, NPH CIyCKe 10 KOTOPOMY Ha JaHHOM
nuKae (GYHKUHA H3MeHH/1ach MeHee Bcero. IlockoabKy nasi mpous-
BOJIBHOH (DYHKIHH IOHATHE CONPSXKEHHOCTH BBECTH HEJIb3fA, TO
HanpaeJeHue Hanbosee c1a6oro yOBIBAHMA BHIKHIBIBAIOT HE3aBHCHMO
OT TOro, MOJ KakKHM HOMEPOM OHO CTOHT B 6Gasuce. JIo6onbITHO, YTO
3TO OKA3BIBAETCsl BHIMOJHBIM JAaxe 1/ KBaJpaTHYHOH GYHKUHH, XOTH
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Ha OCHOBaHHH 3TOr0 KPHTEPHS HHOTAA MOXKHO BHIKHHYTb CONpSIKEH-
HOe HanpaB/leHHe, OCTaBHB HECONpSXKeHHbIe; 3aTO YMEHbIIAeTCs noTeps
TOYHOCTH NPH OPTOroHaMHU3alHMH.

Bameuvanue 3. OnucaHHBEIH BBIE LHKJ METOJa BKJ/IOYaeT ABa
CrlycKa IO CONPSXKEHHBIM HanpaB/jeHHsIM U ONUH — [0 HECONpsKeH-
HbIM. Bosee BEIrOZEH LMKJ, TMPH KOTOPOM cpasy Iocje HaXOMXKAEHHS
HOBOTO CONpPSIXKEHHOIO HAaNpaB/leHHA II0 HeMy JelaloT CHOYCK U3
TOYKH 73, NPHUXOAS B HEKOTOpYIO TOYKY #,. Torma cmyck us 7, B 7,
OyldeT CIYCKOM B IJIOCKOCTH BCEX HOBBIX COIpPSXKEHHBIX HanpasnJe-
HHH, T. €. ero MOXKHO CYHTAThb NEePBOH TpyNmoH HOBOrO LMKJIA CIy-
ckoB. ITosToMy M3 TOYUKH #, CpPa3y MOXKHO CIYCKaThCH 1O HecOmps-
JKeHHBIM HalpaBJeHUAM.

Ilpu sToM HOBoe HampaBieHHe CTaBAT B 6asuc Ha MoOC/aefHee
MECTO W BHIKHIBIBAIOT TO HanpabJ/eHue, Ha KOTOpoM (yHKUUS ciabee
BCEr0 yMeHbIIMJach INpH CHYCKax OT TOYKH 7y IO TOYKH #,. Hau-
MeHee BEITOJHBIM MOXKET OKa3aThCd W HOBOE HalpaB/jeHHe; TOria cle-
IyIOUUA UK CNYCKOB OYZeT clefaH co CTaphiM GasHCOM.

Mertox conpsikeHHBIX HalpaBjeHUH ABNseTcd, NO-BUIUMOMY, Hau-
Gonee jddeKTHBHEIM MeToZoM cnycka. OH HemJoxo paGoTaeT U NpH
BBIDOKJIEHHOM MHHHMYMe, W IIpH paspelliuMbIX OBparax, U IpH Haju-
yuH cnabo HaKJ/JIOHHBIX Y4YacTKOB pesbeda — «IJ1aTo», U NpH GOJBLIOM-
quc/ie NepeMeHHBIX — 0 ABYX JeCSITKOB.

6. Caydaiinbiii moMCK. MeToAbl cnycKa HENOMHOLEHHBI Ha HEYIO-
psAloyeHHOM penbede. Ecnu JoKalbHBIX 3KCTPEMYMOB MHOTO, TO CIYCK
U3 OIHOTO HYJEBOrO NPHUOGNHKEHHS MOXKET COHTHCh TOJNBKO K OLHOMY
U3 JIOKaJbHBIX MHHHMYMOB, He o00s3aTenbHO a6GconoTHOMY. Torpa
L]l UCCJeNOBAHUS 3aJladd NPUMEHSIIOT CAyYaiHBIH MOUCK.

IIpennonaraior, 4TO MHTEPECYIOUIMHA HAC MUHUMYM (MM BCE MMHH-
MYMBI) JIEKHT B HEKOTOpPOH 3aMKHYTOH o6/acTu; JHHEHHBIM Ipeo6-
pasoBaHHEM KOODJAHMHAT MOMELIAIOT ee BHYTPb €IUHUYHOIO #-MEPHOTO
Ky6a. Bribupaior B 310M Ky6e N ciydafiHBIX TOYeK CIOCOGAMH, OIH-
caHHBRIMH B § 4 raiaBel IV, ecay o pacnosokeHHM 3KCTpeMyMOB 3apa-
Hee HHUYETO He M3BECTHO, TO Haw/Jydllde pe3ysbTaThl HamoT JII1.-
1Ioc/Ie0BaTeIbHOCTH TOYEK.

Jaxe npH MHIIHOHE NPOGHBIX TOYEK BEPOSITHOCTH TOrO, YTO XOTS
6bl OoHa TOYKA TIONaJeT B HeGOJBIIYIO OKPECTHOCTb JIOKANBLHOrO
MHHMMYyMa, HHYTOXHO Majla. B camom zene, mycTh guaMeTp KOTJIO-
BHHBl OKOJIO MHHHMMYMa cocrasiser 109, oOT npenenoB H3MeHEHHS
KaxJo# KoopauHaThl. Torga o6beM 3TOH KOTJIOBHHEI cocrasisieT 0,17
yacTb obGbema rn-MepHOro Ky6a. Yxe mpu n>6 HH OJHA TOUKa
B KOTJIOBHHY He mnomnafer. '

ITostomy Gepyr HeGoabuoe yucao Touek N ~=(5—20)n u Kax-
LyI0 TOYKY paccMaTpHBAIOT Kak HysaeBoe npubamxenue. M3 xaxnot
TOYKH COBEpINAIOT CMYCK, OLICTPO nonajas B GAHKaHIINH OBpar Wiau
KOTJIOBHHY; KOrfla IIard CIyCKa CHJBHO YKOPauMBAlOTCS, €ro Ipek-
pamwaiotr, He [0CHBAsACh BHICOKOH TOYHOCTH. DTOro yxe JOCTaTO4YHO,
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4TO6Ll CYAUTH O BeJIHYHHE QYHKUMM B GaIKaflleM JIOKaJbHOM MHHH-
MyMe C YAOBJIETBOPHTEIBHOH TOYHOCTLIO.

CpaBuuBas (BM3yallbHO MMM INpPH IOMOLIH MPOrpaMMbl) OKOHYA-
TeJIbHBIE 3HAUeHHs1 QYHKIUM HAa BCeX CIYCKAaX MEXIY cOoGOH, MOXKHO
U3Y4YUTb pacloJiokKeHHe JOKaJbHBIX MHHHUMYMOB (DYHKIHHM M COMOCTa-
BUTh MX BenHuMHEL [loc/ie 3Toro MoXHO 0TOGPATh HYXKHBIE 10 CMBICTY
3a/layd MMHHMYMBI ¥ NPOBECTH B HMX JOMNOJHHTENbHEIE CNYCKH A/
NOJy4eHUs] KOOPAUHAT TOYEK MHHMMYMa C BBICOKOH TOYHOCTEIO.

OGbiYHO B NPHKJIAAHHIX 3a3Ja4aX HYXHO B TNepBYIO OYepelb AOGHTHLCS TOro,
4yTOGEl HCCIefyeMass (YHKIMS TNPHHAJA MHHHMaJbHOE MM IIOYTH MHHHMaJbHOE
3HayeHHe. Ho BGIH3H MHHHMYyMa 3HAyeHHe QYHKIMH C1a60 3aBHCHT OT H3MeHEHHMS
KOOpAMHAT. 3adeM ‘TorAa HYXXHO HaXOAWTh KOOPAMHATHI TOYKH MHHHMYMa C BEICO-
Kot ToyHocTbio? OKxaspiBaeTcsl, YTO 3TO MMeeT HE TOJNBKO TeOPEeTHYECKHH, HO H
TIpaKTHYeCKH# CMbICI, .

IlycTb, HanpuMep, KOODAMHATEI—STO pasMephl JeTajefl MeXaHHYeCKo# KOH-
CTPYKIHH, 8 MHHMMH3UpyeMass (YHKIHS eCThb Mepa KayecTBa KOHCTPYKUHH. Ecin
Mbl HAalITH MHHHMYM TOYHO, TO MBI HAXOAUMCS B CAMOM LEHTPE KOTJIOBHHBEI OKOJIO
MHHHMYMa. B 3ToM ciyyae BapHaluH KOODAHMHAT BIMSIOT HAa QYHKUHMIO ciabee, YeM
B TOYKAX, PACMOJIOXKEHHHIX G/MXe K KpasfiM KOTJIOBHHEL. A GesonacHmble BapHamuu
KOOpAMHAT HMEIOT B JaHHOM MpHMEpe CMbIC] JOMYCKOB HAa TOYHOCT 06paBoTKH
neraneli. 3HAYUT, NpPH AKKYPAaTHOM BBIYHCJEHHM KOODIAHHAT MHHHMYMa MBI MOXKEM
paspelllHTh GOJblUME JOMYCKH, T €. yAelleBHTb OGpaGOTKY IeTajeil.

MeTton cnydaitHOro moMcKa 3ayacTylo NO3BOJSET HAUTH BCE JIOKAJb-
Hble MUHUMYMBI QYHKIHH OT 10 — 20 nmepemMeHHBIX CO CJIOXKHBEIM pejibe-
¢dom. OH moJje3seH M NpPH HCCAENOBAaHHH (DYHKIHHM C €IHHCTBEHHBLIM
MHHHUMYMOM; B 3TOM CJly4ae MOXKHO OGOHTHCEH 3aMETHO MEHBIIIUM YHCJIOM
cnydadHeIX Touek. Hejmocratok MeTosa B TOM, 4TO Halo 3apaHee
3agarb 06/]acTb, B KOTOPOH BHIOHMpAOTCS CAYyYallHEIE TOYKH. Eciu
MBI 33/lalUiM CJIMLIIKOM LIMPOKYIO 06J1acTh, TO ee TpYyAHee JAEeTalbHO
HCC/IeloBaTh, @ ec/y BhiOepeM CHAHWIIKOM Y3KYI0 06/1acTh, TO MHOTHE
JIOKaJIbHEIE MHHUMYMBI MOI'YT OKasaTbcfl BHe ee. IlpaBpa, mosoxe-
HHE HECKOJIbKO 06/leryaercs TeM, 4TO NpPH CIYCKAaX TPaeKTOPHH MOTYT
BHIUTH 3a Ipelefbl 3aJaHHOH 06/7acTH H COHTHUCh K JeXalluM BHE
3To#t 06/1aCTH MHHHMYMaM.

§ 3. MuHHMYM B orpaHHueHHOii oGaacTu

1. ®opmyauposka sapayd. ITycTo B n-mMepHOM BEKTOpHOM Mpo-
cTpaHcTBe 3amaHa ckanapHasd ¢yHkuua @ (x). PaccmoTpum sanauy
Ha MHHHMYM C JONOJHHTENbHBIMH YC/JIOBUAMH [IBYX THIIOB:

D (x)=min, ¢;(x)=0, 1<<i<m,

P () =0, 1<<j<p.
YcnoBus THIA PAaBEHCTB BBIIE/AIOT B IPOCTPAHCTBE HEKOTOPYIO (11 — m)-
MEpHYIO TOBepPXHOCTb; MO3TOMYy JOJIKHO BBINOJHATHECH HEPaBEHCTBO

m<n. YCIOBHA THNA HEPABEHCTB BBIIEJSIOT N-MEPHYI O06JACTb,
OrpaHHYEHHYIO THMEPIIOBEPXHOCTAMH P, (X) = 0; UHC/IO0 TaKUX yCAOBHI

(38)



216 IMOUCK MUHHUMYMA [t Vil

MOXKeT OhiTh npousBonbHbIM. CnelloBaTenbHo, 3amaya (38) ecTb
NONCK MHHHMYMa (YHKUHH # [epeMeHHHX B (n— m)-MepHo# 06-
jJactu G.

QYHKIUA MOXET JOCTHraTh MHHHMAJBHOrO 3HAa4eHHA KaK BHYTPH
o6/1acT, TaK H Ha'ee rpaHune. Jra 3agaya U OCOGEHHO NOC/JeTHHH
cay4ail TpYZAHH L] pacuera. Bun 1onoNHUTENBHBIX YCJAOBHH B JI0GOH
peasbHOH 3ajade He CJAMIIKOM IPOCT, TaK YTO SIBHO BBECTH B 06Jja-
cTH G COOGCTBEHHYIO (11— mM)-MEpPHYIO CHCTEMY KOOpJAMHAT NpaKTuye-
CKY HUKOrJa He yjaercd. 3HaYuT, IpH YUCAEHHOM pacueTe Mbl BLIHYXK-
JeHBl BECTH CIyCK He Ha (n— fm)-MEpHOH MOBEPXHOCTH, a BO BCEM
n-MepHoM TpoctpaHcre. Torza nake ecid HyJeBoe NPUOJHIKEHHE
JexHT B o6aacti G, ecTecTBeHHAs TPAeKTOPUs CIyCKa cpasy BBIXO-
JOUT U3 3TOH 06/1aCTH; OCOOEHHO CJIOKHO «3aCTaBHTB» TPAEKTODHIO
HATH BIOJb I'paHUIBl 06/1acTH.

B MaTemaTuHuecKHX 3ajayaX SKOHOMHKH -TIOMCK MHHHMYyMa MpH
JOTIO/IHUTE/IBHBIX YC/IOBHAX HA3BIBAIOT (B 3aBHCHMOCTH OT THNA (YHK-
IUH) JuHEHHBIM, HeJWHEHHHM H T. [. NpPOrpaMMHpPOBAaHHEM.

2. Mertop wrpadubix ¢ynkumid. Paccmorpum 3amauy Ha abcodoT-
HBIH MHHHMYM BO BCEM 7-MEDHOM IIPOCTPAHCTBE IJs1 TAKOH BCIOMO-
raTeJbHOH (QYHKIHH:

F (%)= (x) +
+u{2 9 (%) + zw, (%) [1 —sign y, (x)]}:min, p>0.  (39)

i=1
[Ipu6apnsemele k (I) (x) u/leHbl B3ATH TaKHM 06pasoM, 4TO OHM obpa-
IMAIOTCST B HYJIb, €CJAH JONOJHUTENbHEE YCA0BUSI B (38) BEIMOJHEHEL.
Ecnu xe ycnoBus HapyLIeHE, TO 5TH 4Y/eHbl MOJIOXKHUTENBHBH, T. €.
OHM yBesHuyHBaOT F (x), TpuueM TeM Oojblle, 4eM CHJIbHeE Hapy-
LIIeHBl JOTIOIHHTE/IbHBIE YCAO0BHSA. DTO cBoeobpasHblil WTpad 3a Hapy-
LIeHHe YCJOBUH. -

Ecan kosdduunueHt wmrpada P LOCTaTOYHO BeNMK, TO 3a I'PaHH-
namu obsactd G ¢ysKuua F (x) 6bICTpO BO3pacraer. 3HAUHT, MHHHU-
MyM F (X) pacnosioxkeH ux BHYTpH o6nacté G, I CHapyxXH BOAU3H
ee rpaHunbl. Eciu OH JexXHT B o6aactd G, TO OH COBNAajaeT C MHHH-
mymoM @ (x), u6o TaMm IOMOJHHTE/]bHbIE YeHbl B ycaoBul (39) o6pa-
IAoTCA B HYJb. Ecan ke MUHUMYM F (X) JI€XKHT CHapyXH, TO MHHH-
MYyM X HCXOJHOH (YHKIHH JIEXKUT Ha TpaHUlLe; NPH PasyMHBIX
NPEeAToJIOKeHHAX O cBoHcTBax ¢yHKuui @ (x), ¢;(x) ¥ Y, (x) moKa-
3aHO, YTO €ro OTVIMYhe OT MHHMMyMa X, BCIIOMOTaTe/bHOH (YHKUHH
He TpeBbILIaeT

const
| X=Xl <— (40)

rie B&JIHYMHA KOHCTAHTHl 3aBUCHT OT KOHKPETHHIX CBOHACTB (DYHKUHi
(38). TlosToMmy ecny B3siTh NMOCJENOBATENBHOCTD Wy —> OO H HAHTH AJS
Hee MHHHMMYyMBI X, BCIOMOrartelbHOH QYHKUMH F (X; W), TO X;—X.
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3amauy (39) Ha GesycnOBHBIA 3KCTpeMyM yHoOHee BCEro pelarthb
METOJIOM CJy4aHHOro TOHCKA CO CNYCKOM IO COMPSKEHHBIM Hampab-
JIEHHsIM: 3/leCb €CTeCTBEHHO 3ajaHa o06/1acTh, TJe Halo BHIGHPATb
cayyaidHble TOYKH.

ITpu ManBIX 3HAaYeHHAX W corsacHo oueHke (40) TOYHOCTH MOKeT
6uiTe nioxofi. Ho npu Gospuiom p 6s1arofaps NONOJNHUTENbHBIM 4Jie-
HaM B (39) BOJM3H rpaHHLE 06/JacTH NOAB/AKTCA TMyGOKHe OBparu
M KpYThle OTKOCHI, TaK YTO METOABl CIYCKa CXOAATCA MeMNJIEHHO.
ITonesen caenyoomui mpueM, 3aMETHO YCKOPSIOMIUH CXOAHMOCTb.

CuHauana GepyT HeGoJIbILIOE Wy H JIEFKO HAXOAAT COOTBETCTBYIOIMH
MHHUMYM X;. 3areM GepyT O6oJbllee 3HAueHHe W,, a 3HAUEHHE X,
HCIIOIb3YVIOT B KayeCTBe HAuyaJbHOrO MPHOJMKEHHS 1JAd CIycKa;
Mo3TOMY CnycK OyleT He NJHMHHBIA, H HOBBIH MHHHMYM X, Ompeje-
JIMTCS OBICTPO. DTy NPOLEAYPY NMOBTOPSIOT 10 TeX MOP, MOKa «IuTpadm —
¢urypHasi cko6ka B (39) —He cTaHeT JOCTaTOYyHO MaJjbM. Toraa
MOXKHO CYHTaTh, 4YTO TO4Ka X, OJH3Ka K rpanuue o6Gaacty G H
XOpOIIO annpoKCHMHPYeT MHHHMYM X.

Meton wrTpadHbIX GYHKUMA MeIJIEHHHIH M He C/IMIIKOM Hanex-
upii. OH NpUMEHMM TOJNBKO IpH HEGOJNBUIOM YHC/Ie IepeMeHHBIX
n<10. Ho cymecTBenHO 6oJiee XOPOLIMX METOJOB /i OOLIel HelH-
HefiHoi 3ajgaun (38) moka Her. IlepcreKTHBHBIM Ka)eTcs MeTOJ
mTpagHLIX OLEHOK, ABMSOMKMACA KOMOWHALHUEH OMHMCAaHHOTO MeTozia
B MeToJla HeonpeJe/eHHBIX MHOXHTeseH JlarpaHxka; ofHAaKO OH elle
MaJIo H3Y4eH.

3. JluneiiHoe mporpamMMupoBanue. [Ipy ONTHMH3AINH SKOHOMHYE-
CKMX IUTaHOB BO3HHKAIOT 3aJaud Ha MHHHMYM JHHEHHOH GYHKUHM
nepeMeHHBIX NPH HaJHYMH JHMHEHHBIX JONONHUTENBHBIX YCJOBHH Tpex
THIIOB!

n
L (x)= D) cix;=min, (41a)
=1
x=0, l<<i<n, (416)
. ,
Maxi=b;, l<j<m, (41B)
i=1
n
S apn<<b, m<j<M. (41r)

i=1

Kaxnoe u3s ycioBuii Tuna HepaBeHCTB (416) mnm (41r) ompemensier
MOJYNPOCTPAHCTBO, OrPAaHHYEHHOE THNEPIIOCKOCTBIO; BCE 3TH YCAO-
BHSI BMECTE ONpPEeNEeNsioT BBINYKJBIH 71-MEPHLHIH MHOTOIDaHHHK J, sB-
JISIOUMACS TIepeceueHHeM COOTBETCTBYIOUUX nonynpoctpancts. C Ma-
TEeMATHYECKOH TOYKM 3peHus ycnoBus (416) u (41r) onHOTHIHEI, HO
N0 TPaNMUMM MX 3aNHCHIBAIOT YKa3aHHBIM 00pasoM. YC/OBHA THNA
paBeHCTB (41B) BHIAGAAIOT U3 N-MEPHOIO MPOCTPAHCTBA (1 — m)-MepHYIO
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miockocTh. Ee mnepeceuenue ¢ o6aacTteio J HaeT sonyxavid (n— m)-
MepHbuli MHoeoeparHuk G; Halla 3ajada COCTOHT B TOM, YTOOBI HaiTH
MHHUMYM JUHeH#HOH (yHKuuH (4la) B sTOM MHOrorpanuuke G.

TlpumepoM Takolf 3ajauM SIBJSETCS pacHpeje/eHHe NMPOH3BOACTBA- OXHOTHIHOH
TNpPOAYKIHMH MO pas3HeIM 3aBofaM. I1yCTh x;— BBITYyCKaeMoOe i-M 3aBOJOM KOJHYECTBO
MPOAYKLMH (OHO LOJMXHO GHITH HEOTPHILATENBHBIM), ¢; — Ce6eCTOMMOCTBIO OZHOTO U3Je-
JUSL Ha 3TOM 3aBone, @y UpH j>>m—pacxoj Ceipbs j-ro Buga 4 a; INpH
2 << j << m-—pacxon 3apaGoTHOH IIaThl M APYIHX aHaJOTHYHBIX NOKa3aTeJeH j-ro
BHJA INpH BhINycKe eIMHMIBI NPONYKLIMH Ha naHHOM 3aBoge. ITomoxum g;=1;
Torga b; GygeT CyMMAapHBIM BBIIYCKOM NPOXYKLIMH TO BCeM 3aBojaM, by, 2<Cj <
< m, —ToJHOH 3apaGoTHOH IJIaTOH M aHaJOrMYHLIMH NaHHEIMHM [0 BCEH OTpaciH,
cyMMul (41r)— pacxonoM ceIpbsl N[O BceM 3aBoiaM, a L — ce6ecTOMMOCThIO o6l
npoaykuuu. TpeGyercs, yroGbl ce6ecrOMMOCTb NPOAYKUMH OblIa MHHHMAIbHOH,
BBHINYCK TNpPONYKUHMH, pacXop 3apaGOTHOH mJaThl M T. J.— 3afaHHBIMH, a (GOH.H
celpbsi b, m <Cj, He mepepacxopoBaiucb. Hac wuHTepecyeT, Kak pacnpesenuTh
HeOTpHIATe/bHBIE TVIAHOBBIE 3ajaHHsl x; IO 3aBOJAM TaK, uTOGHl YNOBJETBOPHTDH
BCeM 3THM TPeGOBaHHSIM.

OTMeTHM TEPMHHOJIOTHIO, YCTAHOBHBIUYIOCS B 5KOHOMHKe. BekTop X, yjoBier-
BOp SIIOMMH BCEM JONMOMHHTE/bHBIM YC/IOBHSIM, Ha3bIBAIOT NAGHOM; €CIH OH, K TOMY
3Ke, COOTBETCIBYeT BeplUMHE MHororpasHuka G, TO onopHom naanom. PeueHue
IKCTpeManbHOH 3ajaud (41) Ha3BIBAIOT ONMUMAAbHBIM NAGHOM, CTOJGHBEI NpPSIMO-
yroibHON MarpHubl A — eexmopamu ycaosuil, a cTonbel, b — sekmopom 02paruteru.
B 3agmagax 5KOHOMHKHM OGBIYHO Bce KO3((HIMEHTH a, b, ¢ =0, XoTH LIS mocie-
MYIOLIEr0 H3JI0XKEHHS 3TO HeCYILeCTBEHHO.

MuororpaHHUK ycnoBHH G—BBINYKJBIH (OH MOXKET OBITb H HEOr-
paHuueHHbIM). ITosTomMy BHyTpu Hero nuHefiHad ¢yHKuusA L (x) He
MOXKET JOCTHraTb MHHHUMYMa. Ee MuHHMYM (ec/y OH CYLIECTBYeT)
JocTHraercst 06s13aTeIbHO B KaKOH-HUGYIb BEepILINHE MHOrOTpaHHUKA.
Ilpu BBIpOXKIEHWH OH MOXKET [OCTHraThCsd BO BCeX TOYKax pebpa
HJIH Jaxke p-MepHOH orpaHuuuBamiomel nnockoctd (p<<n—m). Ilos-
TOMY TeOpeTHHYecKH 3ajaya JHHeHHOro NpOorpaMMHpPOBaHMS IIpOCTa.
JlocTaTOYHO BBIYUCANTD 3HAYEHHS DYHKUUH B KOHEUHOM 4YHC/IE TOYEK—
B BeplIMHAX MHOTOIpAHHHKA M HaHTH CpelM 3THX 3HauyeHUH Hau-
MeHBILee.

CrnoxHoCTb 3aK/04aeTcsl B ApYyroM. THNHYHOE B SKOHOMHKE YHCJIO
NlepeMeHHBIX — 3TO COTHH M fAaxke TeicAuu. [lpu 3Tom 4ucio BepliuH
MHOrorpaHHuka ( CTaHOBUTCA acCTPOHOMHYeCKHM. g TOro 4roGel
OLEHUTh 3TO YHCJ/IO, PACCMOTPUM CHNOCO6 HAaXOXKIEHHS BEpILHH.

HaxoauTp BepLIMHBI camMoro MHororpaHHuka G HeynoGHoO. Jlydiie
npeo6Gpa3oBaTh 3afady K KaHOHMYECKOH dopme, He cofepzKaled yc-
JIOBUH TpeTbero Tuma. [17s 3TOoro BBeJeM B KayecTBe HOBEIX TepeMEeH-
HBIX HEB3KHM YCJOBHH TpEThEro THIIA:

n
X =bimn— D) Qitmn, ¢%q=0, n<i<N, N=n+M—m. (42
q=1
,Dgoonpenennm Koa(hGhHIYeHTH SKCTpeMalbHOH 3afauu (41) caenyromum
o6pasoMm:

=0, a;=06, umny 1mpu n<<i<N, 1<<j<M. (43)



§ 3 MMHVMYM B OTPAHMYEHHOM OBJIACTU 219

Torna sanaya JIMHEHHOrO NPOrpaMMHPOBAHHA TIPHMET KAHOKUYECKYIO
gopmy:

n
L (x) =) ¢, = min, (44a)
i=1
%=0, I<i<N, (446)
N
2 ajiJCi=b/', 1 é]éM (M < N). (443)

i=1

MHororpaHHuK HOBBIX KAHOHHYECKHX YCJI0BHH 06pa3oBaH nepeceyeHueM
HOBOH (N — M)-MepHOH MJIOCKOCTH YyCJOBHH C NEepBEIM KOOpAHMHAT-
HBIM YrOoM. 3HAuyMT, BCe €ro BepLIMHBI JeXaT Ha KOOPIAHHATHBIX
TUNEPIUVIOCKOCTAX, T. €. Y Kax[IOH BepPUIMHBl YacThb KOOpPAMHAT—
HYJH, a OCTajlbHble KOOPAHHATHI MOJIOXKHTENbHBL.

Bynem cuuraTh, 4TO CTPOKM HOBOH MaTpHubl A JKHeHHO-He3aBH-
CHMEI: B NIPOTHBHOM CJ/lyyae HJIM ONHO YCJOBHE JIMUIIHEe, HJIH CHCTeMA
yc/ioBuii HecoBMecTHa. Torza paHr 3T0H NPAMOYrONBHOM MAaTpuIbI
paBeH M, u cpelu ee CTOJGLOB HAHAETCS [0 KpaliHel Mepe OfuH Ha6Op
3 M JIMHEHHO-He3aBHCHMBEIX CTOJNOLOB. Bcee nuHeiiHO-He3aBHCHMEIE
Habopbl CTONONOB MaTpHIbl A COOTBETCTBYIOT TOYKAM NEpeCeYeHHs
IIJIOCKOCTH YCJIOBUH C KOOPAHMHATHBIMH THIEPIJIOCKOCTSIMH.

Yro6bl HAaHTH BEPUIMHY, BO3bMEM OJHH' TaKOH HaGop CTOJGLOB.
Ilna ynoGerBa 3amucH TMepeliyMepyeM NepeMeHHble TakK, 4To6hl mep-
BLIMH CTOS/IM CTOJIGIBI, COOTBETCTBYIOIIHE 3TOMY Ha6opy (6asucy).
Ilepenumiem ycsoBus BTOporo Tuna (44B) B CHENYIOIIEM BHJE:

M N .
Z QX = bl -_ Z Qji Xy 1 <j< M. (45)
- i=1 =M1

OGosnauum uepes oy, 1 <<j, i<<M, sneMeHTH MaTpulbl, 06paTHOlH
K 6a3HCHOH KBa/ipaTHOH MaTpHulle, CTOSIIEH B JIEBOH YacTH cHcTeMsl (45).
IMpupasnuBas BHEOA3UCHEIE KOOPAHHATEI HYJIO M pellasi 3Ty CHCTEMY,
HOJTY4UM KOOPJAHMHATHI TOYKH IepecedeHMsi NJIOCKOCTH YCJIOBHH C KO-
OPJHHATHOH THUNEPIIOCKOCTBIO

M
- b, l<i<M,
f= 2 b ‘ (46)

xi=0, M<<i<N.

Ecnn naiiieHHble KOOPAMHATEI HEOTPHIATENbHH, TOYKA NEpeceueHHs
NpHHALIEXKHUT NePBOMY KOOPAMHATHOMY YIJy, T. €. SIBASIETCS BEpILH-
HOH MHOrorpaHHHKa KaHOHHYECKHX YycJaoBHH. Ecau xoTs 6B ofHO
x;<<0, 3Ty TOYKY Hafo OTGPOCHTb M HCC/IeNOBaThb APYroH HaGop
cron6uoB Matpuupl A. Ecaum Mbl 3a6pakyeM Bce TOYKH, 5TO
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03HayaeT, 4TO YC/NOBHs IEPBOrO M BTOPOro poja o0pasyioT HeCcoB-
MECTHYIO CHCTEMY.

Pasnuunbie cToNGUE MaTpuue A MoryT o6pasosath Cy HaGOpOB.
ITosTomMy B camoM HeGJiaronpuaTHoM ciaydae (M ~=1/,N) mHororpas-
HUK YCJOBHH MOXeT HMETb M0 CN2 a2 BepwuH. Ecau N ~ 100,
TO 3TO YHCJO HACTOJBbKO BEJUKO, YTO NpPOCTOH mepebop BepLIMH He-
BosMoxeH. HerpynHo mnoxcuutath, uyto aasg OBM tuna B3CM-6
npoctoil mepeGop mocujeH ToabKo mpH N < 15.

4, CaMniekc-MeTOf NO3BOJISeT HAHTH pelleHHe 3afayH JHHEHHOro
[IPOrpaMMHPOBAHHSA 32 TOPa3fo MeHbllee 4YHcio AeficTBUi. M3moxum
Hlel0 MeTofa.

Haiinem kakymoo-HHGYAb BepLIMHY MHOrOrpaHHMkKa M Bce pebpa,
BBIXOJIfie H3 3ToH Bepiuuubl. Iloifinem Bnone Toro u3 pebep, IO
KoTopoMy GyHKUHS yGbiBaeT. IlpugeM B cienyiomyio BepLInHY, Hali-
JIeM BBIXOAslMe M3 Hee peGpa M noBTopuM mnpouecc. Korpa Mbl npu-
IeM B TaKyIo BepllkHy, YTO BJOJb BCeX BBIXOASIUUX H3 Hee pebep
GbyHKuMsA BospacTaet, TO MHHUMYM gocTuruyT. ITockosmeky L (x) —
JNuHefHAas (YHKIUSA, 8 MHOTOIPAHHUK YCJIOBUH BBINYKJBIH, TO 3TOT
npouecc Bcerja CXOAMTCA K pelleHHIO 3alauH, NMpHYeM 3a KOHedHoe
YHCJO HIaroB.

ITpu kaHOHHYeCcKO# hopMe 3aNHCH MHOTOrPaHHUKA YCJOBHH U3 KaX-
no#i ero BepmuHH HcxopuT N — M pefep. BriGupas omHo pebpo,
MBL BEIGPACHIBaeM M3 PacCMOTPEHHS B~|-iHHBI, JeXallhe Ha OCTalb-
HBIX Tpaektopusx. CrenoBaTenbHO, 32 £ HIaroB Mbl paccMaTpHBaeM
(N — M)™*-10 yacTp BeplIHH, NPOXONS MHMO ocTasibHBIX. Ham Hazo
HAHTH HCKOMYIO BepuiMHy cpendt CN BepuIMH MHOrorpamsuka. Ilpu-
paBHuBasi uncio BepmnH Cy Bemumne (N — M), MOJNYYHM, 9TO MH-
HUMYM JOCTHraeTcs NpUMepHO 3a R~ N 1uaros, T. €. JOCTaTOYHO
6BICTPO.

BeiBeniem ¢opmyssl mara. IlepByio Bepruxy Haxomum mo dop-
myJae (46). UroOel HaliTu pebpo, Hajo OIHY U3 BHeOa3HCHBIX mepe-
MEHHBIX X; CHeJaTh IOJIOXKHTE/bHOH; Torla KoopAHHATH ToueK peGpa
MOKHO BBIPa3uTb uepe3 Hee U3 (4D) mpu momouy oGpaTHOM MaTpHILEL

M
Xi=xi—x, Z &y 1<‘<M’ xl=xl; (47)
=1
ocTa/lbHble BHEOA3HCHBIE KOODAMHATH OCTAIOTCS PAaBHBIMHU  HYJIO.
Bynem yBeqnuuBath X; 10 TeX NOp, NMOKa OfHA M3 GasHCHEIX KOOp-
IMHAT He o6paTuTCA B HyJAb. D10 OyAer npu

M
X = min <ﬁ—> S, = Z Oy = 0; (48)

1M il =1

MHHHUMYM HIETCsSI TOJABKO CPEAH TeX MHIAEKCOB i, Lnd KOTOPBIX S”> 0,
60 TOJNBKO 3TH KOoOpAHHATEl BAOJAb JAaHHOI'O pe6pa YMEHbLIAIOTCA H,
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CJIeZlOBaTeIbHO, MOTYT OOpaTHUTECA B HYJb. Eciu Bce cymmnl Sy npu
JaHHOM [ OTpHLATeJbHBl, TO 3TO pPe6pO HeOrpaHHYEHHOE U BeCh
MHOTOI'DaHHUK YCJOBHH — TOXKe.

IloxcraBasia HalineHHoe X; B ¢GopMyJbl (47), NMOJYYHM KOOpAHHA-
Thl HOBOH BepIUHMHH U BHIYHCJAHM B Hell 3HaueHHe QyHKuuU L (X)=L,.
Iloouepenso MeHAs KaxKIyl0 BHEOA3UCHYIO TIEpEMEHHYIO, HaleM
Bce N — M pebGep, BHIXOASAILHUX U3 HCXOLHOH BEPLIMHBI U NPOBOISINMX
B CMe)KHHle BeplUMHEL. CpaBHMM BCe 3HAUeHHS (DYHKIHH B CMEXHBIX
BeplKHAxX L, U BeiGepeM W3 HUX HanMeHbllee. Ecau OHO MeHblie,
yeM 3HayeHHe (DYHKIHHM B HCXOLHOH BeplUMHe L;, TO mepeMecTHMCS
B HAWHH3IIYIO W3 HOBEIX BEPUIMH M TOBTOPHM IpOUECC. Ecimu xe
min L; =Ly, ToO MUHEMYM Y2Ke JOCTHTHYT B HCXOJIHOH BepILHHE.

Jasi Bcex HeorpaHWueHHBIX pebep, HCXONSMX W3 BEPLUHHH, HANO
IpoBEPATh 3HaK nponsBouHoﬁ cpyﬁxumd

M=t =a— Z 2 2 oty =, — 2 eiSu- (49)

=1 =1 =1

Ecim sta BeqMuMHa OTpHLaTeNbHA, TO 3ajaya JHHEHHOTO MpOrpam-
MHUPOBaHHS BOoOLIe He HMeeT peuleHus (minL (x)=—oo). Ecan xe
OHa HeoTpHIAaTeNbHa, TO 3TO pe6po He BeNeT K MHUHUMYMY, H OHO
Hac He HHTepecyer.

HerpyzHo OLEHHTB, 4TO HJIS BBHINOJIHEHHS BCEX LIArOB M MOJYyYe-
HHsI MMHUMyMa Tpe6Gyercsi npumepHo 1o 10 N2M? apudmernueckux
neficTBHi. DTO yXKe NpHeMJeMO 1Jis1 KPYMHHIX COBpeMeHHHX DBM.

CumnJieKc-MeTo], ABJIAETCA IPHMEPOM BBICOKO CIIELMAH3HPOBaH-
Horo Meroga. OH NpHrofeH TOMBKO I/ HaXOXAEHHs MHHUMYyMa
JIMHe{iHO! (YHKIHMH B MHOTOMEDHOM BBHINYKJIOM MHOTOTPAaHHHKE OIlpe-
IIeJIEHHOrO BHJIa — CHMILJIEKce. 3aTo OH MO3BOJISIET pelllaTh 3aiayH
C OTPOMHBIM YHCJIOM I€PEMEHHBIX.

5. Peryasipusauus JUHEHHOro NporpaMMHMpoBaHusa. 3ajnaya JuHeH-
HOTO NpOrpaMMHPOBAHHUS YacTO OKa3bIBAETCH IIOXO OGYCJIOBJIEHHOH.
Tak, cefecTOMMOCTb €IMHHIBI NPOAYKIMH HJH HOPM pacxoja Chipbs
Ha PasHBIX 3aBONAX He JOJIKHA CHJIbHO oTauyaThesi. IlosTomy maske
3aMeTHOe IiepepacHpeliesieHHe 3aKas30B MeXIY 3aBogaMu cjabo BJIHS-
€T Ha CYMMapHYI0 CTOHMOCTb Iponykuud. COOTBETCTBEHHO MaJas
BapHalHsl CYMMapHOH CTOMMOCTH NPHBOAMT K OoJbLIOH BapHalUu
pacmpenesieHHsT 3aKasoB.

0 TeM ke MpHYMHAM HeOoJbIIOe HM3MeHeHHe CefecTOMMOCTH HJIH
IPYTHX TOKa3aTesneil Ha OTHENbHBIX 3aBOAAX CHJBHO MEHSIET OINTH-
MaJIbHBIH NJ1aH, TaK 4YTO PelIeHHe OYeHb YYBCTBHTEJNbHO K BapHALHAM
Koa(punHeHToB. A caMH 3TH KO3(D(HUIHEHTEl HE BIOJHE TOYHO H3BE-
ctinl. Ilostomy -Ha npakTuke 3anaya (41) Hepenko okasbiBaeTcs
HaCTOJIbKO TIJIOXO O0YCJ/IOBJIEHHOH, YTO He yjaeTcsl haxke MPOBEPHUTb,
COBMECTHA JIK CHCTeMa JOMNOJNHHTENbHBIX YCJIOBHEH, T. €. MOXKET
JII CYLIECTBOBATh pelleHHe NOCTaBJEHHOH 3ajayu.
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Ins perynsipusanuy 3ajaudl JHHEHHOTO TNPOrpaMMHPOBaHHUS BOC-
NOJIb3YEMCS TeM 2Ke CIOCOOOM, UTO M JJIsi pelleHHs IJ10X0 00YCJIOB-
JIEHHBIX JIHHEAHBIX cHcteM (cM. ryiaBy V, § 1). Bynem uckarb Hop-
MQAbHOe pelleHUe X, T. e. HaUMeHee VKJIOHSIOIIeecs OT HEKOTOPOro
3aJJaHHOTO BeKTopa X,. OOGHYHO B KauecTBe X, OepyT paHee Co-
CTaBJieHHbIH I1aH. Torxa perynsipu3oBaHHOe pelleHHe OyaeT IOYTH
He ycTynaTb ONTHMAaJbHOMY IO BenuuwHe L (X) U B TO XKe BpeMs
MaJIo OTJMYaThCA OT CTaporo IjlaHa, TaK YTO NepecTPoiKa IJIaHOB
6yneT HeGOJBILIOH.

Bosbmem ucxonHyo 3anauy B KaHoHuuecko# ¢opme (44) u pac-
cMOTpUM (popMyJBl peryJsipusanuu. Hango MHHHMH3HPOBATh IOJIOXKH-
TeJpHYI0 (yHKIUIO L (x) uam, 4TO TO Xe camoe, QyHKumio L2 (x).
JonosHuTENBHBIM ~ YCJIOBHEM CJYKHT CHcTeMa ypaBHeHHi Ax =b
¢ npsamoyrospHOi Marpuued. IlockonbKy KO3((UIHEHTH CHCTEMBI
U3BECTHBl HE TOUHO, TO JOCTATOYHO HAHTH NPUOIHKEHHOE pelIeHHe.
Torna TpeGoBanue npUGIHAKEHHOrO COGJIONEHHSI STHX YCIOBHil 5KBH-
BaJIeHTHO BBeleHHIO WiTpadHoi dyHkuuu ul[Ax — b||2, T. e. nocTaHoB-
Ke CJeayIome 3anauu:

L? (x)+pllAx —b|?=min, pn>0. (50)

3nech HOpMY OyeM ompenessiTh, Kak ||y|2=(y,y); TOrZa Bce MHHHU-
MH3HPYeMble BBIpaxKeHHs] GYAYT KBaIpaTHUHBIMH (QYHKIHUAMH X, UTO
OGJIErYUT BBIYUC/IEHHS. 3aMEeTHM, YTO TOKa Mbl HE YUHTHIBaNH TpeGo-
BaHHS HEOTPULATEJHHOCTH KOMIIOHEHT pelleHHuS.

YcnoBueM GIH30CTH pelleHHs K 3aIaHHOMY BEKTOPY MOXHO CUHM-
TaTh MaJIOCTh BEJIHYHHBHL || X — X, || uaM, B Gosee oOLeM BHIE, Ma-
JIOCTb BEJIHUHMHBI

N
Qxl= X piti—xots >0, (51)
i=1
aTy BE/IMYUHY TaK¥Xe€ MOXKHO CUMUTATh LUTpaQJOM u npldﬁaB.nHTb B Kaue-
CTBE€ JONOJHUTEJBHOI'O CJaraeMoro B JIEBYIO 4aCTb (50), TOraa moJy-
JaeM peryaspu3oBaHHYIO 3ajaudy

M[x]=L? (x)4wldx — b2+ AQ[x]=min, wA>0. (52

OTKJ/IOHEeHHE pery/isipU30BaHHOTO pEILIEHHS] OT X, HE JOJKHO OHITh
GosbiuM. Ho x, ecTb HeKOTOpHIH MJaH; Clef0BaTeJbHO, Er0 KOMIIO-
HEHTbI HEOTPHUATENbHBE. J3HAYUT, €CJH Y pellueHHs, HaljeHHOro
U3 ycaoBus (52), u GYAYT OTpHUATENbHBIE KOMIIOHEHTHI, TO HEGOJb-
e 1o abCoMIOTHOH BEJHUHHE, YTO B HTOre HecymecTBeHHO. Ilos-
TOMY IpH PelleHHM PEryJaspH3oBaHHON 3anauu (52) yCI0BHS HeOTpH-
1aTeJbHOCTH (446) OOBIYHO MOXKHO He NMPUHHMATh BO BHHMaHHE.
Benuuuna M [x] aBnsieTcs KBagpatuuHoil GopMoii, TaK YTO HAXOXK-
JieHHe ee MHHHMyMa (nyTeM OOhIYHOro IuddepeHUHPOBAHUS 1O KOOP-
JIMHATaM) CBOAUTCA K DeLIEHHIO CHCTeMH JHHEHHEIX ypaBHeHuit. Iloc-
KOJIBKY 3ajaya pery/spu3oBaHad, TO NoJyueHHas JHHEHHas CHCTEMa
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OyIeT Xopowo o6yC/IOBJEHAa; TOrJa ee pelleHHe Aaxke MPH GOJbIIOM
yrcje HeusBecTHBIX N ~ 200 JIerko BBIUHC/IHTBD METOLOM HCKJIIOUEHHS
Taycca.

Bonee ciioxen Bompoc o BHIGOpe napaMeTpoB peryJsipusaiuH p U A.
Benvuuny W nog6upaioT Tak, 4ToObl AJISI HaWIEHHOTO PeryJisipu30BaH-
HOTO DelleHHs] BHIIOJNHANOCH YciaoBue |[Ax — bl ~ ||8b||, rne db —
JONMyCTHMasi TOTPelHOCTh BekTopa b, CBfi3aHHasi C TeM, 4YTO €ro
KOMIOHEHTHl U KO3(duuueHTst MaTpuusl A H3BECTHH HETOYHO. AHa-
JIOTHYHBIM 00pasoM BEJHYHHY A CBS3BIBAIOT C IOTPELIHOCTSIMH KO3()-
(GULIMEHTOB ¢; M € JONYCTHMBIMH OTKJOHEHHAMH GyHKIHM L (X)
OT CBOEro MHUHHMAJbHOTO 3HAYEHMS. -

Ilpun uucnenHoM pewieHud 3anaunt (b2) NPHUXONMTCA HAXOLHUTh
CEPHIO DPEryJspH30BAHHBIX DEUIeHHH, COOTBETCTBYIOLIMX PAa3HHIM 3Ha-
YEHHSIM TapaMeTpoB W H A, H BHIOMPATb ONTHMAJbHEIE NapaMeTphl.
Hecmotps Ha 370, 0Ouiu# 06BEM BBIYHUC/AEHHH B ONHCAHHOM METOZE,
No-BHAUMOMY, He OOJblle, YeM B CHMILIEKC-METOJe AJs HeperyJsipHu-
30BaHHOH 3aiaun (44).

§ 4. Munumuzauus ¢ysHKuMoHana

1. 3apaun Ha MMHEMYM ¢QyHKUHOHana. Ecnu kaxpofi ¢yHKuuu
y(X) U3 HEKOTOpOro MHOXKecTBa (YHKUUH Y COMOCTaBJIEHO YHCJIO
@[y (x)], To roBopsT, uTO Ha MHOXecTBe Y 3alnaH (YHKIHOHAJ.
3ajaua MUHMMH3AUMH (YHKIHOHANa (OPMYJUPYETCA TakK: Hatmu
pynxyuro g (x) =Y, na komopoii ¢pyrkyuoras docmueaem ceoeti mouHoL
HUJICHELL 2PAHU HA 3MOM MHOJECMBe:

Plg)]=inf@[y(x)], v, ) Y. (53)

MHorpa sty 3anayy HasplBaioT MHHMMH3alueHd (QYHKIHOHAMa no apey-
MeHmy, a TPOCTO MHHMMH3aLUWeH HasblBAlOT HAaXOXKIEHHE YHCJa

@ =inf @[y (x)], korna He TpebyeTcst onpenensaTh QYHKIHIO, MUHUMH3H-
pylonyo 3ToT (PYHKIHOHAJ.

He Bcaku#i ¢pyHKLHOHAT U He Ha BCSKOM MHOXKECTBE MMEET MHHH-
Mym. Hanpumep, pemenuss 3sanaun (53) He CYMECTBYeT, ecad (yHK-
IIMOHAJ He OrPaHHYeH CHHM3y Ha 3aJ]aHHOM MHOXECTBE: peLIeHUs
MOXeT TakiKe He CYyLIeCTBOBaTb, €CJM MHOXKECTBO He KOMIAKTHO
B cebe, UM (YHKIHOHAN pa3puiBeH U T. A. (XOTS YCJIOBHS Hempe-
PBIBHOCTH HJIM KOMIIAKTHOCTH He SIBJIAIOTCS, BOOOLIE rOBOpsi, HEOG-
xonumbiMH). Ho MBI He HCc/leyeM NMOCTAHOBKH 33jay M jAajblue Gynem
npeanosaraTb, 4YTO KOHKpETHBIE pelllaeMble HaMH 3anaud tuma (53)
KOPPEKTHO MOCTaBJIEHHI.

Janum HecKONBKO MNPHMEPQB 3afay Ha MHHHMYM (YHKIMOHasa.
ITycte TpeGyeTcsi pelIUTH ONEpPaTOpPHOE ypaBHEHHe

Ay(x)=f(x), a<x<b. (54)
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CoctaBuM (YHKIHOHAN
b
D[y (1)]=§{Ay(x) —F (1)} (¥) dx, p (x)>0. (95)

OueBuaHO, OH paBed HyJMo npu A y(x) =f(x) ¥ NOJOMKHTENeH, eCIH
Ay (x)~[ (x) HA cKOJMb YrOIHO MajlOM, HO KOHEYHOM HHTepBaje Ax.
Takum obpasom, Hafinsg QyHKUHIO 7 (x), Ha KoTOopo# (yHKIHOHAT (55)
JIOCTHraeT CBOEro aObCOJIIOTHOTO MHHHMYMA, MBI TIOJNYYHM peleHHe
ypaBHeHus (54). 3ameTuM, 4TO 3TOT (YHKIHOHAT OTPAHHYEH CHHU3Y
Ha J000M MHOXecTBe (YHKUHH H HenmpepelBHO 3aBHCHT oT Ay (x).
OnucaHHBIH CIOCO6 pEIIEHHST ONEPATOPHBIX YpaBHEHHH HAa3blBaeTCs
MEmMoOOM HAUMEHbBIULUX K8aOpamos.

Ecnn 3anaya (54) HeKoppeKTHO INocTaBjeHa (HampuMep, Heycmn-
YHBa 10 NMPaBo# 4acTH), TO Haubosee ynoTpeGUTENbHBIM OOIUM METO-
JIOM DeryJsipusallid sBJSETCS 3aMeHa HCXONHOH 3ajaud Ha 3ajauy
MuHUMH3auun ¢yHkuuonana A. H. TuxoHoBa:

b
My (), @] = {4y (x) = (1)} (x) dx+af [y ()] =min, &>0, (56)

Tle TaKk HasbiBaeMblil cmabuausamop R [y (x)] — cmenuaspHo moxo6-
paHHBI TOJIOKUTENbHBIH (YHKUHOHAJ, OGJanamuil CBOHCTBAMH
HODMBl; OH HECKOJIbKO HamoMmMuHaeT MTpaduyio ¢yHKuMo0. B riase
X1V 6yner nmokasaHo, 4To AAst CTaGUJIH3aTOPOB THNA

b
Qy@]={{r®W g O+q®)y2@}de,  plx),q (>0, (57)

a

peinenne 3anauyu (56) HempepeIBHO 3aBHCHT OT f(x), MpHYeM mpH
NpaBUJIbHOM TMOA6OPE O OHO OXHOBPEMEHHO JOCTATOYHO GJIH3KO
B yeOBIIIEBCKOf HOpPMe K DelleHHIo 7 (¥) ypaBHeHus (54).

YpaBHeHue (54) MOXKeT NpPUBECTH W K JAPYruM (YHKIHOHANAM.
ITycte omepatop A ajnWTHBEH, MONOXKUTENEH H CHMMETPHYEH, Tak
uto (y, Ay) >0 npu y==0u (2, Ay)=(Az, y), THe TOA CKAISIPHBIM
NPOU3BEEHHEM MOJPa3yMeBAeTCs HHTErpast OT IPOU3BEJEeHHsT (PYHK-
nuii. Paccmotpum QyHKIMOHAN

Oy ()] = Ay —2@.D, (58)
rjpe

b
@ 2=y @)z dx.

ITokaxem, uTo 3ajaua Ha MUHAMYM 3TOro QYHKIMOHANA SKBUBAIEHTHA
3ajiaye pelleHMsi ONepaTOPHOro ypaBHeHHS (54).
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B camoM jefle, samuileM IPOKH3BOJIbHYI0 QYHKLHIO Y (x) B clenyo-
eM BHIE:

yx) =9 (x) +2z (x). (39)
IMoxcTasnsas 3To BelpaXkKeHHE B IPaBYI0 4acTb Gopmyasl (58), momydum
Oy ()]=P[7 (W]+2Mr (=, AF—)+A (2, A2). (60)

Ecau 7(x) ectb pelieHne ypaBHenua (54), To BTOpOe cCJaraemoe
B mpaBoi yactu (60) obpaiiaercss B HYJIb; TOCJAENHUH XKe YeH B Mpa-
BOH YaCTH HEOTpHIlaTesieH Gjarofaps NOJIOXKHTENLHOCTH onepartopa A.
3uayut, O[7]=inf @[y], 1. e. dyskunonan (58) nocruraer MuHHU-
MyMa Ha PEIIeHHH ONEepPaToOpHOro ypaBHeHHs (54).

Hao6opor, ecau 7(x) B mpeactaBneHuu (59) ecTb QyHKUHSA, Ha
KOTOpO# (yHKUHOHaN (58) NOCTHraer- MUHHMYMa, TO NepBas BapHa-
uus QyHKUHOHana Ha 31oit GyHKUMM paBHa Hymo. CrenoBaTesbHO,
(d®/dA)y-o =0, xKakoBo Obl HH OblIO 2 (x). Ilpumenss sTo ycioBne
K (60) u onHoBpemeHHO monaras z (x) =Ag (x) —f (x), momyuum

Ag—f, Ag—H =0,

uTO BHIIOJNHAETCS ToJbke npu Aj(x)=f(x). D10 o03Hauaer, uTO
¢yHKIMsA, Ha KoTopoil ¢yHKuHOHAT (58) JNOCTHraeT MHHHMYMa,
ABJISETCS] PELIEHHeM ONepaTopHOro ypaBHeHHA (54). YTBepikieHHe
JIOKa3aHo.

KuiaccHyecKMM IIPHMepOM NpUMEHeHHs ONHMCAHHOrO NpHeMa SIBJSETCS KpaeBas
3agaqa

— o +i@sw=rm.
p(x)>0, qx)>0, y(—oo)=y(+c0)=0.

(61)

HHTerpupoBaHHeM MO 4YacTAM JIETKO YGefHTbCA B CHMMETPHYHOCTH M IOJIONHTeNb-
HocTH JuddepeHUHAJILHOrO ONmepaTopa H NOJYYHTh Clelylolliee BhIpaMeHHe NJs
¢ynxunonana (58):

~+ o
owwi=§ fpo (L +iwrw-2esmie @

OrMeTuM, 4yTo omepatop A BKJIoyaeT B ce6a He TOJNBKO AH(depeHnHaNbHOE (HJH
HHTerpajbHOe) ypaBHeHHe, HO TaKXKe KpaeBhle YCJIOBHS, eCJH NOC/ENHHe HMEoTCs.
KpaeBble yCIOBHSI AO/IKHE HEKOTOPEIM 06pa3oM BOHTH B (DyHKIIHOHAJ, COOTBETCT-
BEHHO H3MeHHB ero BHA. HampuMep, B/is 3ajaud Ha orpaHWuyeHHOM OTpe3Ke ¢ Kpa-
€BLIMH YCJIOBHSIMH TPEThEro poja

- ;_x [P ®) %]‘Fq )y E)=Ffx), px, qx=>0, (63a)

ooy (@) +oy’ (@) =a, Poy (0)+Pry’ (6)=B, (636)
8 H. H Kanutkua
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HaZlo MHHMMM3HpPOBATh B KJacCe HOCTATOUHO IVIafKUX BHyHKIM .bYyHKIHOHAT
b

Oy (’"]‘S {p (x)( ) () 2 (1) — 2 <x)y<x)} dy+
a

+29 oy @ — aagt @1+ 20 B =280 0. (69

Or ¢yHKUMH, MHHHMH3HDYIOMHAX 5TOT (GyHKIHOHAT, yXe He Hajo TpeGOBaTb yAOB-
JIETBODEHHS KDaeBbiM yCJIOBHSIM — OHH aBTOMaTHuYeCKH GyiyT HM YJAOBJETBOPSTE.

B reopernyeckoit ¢usuke BCTpeualoTcs (YHKUHOHANEL “Gosee
CJIOXKHble, YeM KBajpaTuyHble. Hamphmep, B CTaTHCTHYECKOH MoJesH
atoMa Tomaca — @epmu npu Temneparype aGCOOTHOIO HYJIS SHEPrUsi
BBIpAXKaercsi uyepe3 3JEKTPOHHYIO IJIOTHOCTb CJEAYIOIHM o6pa3oM:

Efp ()] = { do LR e () 2 (r)+zp<r>§"‘”d"} (65)
14

ITockonbKy npu HyJeBOH TeMmnepaType M 3aJaHHOM OObeMe 3HeprHs
MHHHMaJbHa, TO HaXOXJEHHE 3JIEKTPOHHOH NJIOTHOCTH CBOJUTCS
K 3ajlaye Ha YCJOBHBIH 3KCTpeMyM AJs 3Toro ()yHKLIMOHaJa (ZOmoJ-
HUTEJbHOE® YCJIOBHE 3aKJIoYaeTcss B TOM, YTO IIONHOE YHCJIO 3J€K-
TPOHOB paBHO 3apsly fApa).

K eme 6osiee c/10KHBIM DYHKIMOHAJaM IPUBOAAT 3a1aUH ONMUMANL-
H020 ynpasaeHus, B KOTOPBIX HILETCS MUHUMYM (yHKLIHOHana D[y (x)],
npuueM GYHKUHS y(X) sfBaseTcs peuleHHeM 3anaun Komw ans and-

(hepeHIINABHOTO YpPaBHEHHSA Zi!}/ =F(x, y(x), u(x), y@©0)=y, Tpe-

6yeTcss HaliTH Takyw ynpagasiowyro (GYHKIHUIO u (x), NPH KOTOpO#H
3aJaHHbIH (QYHKIHOHAA MHHHMaeH. K 3afauamM onTHManbHOTO yIpas-
JIEHUs] OTHOCHTCH, HalpuMep, ONpelesieHne ONTHMaJbHOIO pexHMa
pacxona ropiouero u (f) mpu 3amycke pakeTbl, IPHBOJSIIETO K MaKCH-
MaJsibHO# BbicOTe moxbeMa @ TpH 3aJaHHOM HAyaJbHOM KOJHYECTBe
ropiouero.

2. Meton npoGHbix ¢yHkumii. O6mias cXeMa YHCJIEHHOTO pelleHHs
3aKJII04aeTCsl B CBENEHHU 3amaud (53) K NOMCKY MHHHMYMa (QYHKIHH
MHOM'HX nepemeHHbIX. PacemoTpum kaace V, npobHbix yrkyull 3anan-
HOTO BHIA U, (X; @) =0, (X; @, Qg, -.., dp), CONEPKAMUX 7 CBOOOL-
HBIX NAPaMETPOB H NMPHHAJJIEKAUHUX MHOKECTBY V.. Ha stom knacce
GbyHKUKE paccMaTpuBaeMbiil GYHKIMOHAN GyleT QyHKIMEH n nepeMeH-
HBIX — CBOGOJHBIX NapaMeTpoB:

Dlv, (%; @)]=F.(@)=F,(a,, a3, ..., Qn); (66)

utiCc/IeHHOe HaXOXJeHHe MHHHMyMa (YHKIMH MHOTMX [epeMEHHBIX
66110 TOAPOGHO paccMoTpeHo B mpeApAymux naparpadax. Haiins



§ 41 MUHUMHUBALIUS OYHKLIMOHAJIA 227

MHHUMYM QyHKUMH F, (@) ¥ COOTBETCTBYIOIME €My 3HaueHHs mapa-
METPOB @, MHI OTpeeNuM GYHKLHIO U, (¥; @), Ha KOTOpO# (QYHKIHOHAN
JIOCTHTaeT CBOEr0 MHHHMyMa B KJjacce V.

MoxHO /i cuuTath HalfeHHYIO QYHKUHIO U, (¥; @) mnpub/nKeH-
HHIM 3HAaUeHHeM HCKoMoro pemeHdss J(x)? UtoObl BHISICHHTH 3TO,
paccMOTpPHM INPENeJbHEIH Nepexofl n—> co. .

INoctponm GeckoHEYHYIO IOCJENOBATENbHOCTb KJIACCOB (DYHKILHH
V, (MpuHajIeXauux 3ajaHHOMY MHOXeCTBY Y) C yBe/HYHBAIOIKMCS
UHCJOM TapaMeTpoB TakK, 4YToObl Kaxkiasa (YHKUHS TpembiiyHIero
KJacca moJyyasnach M3 (QYHKIMH TIOCJAEAYIOMEro KJjacca (pUKCHpOBa-
HHeM HEKOTOpOro 3HaueHHs IOCIENHEero napamerpa:

Ung (X3 @1y Qo ooy Qno1) =Un (X5 @y, Qg oovy Auey, Gg).  (67)

Torga Kaxnauii Kjacc V, BJIOXKEH B KJacchl ¢ OO/NBIIUM HHIEKCOM.
Eciu o6o3HaunTh uepe3 @, MUHUMYM (GYHKIHOHATa Ha 3TOM KJiacce

©p=®[va (; @)]=inf Ofo, (x; @], (68)

s

TO
O, =D, =Dy=...=D=inf D[y (v)].
Y

s

INocnenosaresmsHocTs @, He BO3pacTaeT W OrpaHHYEHA CHU3Y; 3HAYHT,
OHa CXONHTCSl K Impefieny, Koropeii Oosbuie uiau paBed @. Ecuu
lim @, =®, T0 nocnenoBaTeNbHOCTb QYHKUHH U, (¥; @), Ha KOTODPBIX

n—oo
JOCTHraeTcsl MUHHMYM (YHKUHOHaJla B KJjaccax V,, HasHBaioT Mu-
T Humusupyrouwjeti (AMH MHHEMH3HpYyOmed (yHKIHOHA).
PaccmoTpuM Ba TNOHSITHSI, HYXKHBIX IS NaJbHEHAIIEro U3JjokKeH s,
Bynem HaseiBaTh GyHKIMoHAN D[y (x)] Henpepoisnbim, ecau oH
HeNpepHBHO 3aBHCHT OT Yy (x), T. €. ecau (QUKCHpOBaTh y (x), TO AJs
moboro € >0 Haiifercst Takoe §(g), urto mpu |y (x) — 7 (%) <5 (e)
6yzer BblnosHATBCH HepaBeHcTBO |D[y]— P[j]|<<e. Ouesugso,
Ha/lH4He HJM OTCYTCTBHME 3TOTO CBOHCTBA 3aBHCHT KaK OT BHAA (yHK-
IMOHasa, TaK ¥ OT BHOOpa HOpMHl pyHKuuH. Hanpumep, nauGosee
pacnpocTpaneHHble QYHKIHOHAJIB HMEIOT BHJL

b
Py @] =[f(x, y®), ¥ @), ..., ¥ () dx, (69)

rie f— HenpepbiBHAs (YHKIUs BCEX CBOMX aprymeHTtoB. KMx MmoxkHO
paccMarpuBaTh B npocrpanctBe C'P) ¢ Hopmoit || yll=max {|y(x)|,
ly' ®) ], -..,] y® (x)|}; Torma HempepeBHOCTb (YHKIHOHaNa Oye-
BUJHa. A B ueGhilieBckoM npocTpaHcTBe C) Takoil GpyHKUHOHAM yxKe
He OyZer, BOOOLIE TOBOPS, HENPEepbIBHO 3aBHCETb OT Y (X).

8
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Beckoneunas cucrema GyHKUHH 3af1aHHOTO BUAa {v,} HasbIBaerTcs
NoAHOL, €CJIM TNPH fl—-0O OHAa MOXKET anlpOoKCHMHPOBaTb B JaHHOH
HOPME CO CKOJIb YTOIHO BBICOKOH TOUHOCTBIO JIOGYI0 GYHKLHIO MHO-
KecTBa Y. DTo 3HAUMT, YTO /A JI060H 3ajaHHON QYHKIMHK ¥ (x) =Y
u Juoboro & > 0 cymecrByer Takoe N, uro npu n>N B knaccax V,
Hafinyres yHKUME T, (¥), YIOBJETBOpSIOUME YCJIOBHIO ||y (x) —
— ¥, (x) | <<§. TloHATHE NOJHOTH TaKXkKe CYIIECTBEHHO CBSI3aHO He
TOJIbKO C BBIOOPOM CHUCTEMH! U, (X¥; @), HO TakXke C BHIOOPOM HOPMEI
U MHOXecTBa Y.

JocraTtouHbie yCJIOBUS CXOIMMOCTH U, (¥; @) MCKOMOMY peIIeHHIO
JlaeT caenywoLas

Teopewma. a) Ecau cucmema pynkyuii v, (x; @) noiHas, a gynk-
yuornar @[y (x)] Henpepoisern, mo nocaedosamessHocme - v, (x; @)
A8Aslemces. Murumuaupyrowet,

6) ecau mpebosanus nyHkma (a) GLINOAHEHbL U OYHKYUOHAA
yooeaemsopsem O0NOAHUMEALHOMY YCAOBUIO

Oy ()]—-P[F W]=2ly (x) —F @I, @ p>0, (70)

mo nocaedosamenbHocme v, (x, @) cxodumcs K pewieruto g (x) sadaqu (53).

HoxasaTtenbcTBO. IlockonbKy QYHKLUHOHAM HENpPEephLIBEH, TO
I HCKOMOTO pelleHHs 7 (x) 3ajzaud (53) W nJ4 3a/laHHOTO & Hali-
zercs Takoe 8, uto ecmm fly—gll<<8, 1o e>D[y]—D[7]=0
(B moc/ienHeM HEPaBEHCTBE HE HAaJ0 CTABHUTb 3HaK MOAY.Js, u6o @[7]
€cTb MHHHMAaJIbHOE 3HaueHHe QpyHKuuoHana). Ho cucrema {v,} nonnas;
CJ1eoBaTeNbHO, A1 GYHKUHUH § (x¥) W naHHOro O cyuiectByeT Takoe N,
4TO BO Bcex Kusaccax V, mpu n>N Haiinyres OYHKUHH 0, (X; 4),
yIoBJeTBOpSOIHE yeaoBUO v, (x; &) — 7 (%) || <<6. Torma BeimoJ-
HseTcss HepaBeHCTBO &> ®D[v, (r; @)]— ®=0. Ilockompky @, =
= inf®[v, (x; a)], 1o, oTciona crenyer HepaBeHcTBo € > @, — D =0.
OHo o3Hayaer, yTO

lim @,=®,

n—oo

TaK 4YTO NepBOe YTBepXKIEHHE TEOPEMBbI JOKasaHo.

ITpumensis kK nocjefHeMy HepaBeHCTBY ycjoBue (70), mosmyunm
lv, (x, @) — 7 (x) | << (¢/o)VP, TaKk uTO BTOpOE yTBEPMKIEHHE TEOPEMBI
TaK¥Ke JI0Ka3aHo.

3ameuanue 1. CxonumocTs v, (x; @) — i (X) JOKa3aHa B CMBICJIE
TOI HOpPMBI, KOTOpasi BXOAMJA B ONpENEJEHUS IOJHOTHL CHCTEMBI
(GYHKLHHA, HenpeprBHOCTH “GyHKLIHOHana u ycaoBue (70). Ilycts
B HCXOJHBIX OINpeleJIEeHHSAX TNOJPa3yMEBaJHCh Pa3HBIE HOPMHL; B yCJO-
BHAX INOJHOTHl — annpokcuMauus B || -]l;, B YCJOBHH HENPEPHLIBHOCTH
¢yHKUMOHAMa — MaJiocTh || 8y|l, U B ycaoBud (70) — HEpaBEHCTBO MpPH
I lls- Eciu cywectByeT Takas Hopma ||- ||y, KOTopasi He cuabHee | - ||,
u |i-ll3, HO He caabee ||-[l;, TO MpH Tepexolie K 3TOH HOpMe BCe He-
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paBeHcTBa coxpanstcs *). Torma M3 TeopeMmsl ClefyeT CXOAHMOCTb
MHUHUMH3HP YIOIEH I10CJeN0BaTeAbHOCTH B ||« |l4.

Gameuanue 2. ITycre dynxkuuonan @[y] onpeseneH Ha MHO-
JKecTBe Y, HO NPH 5TOM H3BECTHO, YTO HCKOMOE pelleHue MpHHAL-
JIeXHT HEKoTopoMy noimHoxecTBY Y,. Hampuwmep, dynkuuonan (64)
onpefesieH Ha MHOXECTBE KYCOYHO-TJAAKHX GYHKUUEH, a pelieHue
SIBJISIETCSI KYCOYHO-TJIaZKOH (YHKUHEH, YIOBJIETBOPSIOIEH KpaeBhIM
ycnoBusim (636). B sToM ciyuae JoCTaTOYHO HCKATh PELIEHHE TOMBKO
cpend GYHKLUHH IOIMHOXKeCTBa Y, W IPOBEPATb IOJHOTY CHCTEMEI
npoGHBIX (YHKUHHA {v,} ¥ HempephBHOCTh (YHKIHOHANA JHIIbL IO
OTHOLIEHHIO K 3TOMY IIOAMHOMKECTBY. DTO MOXKET CYIIECTBEHHO 06Jer-
YHTH pelIeHHe II0CTABJIEHHOH 3ajayuH.

Gameuanue 3. HerpynHo HoKasaTb, 4TO ecqu (YHKIHOHAN
HenpepsIBeH, TO Ui CXOAMMOCTH TOC/EN0BATENbHOCTH U, (X; @) K 7 (X)
Heo6X0JUMO, 4TOGH 3Ta MOCJEAOBATEIbHOCTD OblJIa MUHUMHU3HPYIOLIEH.

ameuanue 4. CymecTByor GYHKIHOHAMB, I/ KOTOPHIX IO-
CJIEZIOBATENbHOCTH Uy, (X; @) SABJAAIOTCA MHHHMHM3HDYIOUUME, HO MpPU
3TOM HH K Kakoll NpefeqbHOH (QYHKIMHM He CXOAATCS. DTO HEPEeIKo
BCTpeuaeTcsl B 3ajayaX ONTHMAJNbHOrO ympaBleHUs. Takne sajpauu
OTHOCATCHY K HEKOPPEKTHO IOCTaBJEHHHIM H TPeGYIOT PeryJisipHu3aii.

B 3ajauax AJisi KOHKpETHBIX (YHKINOHANOB HCCAEI0BAHHME CXO-
IUMOCTH CBOJHMTCS K BBIOODY TOAXOAsIIEH TONHOH CHCTEMBI (DYHK-
unit {v,} ¥ HOpDMBI M IIpOBepKe YycJoBuH TeopeMbl. Hopmy o06bIUHO
BBIGHPAIOT M3 COOGPaXKeHHH NpPOCTOTHI JOKA3aTe/NbCTBa, HO 3Ta HOpMa
He JOJKHA OBITh CIMLIKOM cJlaboi, WHaue pes3yJabraT He GyAeT mpen-
CTaBJIATh [PAKTHYECKOH LIEHHOCTH.

Meron mpoGubIX GYHKUHH B cBOefl HauboJee oOliell MOCTaHOBKE
npuMeHsiercsi He yacto. Eciu QyHKIHOHANT HMeeT IOCTATOUHO CJIOXK-
HBIA BHI, Kak B npumepe (65), wiau eciu BHIGpaHa cucTeMa (GyHKLUHH
Un (¥; @), HeMMHEHHO 3aBHCALIMX,OT CBOOOJHBIX MapaMeTpoB, TO MO-
Jydamomasicss npu 3ToM GyHKUHs F (@) UMeeT 10CTaTOYHO OGLIUH BHII.
O6LIUHO ee MHHHUMYM YJAaeTcsl HaHTH YHCIECHHBIMH METOJIAMH, TOJBKO
€CcH YHCJIO TlepeMeHHBIX (CBOOOAHBIX NapaMeTpoB) He MpPeBHIIIAET
n~ 10— 20. Takoro yucna napameTpoB He BCErAa NOCTATOUHO, YTOGH!
YBEPEHHO KOHCTATHPOBATh CXOXHMOCTb.

[MosTomy n/1s1 KOHKpETHHIX ()yHKUHOHAJIOB CJIOXHOI'O BHIA OGBIYHO
CTapaioTCsi HCCNeNOBaTh KauecTBEHHBIH XapaKTep pelleHHs] W BhIOH-
pator npoGHele (yHKuHH ¢ HeGonbmuM (n~ 3 —10) uuciom napa-
METPOB TaK, 4TO0bl IO CBOEMY KauyeCTBEHHOMY IMOBEJEHHIO — aCHM-
NTOTHKE, TOJIOCaM M T. J.—OHH OblIH Obl OJIH3KH K HCKOMOMY
peurennto. IlpoBonsiT HcciefloBanue HENpPephIBHOCTH (QYHKLIHOHANA H
MOJIHOTE CHCTEMBI. 3aTeM BHINOJIHSIOT PacyeTsl ¢ Pa3JIHYHBIM YHCJIOM

*) HanoMHHM, 4TO HOpMa || - ||; HaskiBaeTcs 6Gojiee CHJIBHOM, 4eM || - ||;, ecaH
115 moGo# fonycTHMOH (YHKUHMH Y (x) BHIIONHSETCS HepaBeHCTBO | y[l; ==
=C| y lls, rae C=const.
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NapaMeTpoB H CMOTPAT, CXOJATCH JH TOJydYeHHble 3HaueHus @, u
GYHKIME v, (X; @) K KaKOMy-TO IIpefeny.
Ecin nocnefoBatenbHOCTb {U,} BeIOpaHa yAauHo, To BennuuHa @,

O6yzer 6nuska K ceoemy mpeneny @ yxe npu HeGoswiioM n. Hampu-
mep, Ana GYHKUHOHaNa.sHepruu atoma (65) mpobHasi GyHKIMS BCEro
4 —3/2

C YeTHIpbMsI TapaMeTpaMH p (x) A< | 3| apx* obecrneynBaer TOY-
=1

HOCTb pacyera MOJHOH 5HEPTHH cylecTBeHHO ayuie 19%. Camo ucko-

Moe pelleHHe (B JAaHHOM IIpUMepe — paclpeiesneHHe 3JIeKTPOHOB

B aTOME) HAXONWTCS MPH 3TOM C MEHbIIEH, HO YJOBJETBOPHTENbHOH

TOYHOCTBIO.

Onnako oueHUTb (DaKTHYECKYI0O TOYHOCTb HAHAEHHOrO NpHOIHKe-
HHSL Ha OCHOBAaHMH TaKMX pacueToB He ypaercs. Jlamee Mel pac-
CMOTPHM JBa YacTHBIX CJyyast MeToja NpoOHHIX (YHKUHMH, Koraa
MOXKHO TOJYYHTb H GOJiee BEICOKYIO TOUHOCTb, M HEIVIOXYIO OLEHKY
TIOT'PELTHOCTH.

3. Meton Putuna. Psn BaxHBIX MaTeMaTHUeCcKHX 3alady CBOAUTCA
K MHHHMMH3alMH KBajpaTuyHoro ¢yHKIuoHana. IIpumepom sBisiercs
pellleHHe KOpPPeKTHO HJIM HEKOPPEKTHO MOCTaBJEHHBIX 3ajay st
JHHEHHOro ONepaTOpHOro ypaBHeHHs (54), NpHBOAfALIEe K OJHOMY U3
dyukunonanos (55), (56) wmaum (58). Ecnu B kauectBe nmpoGHBIX (YHK-
Ui B3ATb OOOGLIEHHBIE MHOTOYJIEHBI

U (% @)=, (%) +/§1 P (%), (71)

TO HA HUX KBaJpaTHuHbil (yHKUHOHAJA OyZeT KBaApaTHYHOH OGYHK-
nvefl nmapameTpoB d,. 3ajaua Ha HaXOXJeHHe MHUHUMYyMa KBaJApaTHU-
HoH GyHKUMH F (@) nocpeicTBom uddepeHUHPOBAHHA 1O IepeMeH-
HBIM @) CBOAMTCS K CHCTeMe aare6pandyecKux JIHHEHHBIX YypaBHEHHI;
ee HeTPYAHO YHC/IEHHO pELIHTh JaXke INpH YHCJIe NapaMeTpoB 7~
~ 100 —200 *). 3rorT uwacTHHfi cayuail MeToga NPOOHBIX GYHKIMH
Has3bBalOT MeTonoM  Purua.

O6GcynuM BriGop GyHKUHE @ (x). Ero mnenecoo6pasHo cBsi3aTh
C KpaeBbIMH YCJIOBUSMH A5l 3afad Tuna (54), KoTopble OGBIYHO JH-
HefHel. IlycTe, nn1s ompeneneHHOCTH, 3TO YC/IOBHS TepBOro poja

y@=a, yb)=8. (72)

Bri6epem Kakyoo-HHOYAb TriafKylo YHKIHIO @, () Tak, 4TOGH OHa

*) B orAénpHBIX caAyu4SX uHENO MapaMéeTpos GuiBaér éme Goamire. Hanpumep,
B KBAHTOBGH XMMHH NpH’PeIéHHH ypaBHeHHs llIpéaunreépa fas HécdePHUeCKOro
MHOrOLEHTPOBOrO MOJIsI MOJeKyarl GepyT n ~ 1000,
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YAOBJIETBOPSJ/IA 3THM Kpa€BbIM YCJOBHUAM, Hanpumep,

o) =a+5=2% (x—a), (732)
HJIn
@ () =0+ (B —0)sin T =2, (736)

OcranbHble QyHKUHMH BhGepeM Tak, 4TOGbI OHH YAOBJIETBOPSJIH OLHO-
POAHBIM KpaeBbiM YC/IOBHAM Tuma (72) W mpu 5TOM 0GpasoBHIBANH
6bl ToNHYW cucTeMy. Hampumep, cornacHo Teopeme Bewnepurpacca
M06YI0 HEMpepeBHYI0 (QYHKIMIO MOMKHO aNNpOKCHMHPOBATH CO CKOJb
YIOAHO BEICOKOH TOYHOCTBIO anre6pandyeCKMMH WJIM TPHUrOHOMETpHUe-
CKHMH MHOrouseHamu. I103TOMy MOXKHO MOJIOKHTDH

Qo (X)=(@x—a)(b—x), k=1,2,.., (73B)
501858
ge () =sin®E=D - poq, g, (73r)

B sToM cayuae mpoGHble (yHKIMHE (71) npu JoOLIX KoshdHUIHEEeHTaX
@), YAOBJETBOPSIOT HEOJXHOPOAHBIM KPAEBbIM YCIOBUAM (72) U ABJSIOTCS
MOJHEIME Ha MHOXECTBE HeNpephIBHBIX (GYHKLHH, YAOBJIETBOPSIOUUX
5THM KpaeBbiM ycioBusiM. COrJIacHO 3aMeyaHHIO 3 K TeopeMe M. 2
Takoil BbIGOpP NMPOGHBIX (QYHKUHMH JOIYCTHM.

IIpumep. PaccmoTpuM 3ajauy Ha MHHHMYM KBaJpaTHYHOTO
dynkunonana (58) c BeUIECTBEHHBIM CHMMETPHYHBIM I10JIOKHTE/NbHEIM
onepaTopom A:

DOly)]=(y, 4y)—2(f, y) = min. (74

ToncraBasia B 3ToT (GYHKUMOHAN mNpoGHble ¢yHkuumu Purma (71),
MoJy4uM KBaAPATHYHYIO (DYHKIHIO CBOGOAHBIX MapaMeTpoB

Olv, (v @]=F @ =D D) ®%n (Prs A0m)+

k=1lm=1

+2 3 ae[(@rr A%0) = (@rs N1+ (P APy —2f) = min.
k=1
[pupaBHuBasg HY/MIO MNPOM3BOAHLIE 3TOH KBaApaTHYHOH (GYHKIHH IO

napaMerpaM, TIOJY4HM [Jis ONpPEEJNEHHs IapaMETPOB JIHHEHHYIO
CHCTEMY YypaBHEHHH ’

n

D! A (P AGm) =— (9 AQ—]), 1<k<n. (75)

m=1

Jagum CXeMy HcC/IeloBaHHsd CXOAHMMOCTH, He OCTaHaBJAHMBAACH Ha JeTandx.
B arom npuMmepe yJ.'lOGHO BBECTH HOPMY, CBA3aHHYI0 C JAHHBIM IIOJIOXKHTEJ/ILHBIM

oneparopom A:
Iy = Ay). (76)
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Cnenaem ectecTBeHHOe NpeAnoOJIOKeHHe, YTO 5Ta HOpMa He cjabee || - le: B camom

nene, ans onepatopoe A Tuma (61) Takas HopMa COLepDXHT HHTErpan OT KBagpara
GyHKOMM M ee NIPOHM3BOLHOH, a cpeHEKBajpaTHuHas GNM30CTh W (GYHKIMHA, H HX
TPOH3BOAHLIX ecTb Gojiee CH/IbHOe TpeGOBaHMe, yeM paBHOMepHasi 6JH30CTb (DYHK-
uui. s TakHX ONepaTopoOB CHCTeMa TPHIOHOMETpHYecKHX OYHKuUHE (73r) Gymer
noaxoli 1o HopMe (76). lefiCTBHTENbHO, AJsS JMIOGOH GYHKIMH y (x), HelpephIBHO
AupdepeHnupyemMoli 7 pas, ee TpHroHoMeTpHuyeckuit psap Pypbe cpefHeKBafpaTHIHO
CXOIHTCS K Hell BMeCTe CO CBOMMH r-MH NPOH3BOJHBIMH. A CXOZMMOCTb NO HOpMe
(76) omimuaeTcs OT CpefHEKBaApaTHYHOH TOJBLKO HAJNHYHEeM BECOBRIX MHOMXHTeNeH
p (¥), g (x) nox uHTerpamoM (62), uto HecylecTBEHHO.
Haiiem Bapuanuio ¢pyHknuonana (74) Ha npousBONBHOH (YHKIHH

8@ [y] = [y+8y] — @ [y]=(8y, Ady)+2 (by, Ay—1). @)

TlepBoe cnaraemoe sroii Bapuauuu pasHo || 8y||%, T. e. sBAsercs GeckoHeuHo

Majof BTOPOrO MNOpSAKa; BTOpOe cjaraeMoe, MO NPEANOJNOKEHHIO O CHJe HOPMEI
(76), aBnserca GeCKOHeYHO Majlofi He HHXXe NMEPBOro MOpSAKA OTHOCHTENbHO || 8y || A
Orciofia cenyer Henpepoigrocns GyHKIHOHaNa. Hakowuel, 3aMeTHM, YTO pelleHue j
HCKOMOH 3ajaun (74) yposnerBopsieT ypaBHeHHI0 Ay=/f. ITofcTaB1ss 310 pellieHHe

B (77), moay4um
3D [7]=1l 8yl%.

Takum o6pa3soM, , nociefHee yciaoBhe (70) TeopeMBl O CXOZWMOCTH BHINOJHEHO H
meron, Putna B XaHHOM mpHMepe CXOLHTCSH.

3ameruM, 4TO AJS He KBaApaTHUHbIX (yHKuuoHanoB @ [y] nuneit-
HHlE 10 mapaMerpaM NpoGHble ¢yHKuUMH (71) He AAIOT HUKAKHUX Ipe-
uMmylLlects, Hu60 noayyamouecs GyHKuMM napamerpoB  F (@) =
= @ [v,.(x; @)] Bce paBHO OKa3bIBAIOTCA He KBajpaTHYHbIMH. [ToaTomy
merTofl Purua (akTHYeCcKH INPHUMEHSIIOT TOJNBKO S KBaJAPaTHYHBIX
(YHKIHOHAJOB.

4, Cetounpid MeTol. BBejeM ceTKy Mo aprymeHTy X U 3aMeHHM
BCE TNPOHM3BOJHBIE M HHTErpajbl, BXOAsllHe B (YHKLHOHAJ, HEKOTO-
PBIMHM PA3HOCTAMH M CYMMAaMH Y3JOBBIX 3HA4e€HHH QYHKUHU Yp =Y (Xy).
Toraa ¢yHKIMOHAT anNNpOKCHMHPYETCS HEKOTOPOH BCIIOMOTaTeNbHOM
(QYHKIHeH MHOrMX NEpeMEHHBbIX — 3HaueHUH pelleHUsl B y3/iax:

(D[y (x)]NF(yO» yl: !/2» DR yn)=min' (78)

Pemass samauy F(yy ..., Y,)=min YUCIEHHBIMH METOAAMH, MbI
HEMOCPEJCTBEHHO NMOJYYHM NPUOGMHKEHHble 3HAYEHHUS PellleHHs B y3/ax
ceTKM. 3Has WX, pellleHHe MpPH OCTaJbHBIX 3HAYeHHSX aprymeHTa
(He coBmajamLiMX C Y3/1aMH CETKH) MOXKHO HaHTH HMHTeprosiuues.

Hanpumep, paccmorpuM chepUYecKU-CHMMETPHYHEIR CXKATHI aTOM
B Mojeaun Tomaca — Pepmu; ero sHeprusi 3anaercs (QyHKUHOHAJIOM
(65), rme uHTerpannl GepyTcs Mo cdepuyeckoil aTOMHOM siyeiike
pamunyca R. Bsoas paBHOMepHyI0 ceTky O=r,<r<...<r,=R
¥ BLIYMCJSASA HHTErpasbl Mo ¢opMyse NpAMOYTOVBHHKOB, MOJY4UM

n

E ~§ Z (@208 — Bripi+vr30:i91), (792)
i=1
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rie aTOMHBIA NMOTEHNMAsN @ (r) caM 3aBHCHT OT HEH3BECTHOH 3JIEKTpOH-
HOH TJIOTHOCTH p (7):

i n

R 9 R ,
%NE,—!Z o+ 2 7j0j» (796)

=1 j=it1

a Ko3{pUIHEHTH ¢, P, y BhHpAXKAOTCA uepe3 GU3HYECKHE KOHCTAHTHI.
Hano HalTH MHHHMYM 5HepPrHH TIpH JONOJHUTEJIBHOM YCJIOBHH HOp-
MHPOBKH

{o(ndv=2,

TIpHYeM 3TO YCJOBHE TakKe Haflo NPHUOJMIKEHHO 3amicaTh B CETOY-
HoH dopMe.

Bripaxenus (79a), (796) nOCTaTOYHO C/OXKHEIE, H TPH- GOJBLIOM
YHCJIE Y3/I0B CETKH HalTH MHHMMYM YHC/JEHHBIMH METOAAMH TpPYIHO.
OueBUZHO, YTO JJ/1 TPOHM3BOJBHBIX (DYHKLHOHAJOB YHCIO Y3JIOB
CeTKH, KOTOpPOe IpPaKTHYeCKH BO3MOXKHO HCIOJb30BaTh B pacyerax,
OYeHb HEBEJHKO: OHO He mnpesblimaer n ~ 10 —20. OxHako Jaxe npu
TAKOM YHCJIe Y3J1I0B HEepeAKO YAAeTcs MONYYHTb HEIIOXYI0 TOYHOCTD
NpH yMepeHHOM 00beMe PacyeToB, HCNOJb3yS INPHEM CTYUIEHHS CETOK.

Ins 5Toro BBHINONHSAIOT CEPHIO PAacueTOB Ha CTYINAIOIHXCS BIBOE
ceTkax C vuyucaamu uHTepBanoB n=1, 2, 4, 8 u 16. ITockonbky
NOPANIOK TOYHOCTH BHIGPAHHBIX Pa3HOCTHHIX dopmyn AuddepeHunpo-
BaHHS U HHTErPHPOBAHHS OOBIYHO H3BECTEH, TO IIPOBOAAT YTOUHEHHE
pe3y/IbTaToB, MOJYYEHHHIX HA Pa3HHIX CETKaX, PEKYPPEHTHbIM METO-
goM Pywure. Tlpu sTOM HEmocpeACTBEHHO HAGIOZAIOT, CXOAMTCS JIH
UHC/JEHHBIH pacyeT K Ipeleny MpH YBEIHYEHUH 7, U NPOU3BOLAT
anoCTepHOPHYIO OLEHKY IOrpeIlHOCTH.

Ha xaxno#t cetke munumym ¢ynkuua F (yy, ..., Y,) HaxomosT
OOBIYHO KaKHM-JIH60 HTepalHOHHBIM METOIOM crhycka. Jlasi yMeHb-
IIeHUA YHUCNa HTepaluil (a TeM caMmblM, o0beMa BbIYHCIEHHH) opra-
HU3YIOT pacyeT cielylomum o6pasoM. CHayana BBHIMOJHSIOT pacyer
Ha caMOH pEIKOH CceTKe, TIJe HEM3BEeCTHhIX Majo (npu n=1 Bcero
JBa—Y, H Y;) U OOBEM BLIYUCJIEHHH 3aBEOMO HEBEJHK JaxKe IpH
IJIOXOM HYJIEBOM NpHO/IHKeHHH. HaiileHHBIH Ha 3TOi ceTKe mpoduib
y(X) UMHTEpNOJNHPYIOT Ha ciaelyiomed, Gojee NOAPOGHOH ceTke, H
HCIONb3YIOT Ha HEH B KauecTBe HYJEBOTO MNpPUG/IHKEHHS. * BHOBB
HafJeHHBI! Npoduab CHOBA MHTEPHONHUPYIOT U T. A.

s xBajpaTHYHHIX (YHKUHUOHAJOB INPHU HCIOJb30BAHHM JIHHEH-
HBIX (OPMYJ YHCIEHHOro AHQpepeHIHPOBAHHS H WHTETPUPOBAHHUS
3anaya (78), xak M B MeTode PHTia, CBOAUTCA K HAaXOXKIEHHIO MHHH-
MyMa KBaapaTHYHOH ¢yHKuMH. Hanpumep, BoseMeM dyHkuoHan (62),
HO Ha OTpaHMYEHHOM OTpe3ke a<<Xx<b; BBelleM Ha 5TOM OTpesKe
pPaBHOMEPHYIO CEeTKYy C IIaroM A M anmnpoOKCHMHpyeM HHTerpas Ipu
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MOMOIIHM OGOOIIEHHEIX (GOPMYJ Tpamneuud U CpeiHHX:

Dyl~h 2 {pi— 12 (y‘—_hu—i’l)z +
i=1
+ % G Wit v —Fimip ity (80)

OTBICKaHHe MHHUMYMA OISITh CBOAUTCS K pellleHHIO JIHHeHHOH CHCTeMH
ypaBHeHH#l ¢ HeusBeCTHBIMH y;, 0<<i<In, JIerKO BHINOJHSAEMOMY
UHCJEHHBIMM MeTOXaMH. DTO N03BOJIfieT 6paTh OueHb GOJIbIIOE YHUCIO
y3noB. Torna ¥MeeT CMBICJ CTaBHUTh BOINPOC O TEOPETHYECKOM HCCIe-
JOBAaHMH CXOLMMOCTH TIPHOJIHXKEHHOrO pellleHHss K HCKOMOMY IIpH
f~>co. O6OCHOBaHHS CXOJHMOCTH Mbl He OyIeM JaBaTb. Y KaxKeM
TOJMBKO OJMH ciyyafl, KOoria npuMmeHHMa chopMy/HPOBaHHAsA B 1. 2
TeopeMa.

[Tycrs dynkuuoHan umeer Bui (69), T. e. ABHO COAePKHT (PyHK-
IIMI0 ¥ ee IIPOH3BOAHBIE BIMIOTH A0 p-i. IlocTpoum mocaenoBarens-
HOCTb CETOK TaK, YTOGhI NpeABIAYINAs CeTKa cojepiKajach B IocJe-
IyIomeH; 3TO MOMKHO JeNaTh CryIEHHEM CETOK BABOe, NPHYEM CETKH
MOTI'yT OBITb Jla)Ke HepaBHOMEDPHBHIMH.

B kauecrBe MpoGHEIX QYHKLHMH Bo3bMeM crjaiiHbl S (x¥) mopsiaka
He Huxe p (cm. raaBy II, § 1). 3tu cnnafiHbl ABAAIOTCS MHOrOYJe-
HaMM CTeMeHH p, KOXP(ULHEHTH KOTOPBIX JIMHEHHO BbIpaXKaloTcs
yepe3 Y3/0Bble 3HaueHMS HCKOMOH (YHKIUM y;; HX MpPOU3BOAHEIE
NOpfilKa HHXKE p HenpephiBHb, a p-1 NPOH3BOJHAA BCIOAY Cylle-
CTBYeT H KYCOYHO-HempepbiBHA. HerTpynHo y6eiuTbcsi B TOM, YTO
yCTIOBHE BJIOXKEHHS KJaccoB mNpoGHBIX ¢yHKuuit V, Bo Bce mocne-
JylOmHe KJacChl NMPHU 3TOM BBIOJHEHO, M YTO TaKHMH NpPOGHBIMH
(GYHKIMAMHA OPH 71— GO MOXKHO CO CKOJIb YTOJHO BBICOKOH TOYHOCTBIO
annpoKCHUMHPOBAThb JIO6YI0 p pa3 HenpepuiBHO AudibepeHIupyeMyo
(GYHKIMIO BMECTe C- ee MPOU3BOAHHIMH BIoTh 10 y'P) (x). Cienosa-
TENbHO, CHCTeMa CIIadH-QYHKUMH o6/amaeT CBOUCTBaMU, HYKHBIMH
IJs TpUMEHEHHs TeopeMBl O CXOAUMOCTH.

B KkauecTBe mnpuMepa pacCMOTPUM KBaipaTHYHBIA (YHKIMOHAJ
tuna (62), comepkalluil MepBYI0 IPOMBBOAHYIO:

b ~
o=\ {p)(ff +emr@-F@ymla. @)

a

CnyaitH JoJIKeH MMETb IIOPANOK TOXe He Huxe mepsoro. Orpasu-
yyMcA NPOCTEHIIMM CIVIaRHOM ITepBOro nopsika — JOMaHOH JIMHIMed,
MPOBENeHHOH Yepe3 TOuKH (X,, Y;):

S =t +i—i? (i —x), Ha<x<x. (82)
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Hano pasbute unTerpan (81) Ha cyMMy HHTErpajoB MO OTAeIBHBIM
MHTEpBajiaM CeTKH M KaXIblH H3 3THX HHTETPAJOB BBHIUMCIIHTE,
WCNIONb3Ysl 3ajaHHEBIA 3aKOH uHTepnonauuu (82). Hanpumep, mo-
CKOMBKY S’ (%) = (i — Yi—) /(Xi — Xi—y) TPH X;y << X < X;, TO

X

Sb Py Pdr~ ¥ (1282 (oo an
a i=1

Xi—Xi—1

AHANOrHYHO BBIMHC/ISIIOTCS OCTaslbHBIE claraembie B (81).

TMonyuatompecss BbIpakKeHHA HMEIOT GOJiee CJOXKHBI BHI, YeM
NpH He cmIaiHoBOH anmpokcumauud (80); wcnosnb3oBaHue CrafiHOB
BLICIIMX MOPSIAKOB NMPHBEJO OBl K eule 6oJiee CI0XKHBIM BblpaxKeHHAM
(3aTo mosyyarompecs NPH 3TOM CETOYHbIE CXeMbl MMend Obl Gosee
BLICOKMH TOpANOK ToyHOCTH). Tem He MeHee, NOCKOBLKY CaMH
crylafiHbl JIMHEHHO 3aBHCAT OT Y3JIOBHIX 3HAueHH#H (YHKUMH, TO TOJ-
CTaHOBKA MX B KBaJpaTHUYHBIA (YHKIHOHAJ NMPUBOAHT K 3ajaye Ha
MUHUMYM KBaipaTH4HOH ¢opmel. IloaToMy Takoii mojcTaHOBKOH
MOJNIL3YIOTCA Jaxke A MHOTOMEPHBIX (YHKLUHOHANOB, K KOTOPEIM
CBOJATCA KpaeBble 3aiadyH AJs JVIMNTHYECKUX YPaBHEHUH B YACTHBIX
TNpOU3BOJHBIX.

Kocnemcs: nocrpoedus cfiafiHOB B MHOTOMEpHBIX 3anauax. Eciam
oGnacTb G IByMepHa, TO € MOXHO pa3OUTb Ha TPEYrosibHHE SYEHKH
(y rpaHHMYHBIX fYeeK OfiHAa CTOPOHA MOXKeET GHITh He NpsaMoi). B kKaxk-
Joil Ayedke g; N0 Y3JOBHIM 3HAuYeHHAM OQYHKIHMH ABYX MEpeMeH-
HEX Z(X, Y) B TpeX BepIIMHAX AYEAKH OJHO3HAYHO CTPOHTCS IIPO-
crednil JuHeHHRA coiadn S (¥, y) =a;+bix+cy, tae (x, y) = gi;
OH CQOTBETCTBYET ANIPOKCHMALMH IOBEPXHOCTH 2 (X, 4) IUIOCKOCTBIO.
CnnafiHOBBIE TJIOCKOCTH COCEJHHX f46eK NepeceKaloTcs N0 MPAMbIM,
NPOXOASIHUM Yepe3. BhiGPaHHEIe Y3/Ibl MOBEPXHOCTH 2 (X, y); 3TH mps-
MBI TIPOEKTHPYIOTCA TOYHO Ha rpaHuipl sueek. CienoBarenbHo, ABY-
MEepHBIH JINHEHHBIH CIUIalH, NOCTPOEHHHIH YKa3aHHBIM 06pasoM, fBJS-
ercsi HenmpephiBHBIM U KYCOUHO-IVIaAKHUM B obnactd G.

OnucanHelfl -croco6 NMOCTPOEHUSA JIHHEHHOrO CIIallHa eCTeCTBEHHO
o6oGIaercs Ha caydall jo6oro yucna usmepenuit. Ilpu stom o6nacte G
cienyer pas6UTb Ha MHOTOMEPHBIE CHMIIJIEKCHI.

Ho ans noctpoeHHs cnjaiHOB 6osiee BBICOKOrO IOPAJKA 3TOT
HECJIOKHBIAl a/JICOPUTM HE TOAMTCA: B 3TOM C/Jyyae OH He FapaHTH-
pyeT HENMpepHIBHOCTH H TpeGyeMod TIJIaIKOCTH CIUIaHHOBOH MOBEpX-
HOCTH Ha TrpaHHLax s4eeK. TpeGOBaHHf HENPEepPHLIBHOCTH (YHKIHH
M HEKOTOPOTO YMCJA ee NMPOU3BOAHLIX HA IPaHMLUAX fueeK Haxo Qop-
MyJHpOBaTb B BHJE JOTNOJHUTENbHBIX YPABHEHHMH, KOTOPHIM JOJIMKHBI
YIOBJETBOPATh KoauiueHTsl crnaiizoB. Hano, uTo6el mosHOe 4yuCio
ypaBHeHUH pPABHAJNOCh MONHOMY 4YHCAY Ko3dduiyeHToB; 310 GyIeT
He npH Jo6o# dopme gyeHKH.
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Hanpumep, paccMoTpuM AByMepHBIH Ky6uueckuil cnnaiin S (X, y)=
3

= | GmX*y™ B NPAMOYTONbHEIX AYefiKaX CO CTOPOHAMH, MapaJ-
k4m=0

JIeTBHEIMU OcsiM KoopauHat. IlorpeGyem HenmpepHIBHOCTH Ha TpaHHIax
cnyafiHa BMECTe CO BTOPHIMH IPOU3BOAHBIMH. DTOT CIJIAaHH HMeeT
10 xospdunueHToB B pacuere Ha onHy adeiiky. CoBnajeHne cnafina
¢ ¢yHxruuel z (¥, y) B BepluMHax fYedkHu Aaer 4 ypasHeHus. ITorpe-
6yeM Ha 0oGeHX CTOpOHAX SYefiKy, MapajeJbHbIX OCH X, HENpephiB-
Hoct S (%, y), S, u S,,; AuddepeHIUPYS UX MO X, HETPYAHO yOGe-
JOUTbCS, YTO TOTAA HA 3THX CTOpOHAX BeNHYHHBl S., Sy U Sy
TOXe OYAYT HeNpepbiBHbI. AHANOrMYHO NOTPeGyeM HeNpephIBHOCTH
BenuyuH S (X, y), Sy U Si¢ Ha CTOPOHAX, NapalJeJbHHX OCH Y.
dro jaer mo 3 ypaBHeHUS HA KaXkAOH CTOpOHe sUelfiKH, HO 3TH
ypaBHEHHSI CBS3BIBAIOT KO3(HiHeHTs ABYX sideeK. CrefoBaTenbHO,
BCETO HENpephIBHOCTEL JaeT 6 ypaBHeHHH B pacueTe Ha OJHY SUeHKY.
Takum o6pasoM, MOJHOE YHCJIO YPaBHEHHH PaBHO IIOJHOMY YHCTY
K03(hpHuIIUEeHTOB, U CILIalH ompefensiercs OJHO3HAYHO (C TOYHOCTBIO
IO ycnoBHH Ha rpaHuue o6maacta G). ’

SAODAUYH

1. BmiBecTH HTepanuonHyio dopmyny (12) mowucka MHHMMYyMa GYHKIHH OLHOH
nepemeHHoll @ (x),” 3aMeHfAs HCTHHHYIO KDHBYIO HHTepNOJALHOHHOH napaGoJo#,
IIpOBEiIcHHOH yepes TPH TOYKH Xg—Hh, X5, X¥s+-h.

2. [latb aHaNOTHYHEIT BHIBOA (opmynsl (13), cTpod HHTepnoJANHOHHYIO mapa-
6oy MO TOUKAM Xg, Xs_1, Xg_o-

3. okasarth oueHky (14) ans ckopocTn cxomumoctd mpolecca (13); aast storo
MOXHO BOCIIOJIb30BaThCS CXeMoH JOKasaTenbCcTBa, JaHHOro B ryase V, § 2, m. 7.

4. Hanucatb ypaBHeHHe sl JIHHHE ypOBHSI KBajpaTHuHOH ¢dopmml (18); nHaiiti
IJIaBHBIE OCH TIOJIYYEHHBEIX 3J/IJIHTICOB W ONpEJeJHTb OTHOLIEHHe AJHH I'VIaBHBIX Oceil.

5. HanucaTe nHHeliHyI0 CHCTeMy ypaBHeHM, pelleHHe KOTOpPOH MHHHMH3HDYeT
peryJiipH3oBaHHYyIO 3ajady JHHEHHOTro NporpaMMupoBanus (52).

6. ITocTpouTh Kakylo-HHGYAb NONHYIO CHCTeMy GYHKIHH B Merome Purna,
ec/iM BMeCTO KpaeBOro ycJOBHS NMepBoro poja (72) 3aJaHO ycJOBHe BTOPOrO poja
¥ (@=g, y' (5)=p. .

7. TIpoBecTH aKKypaTHOe JOKasaTelbCTBO CXORHMMOCTH MeToxa Purtna pid
dyHKnHOHana (62), MCNONB3ys cXeMy, AaHHy© B § 4, m. 3.

8. Hanmucatb cucteMy ypaBHeHHH 111 Onpefe/leHHs] CeTOYHBIX 3HayeHHH (pyHK-
IMH y;, K KOTOpOH NMpPHBOAMTCA 3ajiaya MHHMMyMa ¢yHKuIHOHana (62) mocie pas-
HOCTHOH 3ameHnl (80). YGenutbcs, 4TO 3Ta JIMHelHass CHCTeMa HMeeT TPeXgHaro-
HaJbHYIO MaTpHIy K pellleHHe ee MeTOJOM NPOTOHKH YCTOHYHBO.

9. IMokasars, uTo ABYMepHHEIH KBaJpaTHYHEIA CIiaiH

2
S 9= X oemrmy*
k+4+m=0

Ha TPeyroJbHOH ceTKe M TPeXMepHHI KBaJpaTHYHHIA cIVIaliH Ha CeTKe H3 TeTpa-
3/POB ONpeieJISIOTCS OAHO3HAYHO (C TOYHOCTHIO IO YC/IOBMA Ha rpanuie obnactu G).



FJIABA VIII
OBbIKHOBEHHDBIE JH®®EPEHLUAJIbHBIE YPABHEHUS

B rnase VIII paccMOTpeHE! OCHOBHEIE METObI YHCIEHHOTO PellEHHS Pa3udHbIX
THMIOB 3aja4 /sl OCHIKHOBEHHBIX AubdepeHIHaNbHEIX ypaBHeHHI. B § 1 usnoxeHs
NOCTAHOBKA M MeTOAbl pELleHHs 3ajiaul C HavaJbHLIMH YCNOBHAMH (3agaum Kouru);
3TH METOJb TNpPHMEHAIOTCS W IPH pelleHHH JDYTHX THIOB 3ajad. B § 2 maHml
MOCTAHOBKHM H MeTOAH pelleHHS KpaeBhlX 3ajay, a B § 3—3ajay Ha coOCTBEHHBIE
3HayeHHs.

§ 1. 3apaua Kowmn

1. INocranoBka 3apgaun. OGHLIKHOBEHHBIMH AupdepeHnHaNbHHIMHU
YPaBHEHHSMH MOXKHO ONHCaTb 33Jaud JABHKEHHS CHCTEMbl B3aHMO-
JAeHCTBYIOIIMX MaTrepHasIbHBIX TOYEK, XMMHUYECKOH KHHETHKH, 3JIEKTPHU-
YEeCKMX LeneH, CONMPOTHUBJEHHS MaTepHaNOB (HANpUMEp, CTATHYECKHH
nporu6 yNpyroro CTepxKHS) M MHOTHe Apyrue. Psj BakHbIX 3a1ay
I/l ypaBHEHUH B YaCTHBIX MPOU3BOAHEIX TAaKkKe CBOIHUTCH K 3a1ayam
11 OOBIKHOBEHHHIX JAH(¢epeHnuanbHbIX ypaBHeHu#l. Tak 6hwiBaer,
€CJIM MHOTOMEpHas 3ajaua JONYCKaeT pasjieJieHHe NepeMeHHbIX (Hamnpu-
Mep, 3aJauYd Ha HaXOXKJeHHe COOCTBEHHBIX KoJebGaHWH ynpyrux 6ajok
U MemOpaH npocrefiiiedl GOpMEI, HJIN OMpejeseHHe ClIeKTpa COGCTBEH-
HBIX 3HAYE€HMH 3HEPTHH YaCTHUBE B CepHYECKH-CHMMETPUYHOM IOJE),
WU €cJH ee pelleHHe 3aBHCHT TOJbKO OT HEKOTOpOH KOMGHHALHH
nepeMeHHBIX (TaK HasbiBaeMble AaBTOMOJENbHble pelleHus). Takum
o6pa3oM, pelleHHe OCHIKHOBEHHHIX JM(pepeHHHaNbHEIX ypaBHEHHH
3aHHUMaeT BAaXKHOE MECTO Cpenu NPHKJAAAHBIX 3ajau (DU3UKH, XMMHH
U TEXHHUKH.

Konkpernass mpuknagHas 3ajaya MoxKeT NPHBOAMTH K AugpdepeH-
[IMaJIbHOMY YpPAaBHEHHIO JII060r0 MOpPsiKa, WJIH K CHCTeMe YpaBHEHHH
mo6oro mopsaka. Ho u3BecTHo, 4To OGBIKHOBeHHOe AuddepeHuHaNb-
HOe ypaBHeHHEe p-Tro MOpsAnKa

ulP (X)y=f(x; u, o', W', ..., ulr-1)
npu moMomu 3ameHbl %) (x) = uj (X) MOXKHO CBECTH K 3KBHBAJIEHT-
HOH CHCTEMe p ypaBHEHHMH NepBOTO NMOpAAKa
up () =upsy (x), O<<k<<p-—-2,
Up—1(x)=F(x, ug, Uy, ..., Up_y),
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rae u,(x¥) =u(x). AHaNOrMYHO, NPOH3BOJIBHYIO cHcTeMy AuddepeH-
IUAJbHBIX ypaBHEHHH JI0GOTO MOPSIKAa MOXKHO 3aMEHHTb HEKOTOPOH
5KBHBaJIeHTHOH CHCTeMOH ypaBHeHHH mnepBoro mnopsinka. Ilosromy
B JajbHedileM Mbl OyAeM, Kak INpaBHJIO, PacCMaTPHBarTh CHCTEMbBI
ypaBHEHHH IlepBOro IopsaKa

Uk (x)=fk (%, ty, Uy, ..o, up)v 1<k<P, (la)
3anuChIBast HX JJ1s1 KPAaTKOCTH B BEKTOPHOH ¢opMme
u (*) =f(x! u (x)), (16)

u={u1z Upyevny up}» f={f1’ f2»'--» fp}

HsBectHO, uTO cHcTema p-ro mopsifika (la) umeeT MHOXKeCTBO
pelueH#uil, KOTopoe B OOIEM clydyae 3aBHCHT OT p HapaMeTpPoB € =
={¢;, €y, ..., Cp} M MOXKET OHITb 3amucaHo B dopme 4 =#{(x; C).
Hns onpeneneHus 3HAaueHWH 3THX MapaMeTpoB, T. €. AJA BHAENe- -
HUSl €QHHCTBEHHOro (MM HYXKHOro) pelleHHs, Hal0 HaJOXHTb p
JIOTIOJTHUTENbHBIX YCJAOBUH Ha (PYHKUUH Uy, (¥).

Pasnuualor TpH OCHOBHBIX THMNA 3ajay Al OOBIKHOBEHHHIX AH(-
tepeHIMaNbHBIX ypaBHeHuH: 3amaum Ko, KpaeBbie 3aflayd ¥ 331384y
Ha COOCTBEHHBIE 3HAUEHHUS. '

Banava Kowwn (safaua ¢ HavaJbHLIMH YCIOBHUSIMH) HMeEET
LOTIOJIHATE/IbHEIE YCJIOBHS BHAA

'uk (g) = Nky 1 = k = P, (2)

T. €. 3ajaHbl 3HayeHHs BceX (YHKUMA B OJHOH M TOH e Touke
x=ZE. 3TH yCJOBHA MOXKHO paccMaTpHBaTb KakK 3ajjaHHe KOOpIHHAT
HayanbHOH TOUKH (§, My, My, ... , Np) MHTETPANBHON KPUBOH B (p 4 1)-
MEPHOM MPOCTPAHCTBE (X, Uy, Uy, ..., Uy). Pelllenne mpu 5ToM OOBIYHO
Tpebyercss HalTH Ha HeKOTOpOM oTpes3ke E<< x << X (um X << x<<§),
TaKk uTo0 TOUKY Xx=§ [MOKHO cuMTaTh HayaJbHOH TOUKOH 3TOrO
oTpesKa. )

Hanomuum *), uro ecnu mpabble yactu (1) HempephIBHHL U orpa-
HHYEHbl B HEKOTOPOH OKpPECTHOCTH HauaabHOH TOukd (§, My, Mg, ---
..., Mp), To 3agava Komm (1)—(2) umeer peureHne, Ho, BoOGIIE
rosopsl, He enMHCTBeHHoe. Eciau mpaBble yacTH He TOJBKO HeEMpe-
PBIBHBEI, HO H YyJOBJETBOPAIOT YCJOBHIO JIMMUIKLA MO NEPEMEHHBIM Uy,
- TO pelleHue 3afauyd KolM eIHHCTBEHHO M HENMPEPHIBHO 3aBHCHT
OT KOOpJAMHAT HayaJbHOH TOYKH, T. €. 3ajaya KOPPEKTHO IIOCTaBJIeHaA.
Ecmu BRo6aBOK IpaBele YacTH HMMEIOT HelpepbiBHbIE MPOM3BOLHLIE
Mo BCeM aprymMeHraMm BILIOTb JO ¢-TO MNOpfIKa, TO pPelLIeHHe u (x)
MMeeT q -1 HenpepeIBHYIO NPOHU3BOJHYIO IO X.

2. Metoanl pemenus. X MoXHO yCAOBHO pa3GUTh HAa TOUHBIE,
NpuGNvXKeHHele W 4YucaeHHle. K TOUHBIM OTHOCATCA METOMHL,
NO3BOJIAIOIME BBIPA3HTh pellieHHe AuQQepeHaJbHOr0 ypaBHEHHS

*) Cm., Hanpumep, [37].
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yepe3 3JeMeHTapHble (GyHKIMH, JUOO NPEACTABHTb €ro MPH MOMOILH
KBafpaTyp OT 3JEMEHTAapHHIX (QYHKUHH. IDTH METOBl M3YyaoTcs
B KypcaX OOLIKHOBEHHHX AuddepeHunanbHeIX ypaBHeHui. Haxoxne-
HHe TOYHOro pewenus 3agagu (1) —(2), a Tem Gosee — ofero pee-
uus cucrembl (1) obseryaer KayecTBEHHOE HCCIEIOBAHHE 3TOrO perle-
Hus W JajbHeflne AeHCTBUS C HUM.

OznHako KJacchl ypaBHEHMH, ISl KOTOPHIX pa3paboTaHEl METO.bL
MOJyYeHUs] TOYHHIX peIUeHHH, CPaBHHUTEJNbHO Y3KH H OXBaThIBAIOT
TOJIBKO MAa/IyI0 4YacThb BO3HMKAIOUIMX Ha NMpakTHKe 3ajay. Hampumep,
JIOKa3aHO, YTO pelleHHe HECJOXHOro YpaBHEHHS

W () =2+ u? (x) (3)
He BbIpaxkaercsl uepe3 sjeMeHTapHHE GYHKIMH. A ypaBHeHHe

uUu—x

u--x (4)

u (x)=
MOXKHO TOYHO TPOHHTErpHPOBATL H HAHTH OOLIee pelleHHe
1
5 In (x* +u?) 4 arctg % = const. ()]

OnHako ans TOro, yroGel COCTaBUTh TaGMHUIly 3HauYeHHH u (x), HALO
YHC/IEHHO PEeIlNTb TPAHCLEHLEHTHOe ypaBHeHHe (5), a 3TO HHCKOJBKO
HE Tpolle, YeM HENOCPEeJCTBEHHO YMCJEHHO NPOHHTErPHPOBATh ypaB-
HeHue (4)!

[Tpu6nuxenHsiMu Gylem HasbiBaTh METOAbl, B KOTOPHIX
pelleHHe MOJyYaeTcss Kak Ipefesl & (X) HEKOTOpPOH mocjenoBare/b-
HOCTH Yy, (X), TIDHYEM Y, (X) BBIpAXKAIOTCS Yepe3 3JeMeHTapHbie (QYyHK-
UMH MM NpH moMmollu KBagparyp. OrpaHUYHBAsiCb KOHEYHHIM YHC-
JOM n, ToJyyaeMm NPHONHXEHHOe BelpaxkeHHwe s 4 (x). [Ipumepom
MOXKEeT CJHYXKHUThb METOJ PAasJOoXKeHHs pelleHUS B 0GOOLIEHHBIH CTeleH-
HOH DA, pacCMaTPUBAEMBIH B KYPcaX OOBIKHOBEHHBIX NUbepeHiuaib-
HbIX YpaBHEHMH; HEKOTOpHle Apyrue NpUOIHKEHHblE METOAB GYAyT
U3JIOXKeHBl B 31Ol TviaBe. OfHAKO 3TH METOAH YAOOHEI JIMILBL B TOM
cnyyae, Korja OGONBIIYKO YacThb MPOMEXYTOYHBIX BBHIKJIAJOK YAAeTcs
clenarb TOYHO (HalpuMmep, HalTH ABHOE BHIpaXkeHHe KO3(h(hHUIUEHTOB
psga). OTO BHIIOJHHUMO JIHIIb IJIfl CPAaBHHUTENBHO MPOCTHIX 3a1au
(TaguX Kag JUHEeHHBIE), YTO CHJILHQ CYXKaeT 06/1acTb NpUMeHEHUs
NpUGINKEHHBIX METOJOB.

YUucneHnHble METOJBl —3T0 aATOPUTMbI BbIYHC/IEHUS TPUGIIH-
JKeHHBIX (4 MHOTJA — TOYHBIX) 3HAYEHHH HCKOMOIO pelleHus u (x)
Ha HEKOTOpoH BLHIOpAHHOH CeTKe 3HaueHHH apryMeHTa x,. PelueHue
MpH 3TOM IOJNy4aeTcsl B BuAe Tabaulbl. UHC/IeHHBIE METOAL HE MO3BO-
JISTIOT HaHTH o6Liero pelieHHs cHcTeMHl (1); OHH MOrYT JaTh TOJIBKO
KaKoe-TO YacTHOe pellleHHe, Hanpumep, pellenue sanaun Koum (1) —
(2). 210 OCHOBHOH HELOCTATOK YMCJEHHBIX METONOB. 3aTO 3TH METOALI
NpUMEHHMbl K O4YeHb ILIMPOKMM KJjaccaM ypaBHEHHH H BCeM THIaM
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3agay ans Hux. [losromy c mosiBneHueMm GricTpozeficTByromux OBM
YHC/IEHHEIE METOJbl pELIeHHS CTald OXHMM H3 OCHOBHBEIX Crnoco6oB
pellieHusl KOHKPETHBIX NMpPaKTHYECKUX 3ajay ]Sl OGLIKHOBEHHBIX IH(-
depeHIHANBHEIX YpaBHEHHUH.

Yuc/ieHHBIE METOABI MOXKHO INPUMEHATh TOJBKO K KOPPEKTHO
MOCTaBJEHHBIM (HJIH DEryJjsipu30BaHHEIM) 3afauaM. 3aMeTHM, OJHaKo,
YTO JJIS YCIEUIHOTO INpHMeHeHHsI YHCJEeHHBIX MeTOJOB (opMaJibHOe
BBINOJIHEHHE YCJIOBHH KOPPEKTHOCTH MOXKET OKa3aThCS HEJOCTATOUHEIM.
Hapo, uro6el 3amaua Obi1a Xxopoui0 o6ycaoéreHa, T. €. MaJible M3MeHe-
HMSl HayaJbHBIX YCJIOBUA NPHBOAMIM Obl K JOCTAaTOYHO MAajiOMy
M3MEHEHHI0 MHTErpaJbHBX KpHUBLHIX. Ec/H 9T0 ycnoBue He BHIOJHEHO,
T. €. 3ajaua na0xo 06ycaosrena (crabo ycmotivusa), TO HEGOJbIIHE
U3MeHeHHs1 HauaJbHBIX YCJIOBHUE WM SKBHBAJIEHTHHIE 5THM H3MEHe-
HUSAM HeGOJIbIIHE IIOTPELIHOCTH YHC/IEHHOTO MeToJa MOTYT CHJIBHO
HCKa3UTh peLIeHHe.

B kauectBe mnpuMepd IIOXOH OGYCJOBJIEHHOCTH pPacCMOTPHM
3ajauy

Wx)=u—x, 0<<x=100, (6a)

u(0)=1. (66)
Ofbiuee peueHde ypaBHeHus (6a) cONEepKUT OJHY INPOH3BOJIBHYIO
MIOCTOSHHYIO

ux;, )=14x+ce*.

IMpu nHayanbHOM ycnoBuH (66) oHa paBHa ¢ =0, Tak uto « (100) = 101.
Opnako He6oJbillOe H3MeHeHHe HadanbHOro ycnoBus i (0) = 1,000001
cjerka MeHser noctosiHHyw: C=10-%; Torma & (100)~=2,7x10%,
T. €. pellleHHe H3MEHUJIOCh OYeHb CHJBHO.

B srom naparpade paccMoTpeHB! MeTOAb pelienus 3anauu Kotud.
JInsi mpoCTOTHl 3amucH Mbl IOYTH BCIOAY OrpaHUYHUMCA CJIyyaem
OJHOTO YypaBHEHHA TepBOro nopsaka. ANTOpUTMBI IJs Cayyas
cucreMel p ypaBHeHu#l (16) Jerko nosaydyamoTrcsi H3 alrOPHUTMOB,
COCTaBJ/IEHHBIX” IJ/ISI- OXHOTO ypaBHeHUd, (GopMaNbHOH 3aMeHOH u (x) u
f(x, u) ua u(x) u f(x, ).

3. Meton IMukapa. D10 MpUOGNMKEHHBI METOJ peLUeHHUs, SBJISIO-
muics 06oOlLIeHHeM MeTOAa IOCJefOBAaTeNbHEIX NpPHOIHKEHHH (CM.
rnaBy V, § 2). Paccmorpum sapauy Komu s ypaBHEHHS NEpBOro
nopsiaka

wE=fx u@®), E<x<X, u@=n @

Hurerpupys nuddepeHunanpHoe ypaBHeHHe, 3aMeHHM 3Ty 3amgady
5KBHBaJIEHTHHIM efi HMHTerpaslbHLHIM ypaBHeHHeM THNa Bosbreppa

u (%) =n+;§f(‘v, u () d. ®

.
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Pemiass 3T0 HHTerpajbHOe YpaBHEHHE METOIOM IOC/eNI0BATeIbHEIX
npuGNUKeHHH, NOTYYHM HTepanHoHHBI mpouecc ITukapa

x

ys@=n+{f @ gy @ dv, 5 () =n ©)
3

(npu6MHKEHHOE pellleHHe, B OTJIHYHUE OT TOYHOTrO, MHl Gynem o6o3Ha-
yaTh yepe3 y). Ha Kaxkjofi uTepamuM 3TOro mpolecca HHTerpHpoOBa-
HHe BBINOJHSETCH JNH6G0 TOYHO, JIMGO UHCTEHHBIMH METOLAMH, ONHCaH-
HbIMH B rsaBe IV. '

Jloka¥XeM CXOXHMOCTDb MeTola, peAnoJaras, 94To B HeKOTO-
poil orpanuueHHo#l obmactH G (x, u) mnpaBas yacTb f (X, u) Hempe-
pHIBHA M YIOBJETBOPSET IO TepeMeHHOH « Yc/oBHo JIMMuHma
(s w) —F(x, wn) I<L|uy—uyl.

IMockonbky ofaacts G (X, u) oOrpaHHyeHa, TO BBINOJNHSIOTCS
cooTHollenuss |¥—E|<<a, ju—mn|=<<b. O603HAUUM MOrpelIHOCTh
NpUGIHKEHHOTO pellleHHs Yepes 2z (x) =y, (x) —u (x). Briuutas (8)
u3 (9) ¥ Hcnosnb3ys ycjoBue JIMMIUHNA, MOJYYHM

X

E2 (x)léLél 25-1 (V) | dr.

Pelllasi 3TO peKyppeHTHOe COOTHOILEHHMe M YUHMTHIBasl, UTO |2, (X)| =
=|n—u(x)|< b, HalileMm nocjieI0BaTeNbHO

1
20091 <L (x=9), |27 ()| <5 bL2(x—BP ..,
: .
|2, (%) | < 5 BL® (x— )"
Orcrona cienyeT oleHKa NOrpeIlHOCTH
5 (el o (L
|20 09| < 7oLy ~ = (P (10)

BunHo, uto max |z, (x)|—0 mpu s—-oco, T. e. npubauscenroe pele-
HUue pasHomepro cxodumcst Kk mouromy 6o eceil obracmu G (x, u).
ITpumep. Ilpumenum metox Ilukapa x sanave Koww pns ypas-
HeHusi (3), pellleHHe KOTOpOro HE BbIpa)kaeTcs yepe3 3jeMeHTapHbIE
dbyHKuHH
ux)=x>4+u?, u0)=0.

B sToM cnyyae kBazpatypel (9) BBIYHCASIOTCS TOYHO, M MBI JIerKO
noJyyaem

1 1 1
D=0, phH)=75%, w®=§ﬂo+aﬂf
1 1 2 1
Ys (x)='3‘x3(1+21 ¥ 55 19845"12)’

¥ T. A. BugHo, uTo mpu x<<1 3TH npubIHKeHHS OBICTPO CXOAATCSH
M TIO3BOJISIIOT BBIYHC/HTDL pellleHHe C BHICOKOH TOYHOCTBIO,
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M3 storo npumepa BupHO, uTo MeToj IInkapa BhIrOZHO mpHMe-
HATb, ecaM MHTerpaisl (9) yraeTcss BEIYHCIHTDL yepe3 3JeMeHTapHbIe
¢yskuuu. Ecau ke mnpaBas uacTe ypaBHeHHs (7) Gosee cloXKHa,
TaK YTO 5TH MHTerpaJsbl IPUXONUTCH HAXOIAHTb YUCIEHHBIMH METOJIAMH,
To MeToj Ilukapa craHOBHTCSI He CJIHIIKOM YJIOGHBIM.

Merton Tlukapa Jerko o6o6iiaeTcss Ha CHCTeMbl YpaBHEHHH crioco-
6oM, omucaHHeIM B N. 2. OIHAKO Ha NpaKTHKe YeM BEHIle TOPSANOK
CHCTEMBI, TeM peXe YJaeTCsl TOYHO BBIYHCIATH HHTerpansl B (9), uto
OrpaHHyMBaeT NpHMeHEHHe MeTOia B 3TOM CJyyae.

WmeeTcst MHOro apyrux npubiauxeHHBIX MeromoB. Hampumep, C. A. Yansnirun
TIpeJIOKMI MeTon, sABJsAlWMuUica o6oCenneM anreGpanyecKoro Meroaa kHeortona
Ha cayyall nubdepeHUHANbHBIX ypaBHeHuil. Jlpyrofi cmoco6 oGoGlieHHs MeToza
HeioTona npegnoxus JI. B. KantopoBnu B 1948 r. B o6oux 3THX MeTojax, Tak
e KaK W B MeTofe IIukapa, WTepalMH BHIIONHAKTCA TPH TNOMOWM KBajgparyp.
OpH4aKO KBajgpaTyphl B HHX HMeIOT ropasgo Gosee CIOKHHE Bui, 4YeM (9), U pemko
GepyTcsi B 37MeMeHTapHEIX GYHKIMAX. [T03TOMY 3TH METOABI NMOUTH He NPUMEHSIOT.

4. Mertox manoro mapamerpa. J[oCTaTOYHO MPOCTHIMH OKa3bIBAIOTCS
BLIYHCJIEHHS] METOJOM MaJIoro napamerpa, NpeinoxeHHbIM Ilyankape
B 1892 r. Ilyctp npaBas yacTb ypaBHeHHS &' ={f (X, u; A) 3aBHCHT
OT mNapameTpa H H3BECTHO YAaCTHOE pelleHHe Y, (X) NPH HEKOTOpoM
3HaueHHH mnapamerpa A=A, DByzem HckaThb pellleHHe B BHZe psina

[oe)

u(®= 3, (h—"21)"yn (4. (11)

n=0

IMoncrapnsis 3TOT psAX B HCXOZHOe ypaBHeHHe H pasnaras f(x, u; A)
no ¢opmysne Tefinopa mo crenensam (A—A,), MOTyuHM ATS ompeje-
JIEHUS Y, (¥) JUHeHHBle ypaBHEHHS

Yn () =0, () yp (%) + v, (x), n=1,2,3,... (12)

3pech  KO3DOHIHEHTH @, (X) BBHIpaXalOTCs UYepe3 IMpPOH3BOAHLIE
f(x, u; \) npu u=y, (x), A=A, a QyHKLHH U, (X) BEIPAKAIOTCS Yepes
Yr (x)," 0<<k<<n. TeMm caMbIM HaxOXJeHHE Y, (X) CBOAHUTCH K KBal-
parypaM. JlocTaTOYHBIM yc/IOBHEM cXojuMocTH psaa (1) sBasercs
aHaJUTWYHOCTD [ (¥, u; A) IO BceM apryMeHTaMm.

ITpn npakTHyeckoM NPHMEHEHHH MeTOJa MaJioro mapamerpa clie-
IHaTbHO BBOIAT B INpaByl0 uacTb ypaBHeHUus (7) mapamerp Tak,
yTOGbl NpPH HEKOTOPOM €ro 3HaueHHH JIErKO HaXONHWJIOCh YacTHOe
pelleHue; Mocje 3TOro JEHCTBYIQT 1O omHcaHHOH cxeme. Hampuwmep,
IJsi ypaBHeHHs (3) MOXKHO NpHGaBUTb K NPaBOH YacTH ujeH Au?,
TNOJIOXKHB, TakuM obpasom, f(x, u; A)=x*4 (1+4A)u? Torma mnpu

1
Ay =—1 cpa3y BHIHO YacTHOe pelleHHE Y, (X) = 5 %*+ ¢, re nocTosH-

Has ¢ OIpele/ideTcsa U3 HadaJbHOro YCJIOBHS.
Meton maJgoro napaMeTrpa €CTEeCTBEHHO MEPEeHOCHTCH Ha YpaBHe-
HHA BBICOKHX TIODSAKOB MWJH Ha CHCTEMBI ypaBHeHHﬁ. an 3TOM
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BMECTO I[EMOYKH II0C/Ie0BaTeIbHO pellaeMblX JIMHEHHHX YpaBHe-
Hufl (12) BO3HMKAIOT LENOYKH CHCTEM JHHeHHbIX AnddepeHIUaIbHBIX
ypaBHeHuil. OQHAaKO Bce BBIK/IAZKH CTAHOBATCH CYLIECTBEHHO GoJiee
I'POMO3JIKMMH.

5. Metox JomMaHbIX. 3TO NpoCTeHIIHH YHCTeHHBIH MeTol. B mpak-
THKE BBIUHC/IEHHH OH ynorpef/sieTcsi OoueHb PeIKO 113-3a HEBBICOKOH
ToyHocTH. Ho Ha ero mpumepe yno6HO MOSICHUTH CIOCOGH! NMOCTpOe-
HHMS U HCCJIeJOBaHHS YHCJEHHBIX METOLOB.

Paccmorpum 3amauy Komwm (7) u BoiGepeM Ha oTpeske [E, X]
HEKOTOpYIO CeTKy {X,, 0<<n<C N} 3HaueHH# aprymeHTa Tak, YTOOBI
BBINOJIHAJIHUCH COOTHOIIEHHA E=1x,<CXx; <X <<...<<xy=X (ceTka .
MOXKeT ObiTb HepaBHOMepHOH). Pasnaras pemenue u (x) no ¢opmyse
Tefinopa Ha MHTepBasle CETKH X, <C X << X, 4, H 0003Ha4as u (X,) = Uy,
MOy YHM

14 l 9 ”
Unsy=tnthattnt 5 latn+ ..., hp=Xp1y— X, (13)

Crosilipe B NpaBoil YacTH NpPOMU3BOLHBIE MOXKHO HaHTH, nuddepeH-
nupya ypaBHenue (7) Tpebyemoe 4HCJIO pas:

W=F, u), w=f (% w)=Fetfa (14)

M T. 1. B npuHnune, ecau f(x, u) uMeer g-¢ HENpepeIBHBIE IPOU3-
BOJHBIE M0 COBOKYIHOCTH apryMEHTOB, TO B pa3soxeHuH (13) MoxkHO
yAepKaTb uieHs BILIOTh no0 O (h?+1).

Onnako Hcroab30BaTh Aasa pacuetoB ¢opmyay (13) ¢ Goabmnm
YHCJIOM UYJIEHOB HEBHIFOJHO. Bo-mepBbIX, Jaxke INpPH CPaBHHUTEILHO
npocToii MpaBoil YacTH BblpaKeHHs IS TPOH3BOJHBIX MOTYT OKa3aThCs
rpoMo3IKHMH. Bo-BTOphIX, eciM mpaBas YacTb H3BEeCTHA JIMIUb
NpHOMMKEHHO, TO HaXOAUTh ee NPOHU3BOLHLIE HEXenaTenbHo. B mpo-
cTefimeM ciydae, mnoactaeass (14) B (13) ¥ orpaHHYMBAasCH TOJBKO
TIepBbIM YJIEHOM pAa3/IOXKeHUs, TOJNYUHUM CXeMy AOMAHbLX *):

yn+1=yn+hnf(xm yn)» hn=xn+1_xn- (15)

INockonbKy NpH TaKOH 3aMeHe MOXKHO HAMTH TOJBKO NpPHOIHNKEH-
Hble 3HaueHHs] MCKOMOH (YHKLUHH B y3/1ax, To GyleM 06O3HayaThb 5TH
3HayeHusl 4Yepes Yy, B OTJIHYHE OT TOYHHIX 3HAUEHHH U, =u (X,). dns
YHCJIEHHOrO pacyera II0 CXeMe JIOMaHBIX JOCTaTOYHO 3ajaTh Hagasb-
Hoe 3HayeHHe y,=1. 3areM mo Qopmyne (15) mocienoBaTebHO
BBLIYUC/ISEM BENTHYHHBL Yy, Ys, ---5 YN-

[eomeTpuyecKass MHTepHpeTanusi 3TOH CXeMbl faHa Ha puc. 41,
rlle M300paKeHOo NoJie HHTErpabHbIX KpHBHIX. Hcnonb3oBanue TonbKO
nepBoro uwieHa ¢opMy/sl Tefiopa 03HauaerT IBHXKEHHE HE IO HHTEr-
panbHOM KpHBOM, a MO KacaTenbHoi K Hedf. Ha kaxnom mare mel

*) OHa Oblna npemioNKeHa DiiylepoM M HasmBaeTcsl TAKKe CXeMol Jiinepa.
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3aHOBO HAaXOAMM KacaTeJbHYIO; CJ/€OBaTeJbHO, TPAEKTOPHS IBHIKE-
KeHUs1 OyIeT JIOMaHOH JIHHHeH.

HccnexyeM CXOAHMOCTH MeTOia JIOMaHBIX, IpeinoJaras
NpaByio 4acTb [ (¥, #) HEMPEPHLIBHOA H OrpaHHYEHHOH BMECTE CO CBOUMH
NepBHIMH TPOU3BOAHBIME: |f|<<M;, |f|<<M,, | f,l|<M3 (oTcroza

cregyer, uro |u'|<<M,=M;+
y + M,M,).
PaccMoTpuM morpeluHocTh IpH-
OJIMKEHHOTO peLIeHHS 2, =Y, — Up.
Bouuras (15) u3 (13), mnoayuyunm
. COOTHOLIEHHe, CBsi3blBaKoLlee MOT-
PEIHOCTH B COCEIHHX Y3JaX CETKH:

Znir =20+ a[f Xns Yn) —
- f (xny un)] - _L hiuﬁ =

Ly Zr Zz Z3 . =25 (1+hfu)n nun (16)

Puc. 41. (uneHbl 60siee BBHICOKOTO MOpsiAKA Ma-

JIOCTH 3Jiech omyiueHsl). Ilocseno-

BaTe/JbHO NpHMeHssi peKyppeHTHoe cooTHoienue (16), Beipasum mor-

PELIHOCTb Ha TPOM3BOJILHOM Illare yepe3 MOTPELIHOCTh HadasbHBIX
AaHHBEIX

%J

m—1 m—1

=z [1 (12— Ehnun T e an

k=n-+1
Orcrona HETPpYAHO JaThb ACHMIITOTHYECKYIO OLEHKY IOrpeiiHOCTH.
saMETI/IM, UYTO IpPH MaJbIX IIarax CETKH

m—1

1] (L+hfu)n =~ H exp (hfy)n=
m—1 *m-1
=exp[2 (hf,,)n]%exp[ { f.(x, u() dr]’

n=0 Xo

IpHYeM B KauecTBe BepXHEro Ipefesia HHTErpasa MOXKHO B3fTh Xp,
u6o omubKa MpH TOM OCTaeTCs B Mpefesnax OOIIeH TOUHOCTH Npeol-
pasoBaHH#. AHajorHuHO mpeoGpasys BTopoi ujieH (17), monyuum

X

m = 2 €Xp (Smfu dv|— ;_Sm dvh () u” () exp (S fudp - @19

3neck h (x) — HenpepelBHasg (YHKIHA, JAOMAd B KaXIOM y3je X,
BeJIMYHHY Iuara h,, B KauecTBeé TakKoH (YHKIHH MOXKHO BHOpPAThb
JIMHEHHBIA CI/afiH.
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PaccmorpuM crpykrypy norpemHoctd (18). TlepBoe cnaraemoe
crpaBa CBfI3aHO C INOTPEIUHOCTHIO HAYaJbHOIO 3HAYEHHS 2y = Y, — U,
KOTOpasi YMHOXKaeTcs Ha orpaHHuyeHHY (6/aronaps orpaHHYeHHOCTH
MPOU3BOJHBIX) BequuHHy. HadaipHOe 3HaueHHe MOXKHO 3aJaThb TOYHO
H CYHTaTh, 4To 2z, =0. OcTaHoBHMCS Ha BTOpoM cjaraemoM. OHO
o6yc/sioBleHo TeM ujeHoM ¢opMyasl Te#nopa (13), koTopeiii GbLi
oTOpolleH TpH BbIBOAe cXeMbl JoMmaHbiX (15). OuesnM 310 ciara-
eMoe CBepXy; 3aMeHsisi Bce (QYHKLIHH IOJ HHTErpajaMH UX MOAYJSMH
H BBIHOCS maxh (x) 3a 3HaK HHTerpalsia, NMoJy4YyHM

|zZm| <M (x,,,) max h,= 0 (max h,), (19a)
rﬂe osn<
m m

Mo = | dv]u’ (r)texp(s Ifuldu)<—~e s(m=%). (19)

Xo

Takum obpasoM, npu h— 0 npubaudcenroe pewienue cxo0umes K mo4-
HOMY pasHOMEPHO (HAa OTPaHHUEHHOM OTpe3Ke |X—X,|=<<a) ¢ nepevim
nops0Kom mo4HocmuU.

3ameuadue 1. Ouenka norpeluHocTs (19) sBIseTcs MakopaHT-
Hoit. JIns QyHKIuH co 3HaKOoNmepeMeHHBIMH NPOU3BOJHBIME 3Ta OLlEHKa
MOXKeT OBbiTh CHJIBHO 3aBBIIlIEHa 10 CPAaBHEHHIO C aCHMITOTHUYECKOH
ouenko# (18).

3ameuaHHue 2. DKcroHeHUHANbHBIH useH B omeHke (18) xapak-
TepH3yeT pacXOoXeHHe HHTerpajbHBIX KPHBHIX (cM. puc. 41); ecau
OH OueHb BeJNHK, TO HCXOJHAa# 3ajava Kol njoxo o6ycioBieHa.

ITpumep. Ilpounterpupyem mno  cxeme Jinepa 3agauy Koiun
JUIsT ypaBHeHHS (3):

u (x)=x2—|—u2, 0<x<l’ u(0)=

B ra6auue 18 naHBl UHC/IeHHBlE pellleHUS Y (X), MOJTyYeHHBIE Ha CeT-
Kax c maramu h=1, /, u Y/,; cTon6uk j (x) 6yner mosiciex B m. 10.
[puBeeHO TakKke TOYHOE pelleHHe & (X), BHIYHMC/IEHHOE METOJOM
IMTukapa (cm. mpumep B n. 3). BuaHo, uTo cxema Dfinepa AJs MOJYy-
YeHWsl YIOBJIETBOPHUTENBHOM TOYHOCTH TpebyeT ropasfo GoJee Majioro
1iara, 4eM HCIIOJb30BAHHBIH 3]€Ch.

Ta6numa 18

Y, Z’n
k=1 | nr=05 | n=0,25 | r=0,25
0,00 0,000 0,000 0,000 0,000 0,000

u(x)

0,25 — 0,000 0,008 0,005
0,000 0,016 O 031 0,042
0,75 — — 0,078 O 114 0,143
1 00 0,000 0,125 0,220 0,316 0,350
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6. Meton Pynre—KyrTa. DTOT MeTOX MO3BOJISET CTPOHTH CXEMBI
pasauyHoro nopsjaka TouHocTH. Cxembl Pynre—KyTra oueHp YAOGHEI
Kak A1s pacuetoB Ha DBM, Tak u 1as «pyuHbix» pacyeToB. Cefiuac
OHHM SIBJAIOTCA HauboJiee yNOTPeOMTENLHHIMH B NMpPAaKTHYECKHX BBIYHC-
JIEHHSIX.

[TocTpoum cemeficTBO cXeM BTOPOro MoOpsifKa TOYHOCTH H Ha €ro
npuMepe pasbepeM OCHOBHBIE HJIeH MeToja. B KauecTBe wHcXonHOro
BolpaxkeHHs1 Bo3bMeM psif Te#sopa (13), yzepxkuBas B HeM wWieH
O (h*), mopsOK KOTOPOro paBeH IpelnoJaraeMoMy INOpPSiIKY Tou-
HOCTH cXeMbl. UToObl u3bexkaTb AH(XpepeHuHpoBaHHA [ (X, u), 3ame-
HHMM TNPOH3BOIHYIO PasHOCTBIO:

"= L fx, y=[f & 8)—F @ W]/Ax,

COOTBETCTBEHHO BHIOMpas 3HaueHHs X, #, Ax. Ilocse Taxkoit 3ameHbl
BTOpoll wujeH B (13) MoXHO (opMasbHO OGBENUHHTHL € MEPBBIM, NPH-
Beasa (13) x cienywouieMy BHLY:

Ynir=Yn+R[Bf (Xn» Yn) +f (Xn+vh, yn-+6h)] (20)

(MOCKOJIBKY 5TO cXeMma JJisi pacyeTa NPUOJHKEHHOrO pellleHHs, MH
CHOBa ymoTpef/sieM 00O3HAUEHHE Y, BMECTO-uU,). 3hech @, P, 7, 6 —
napameTphl, 3HayeHHs] KOTODBIX CJleAyeT oNnpeleNuTb. PaccMaTpuBas
npaByio yacTe (20) Kak (QYHKUHMIO OT A, pasjiokKHM ee B psiA MO CTe-
[eHsM Iuara

Yns1=Yn+h (@4 B) f (Xn, Yn)+h® (¥fx+ 6fu)n+

BriGepem mnapameTpsl @, B, y, 8 Tak, 4ToGbl 3TO passoXkeHHe GBHLIO
BO3MOXKHO Gosee 6u3Ko K psny (13). OueBHAHO, MOKHO NPaBHIBHO
nepeiath ABa NepBHIX uieHa (opmysanl Teflopa, ecid INOJOXKHTh

i 1
at+p=1, ay=5, =5 (%, yn)-.

Ilna onpeneneHns 4YeThipex NapaMeTPOB MOJNYYEHO TOJbKO TPH ypas-
HEHHWs, TaK 4YTO OJMH IlapamMeTp oOcTaeTci CBOOOAHBIM. Bripaxas
Yepes o OCTa/IbHble MapaMeTpel H noxcrasnsis ux B (20), moayunm
OJ(HOTIapaMeTpHUeCKoe CeMeHCTBO IByu/leHHbIX cxeM PyHre—Kyrra

Gnrr=Unth[(1=0)F (o) +of (5t gy nbag Fa)]s
0<a<l. @1)

BriGpaTs mapameTp o Tak, 4To6bl cxema (21) mpaBuJBHO NepegaBasa
u Tperuii wieH Qopmyssl Teinopa (13), HeBo3MOXKHO.

[TorpemnocTs 3TOH. CXeMbl MOXKHO HCC/IENOBaTh TaK XKe, KaK ObLIO
clesaHo B M. 5 Hasi cXeMbl JoMaHbeiX. ITpH 3ToM JoKaswBaercsi cie-
nyromui  pesyabtar. Ecau f(x, u) Henpepvisna u oepanudena emecme
CO CBOUMU 8MOPLIMU NPOUSBOOHBIMU, MO peulenue, NOAYHeHHOe NO cxeme
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(21), pasromepHo cXO0UMCS K MOYHOMY PEULEHUIO C MO2PeuLHOCTbI0
O (max h), T. e. Osyurennas cxema Pynze—Kymma umeem emopoi
nopAadoK mMoYHOCHLL.

dopmyna (21) uMeeT HeMJIOXYI0 TOYHOCTh M HEPENKO HCHOJb-
3yeTcsi B UYHCJEHHHIX pacyerax. IIpu 3TOM OOBIYHO moJsararT JHEO

Zp Znsty  Tate Zn Znst
Puc. 42. i Puc. 43.

a=1, au6o a=1, B nepBom ciyuae nosyyaercs cxema OCOGEHHO
IIpOCTOrO BHAA :

Y= Yn+ b (5t gy gut g ). 22)

Ee cMbicat mosicHsietcss puc. 42. CHayasna JenaeM NOJIOBUHHBIA Iuar
1 .
[0 cXeMe JIOMaHblX, HaxoJs yn+1/2=y,,+7hf,,. 3aTeM B HaMjeH-

HOH TOYKe OINpeiensieM HAKJIOH HHTErPalbHOH KPHBOH Y4 10 =
=f (Xn+1/2 Ynt+1,2). Ilo 3TOMy HaKJIOHY oONpefensieM MpHpaIEHHE
QYHRIME HA LENIOM LIATe Y,iq = Yu+ Aln+ 1/2-

[eomeTpHueckass HHTepIpeTalHsl BTOPOro cjayyas

Ynor = Yn o[ Cns )+ 7 (B gt f)] (23)

u3obpaxena Ha puc. 43. 371ecb MBI CHaua/ a rpy6o BHIYHC/ISEM [0 CXEMe
JIOMaHbIX 3HayeHHe QYHKUHH F,4=Y,-+hf, H HaAKIOH HHTErpasb-
HOW KPHUBOH Fn4+1=[ (Xn+y» Jn+y) B HOBOH TOUKe. 3aTeM HAXOLHM
CpeNHHH HAKJOH Ha wiare y;yi2=(Yn+Jn+1)/2 1 TO HeMy yTou-
HSIEM 3HAaY€HHE Y,.,. CXeMbl NOJOGHOTrO THNA HEPENKO Ha3bIBAIOT
(IPEIUKTOp — KOpPEKTOP».

Ta6amuma 19
X, Yn Yn u (x)
h=1 | h=05 h=0,5
0,00 0,000 0,000 0,000 0,000
0,50 — 0,031 0,042 0,042
1,00 0,250 0,317 0,339 0,350
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B Ta6nuue 19 npuBeseH uHcieHHBIA pacyeT mo cxeme (22) Toro
JKe Ipumepa, KOTOpHIH paccMoTpeH B Tabuauie 18 (n.5). M3 tabiuusl
BHAHO, 4TO CXeMa BTOPOro MOpPSiAKA TOYHOCTH JaeT CYIIECTBEHHO
Jy4lllHe pe3y/IbTaThl, YeM CXeMa JIOMaHBIX; yKe pacyeT Ha rpyGo#
cetke ¢ £=0,5 MOXKHO CYUTaTL YJOBJETBOPUTEIHHbIM.

Metonom Pynre—KyTTa MOXKHO CTPOHTH CXeMBl pa3JIHYHOrO
nopsiika ToyHocTH. Hampumep, cxema JsomaHbix (15) ecTp cxema
Pynre—KyTTa nepBoro nopsinka TouHocTH. HanGosee ynorpeGuTeNbHEL
CXeMbl YeTBepTOro Nopsiilka TOYHOCTH, O6pasyrollye CeMeACTBO YeThl-
pexuwieHHBIX cXxeM. IlpuBesieM Ge3 BBHBOZa Ty H3 HHX, KOTopas
3anHcaHa B GOJIBLIMHCTBE CTaHJapTHHIX mporpamm DBM:

Ynar = Yo+ e (o -+ 2y + 20y + ),
o=l G ) ko= (5t Uty ), (24)
b= (5t nt s k), ha=F (b, gt by

(npu BeNHUUHAX Kk, ¥ luare h clefyeT Tak:kKe CTABHUTb HHJAEKC CETKH
n, HO JJISl NPOCTOTHl 3aIHCH Mbl €r0 ONYyCKaeMm).

®opmyasl Goslee BEICOKOrO MOPSAKA TOYHOCTH MPAKTHUECKH He ynoTpeGnsioTes.
IsTnyseHHse GOPMYJBI MMEIOT BCErO JIMIIb YETBEPTHI NMOPSAOK TOYHOCTH; LIECTH-
wieHHBE MMEIOT LIeCTOH MNOPSNOK, HO CJIMIUKOM IPOMO3AKHM. Kpome Toro, BHICOKHIi
NOpAJOK pealusyeTcs JMIIb NDH HAJHUMH y TPaBOi YacTH HeNpPepHBHBIX IIPOM3-
BOJHBEIX COOTBETCTBYIOIIEr0 TOD AAKa.

Cxembl Pynre—KyTra umeloT psaj BaXHBIX JOcToHHCTB. 1) Bce
OHH (KpOMe CXeMbl JIOMaHbIX) HMEIT XOpolYyl ToyHOCTh. 2) OHu
SABNSIOTCS SIBHBIMH, T. €. 3HaueHHe Y,.; BBIUHC/IAETCS MNO paHee
HalleHHbIM 3HAYeHHSM 3a OMNpelesNeHHOe UHCJIO JeHCTBHH MO ompe-
JeneHHbIM dopMynaM. 3) Bce cxeMel JOMycKaroT pacueT IepeMeHHBIM
IIaroM; 3HAYHT, HETPYIHO YMEHBIIHTH IIar TaM, I'Ae QYHKIUS GbICTPO
MeHsleTCs, M YyBeJMYHTb ero B obpaTHoMm caydae. 4) [i1s Hauana
pacueTa JOCTaTOYHO BHIGPATb CETKY X, H 3afaTb 3HaueHHE y,=r1);
Jlajee BBIYHCJIEHHS HAYT IO OJHHM M TeM ke ¢opmynaM. Bce 31H
CBOHCTBa CXeM OYeHb LEHHBI NpPH pacyeTax Ha IBM.

Ha cayuaii cuctem ypaBHeHui#l cxembl Pynre—KyTTa serko mepe-
HocATCs, Kak BO BceX IPYFHX MeTolax, NMpH Inomowud ¢opMabHOH
3ameHsl Y, f(x, y) Ha y, f(x, y). HeTpyaHo mpousBecTH NOKOMIO-
HEHTHYIO 3anHch 3THX cxeM. Hanpumep, ans cucrembl ABYX ypas-
HeHUH

w @) =fx u@), v(), . 25)
v () =g u@), v),

0Go3Hayas uepes y, 2z NpUOJMKEHHble 3HaueHHs OYHKUMH u (x),
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v (x), sanuiieM aHaJOTHUHYIO (24) YETBIPEXUWIEHHYIO CXEMY Cllelyo-
UM 06pasoM:

Ynsr= Yo+ B (20, 2k 1 k),

; (262)
2n+1=zn+§h(‘71+2‘72+2%+‘74){
rae
By=F&ns Yns 2n)s G1=8 (Xn» Yn» 2n)»
1 1 1
ba=F(tat g by gut g ks, 70t has).s
1 1 1
q2=g<xn+?h» yn+'2“hk1’ zn+7hql)f
1 1 1
ks=F (5t b vty hha 2ot has), (266)

1 1 1
qa=g(xn+5h, Yn+ 5 hka, zn+5hq2),
k4=f(xn+hy yn+hk8’ zn+hq3)9
q4 =g (xn+h’ !/n+hk3, zn+hq3).

HanoMHHM, 4TO HMEHHO 3Ta CXeMa YeTBEpPTOro MOpsSiiKa TOYHOCTH
(pasymeeTcsi, 3amHCaHHas JJIsi CHCTEeMbl NMPOHM3BOJBLHONO YHC/]A ypaB-
HEHHH) JIEKHT B OCHOBE GOJIBIIMHCTBA CTaHAApPTHBIX MPOrpaMMm YHC-
JieHHoro pemneHus 3ajayd Komwu Ha DBM.

3ameuvanue. IlorpemHocrs pasiudHbeIX cxeM Pynre—Kyrra
CBSI3aHBl C MAaKCHMYMaMH MOAYJ€H COOTBETCTBYIOUIMX I[1POM3BOAHBIX
f(x, u) rpomosnkumu Belpaxenusmu Tuma (18)—(19). Harasguoe
IpelCTaBJeHHe O BeIHYHHE 3THX IOrPElIHOCTeH MOXKHO IOJNYYHTb
B OJHOM 4yacTHOM cayuae, Koraa f={(x). Ilpu stom auddepenuuann-
HOe ypaBHEHHE CBOIHTCS K KBajpaType, a BCe CXeMbl YHCJEHHOrO
MHTErpHPOBAHHS TePEXONAT B KBajpaTypHule dopmysanl. Jlerko yGe-
JIUTbCSA, UYTO cxeMma (22) mnepexomuT B Qopmyay cpemHux (4.16),
cxema (23)—B dopmyay Tpaneuuit (4.7) c marom ki, a cxema (24) —
B ¢opmyny Cumncona (4.11) c marom h/2. Hanomnum, uro maxo-
paHThl OCTAaTOYHHIX UJEHOB 3THX (OPMyJ Ha paBHOMEPHOH CceTke
C YKa3aHHBIMH IlJaraMH COOTBETCTBEHHO paBHHI

b—a " b—a,,
Repex =5 W* max |[["|, Rupan =—75- h*max|["|,
27)
b—a ) (
Rcmm =mh4 max |fIV I'

UucnenHble KO3(QHIMEHTE B OCTaTOYHBIX u/leHax (27) MaJwl;
3TO fBJSIETCA OZHOH W3 NPHYHH XOpoLleH TOYHOCTH cxeM PyHre—
Kyrra.
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Kakumu us ¢opmyn Pyrre—KyTha nenecoof6pasHo Iosb30BaTheA
B KaX1IOM KOHKDETHOM CJyyae U KaK BBIOMpaThb ILIar CeTKH?

Ecnu npasas uyacTh xuddepeHIHaNbHOrO YpaBHEHHS! HeNpephiBHA
¥ OrpaHvyeHa BMeCTe CO CBOMMH YeTBEPTHIMH MPOHU3BOAHBIMH (H 3TH
MpOHU3BOAHBIE He CJAHIIKOM BeJIHKH), TO XOpOIUHe pe3yJbTaThl JAaeT
cXeMa uerBepTOro nopsiika (24) Gnarofaps OueHb ManoMy KoOapdu-
IMEHTY B OCTATOYHOM YJieHE H ObICTPOMY BO3PaCTAHHIO TOYHOCTH IIPU
yMeHbUIeHHH Inara. Eciu Ke mpaBas uyacThb He HMeET YKa3aHHBIX
IIPOU3BOJHEIX, TO IIpele/bHEIA NMOPSALOK TOYHOCTH 3TOH CXEMHI HEe MO-
JKeT peanu3oBarbcsl. Torja He XyAumHe (XOTs, IO-BUAHMOMY, H
He JIy4lllie) pe3yJbTaThl JAIOT CXeMbl MeHbIIEro Mopsiika TOYHOCTH,
paBHOro MOPSJKY HMMEOUUXCS ITPOM3BOAHBIX; HalpuMep, ANS JBY-
KpaTHO HeNMpepeIBHO Au(depeHIHpYyeMbIX NPAaBbIX YacTel — HECTI0XKHEIe
cxembl (21)—(23).

Iar ceTkn craenyer BbIOHpaTbh HACTOJNBKO MaJbIM, 4TOGHI oGecre-
YHTh Tpe6yeMyl0O TOYHOCTb pacyera; JAPYIHX OrpaHHYMBAIOLIMX Iuar
ycnoBu#i B Mmerofle Pynre—Kyrra ner. Ho BbIpaKeHHS OCTaTOYHBIX
usiedoB Thna (18)—(19) caMIIKOM IDOMO3IKH; IO3TOMY ampHOPHBIMH
OlleHKaMH TOYHOCTH JJId BeifOpa Ilara B NpPaKTHYECKHX pacueTax
He TMOJBb3YyIOTCH. Y JoOHee JenaTh pacyeThl CO CTryIIeHHeM CeTKH,
JaBasi alloCTEDHOPHYIO OIEHKY TOUHOCTH (moApobHee 3To GyleT pac-
cmoTpeHo B m. 11).

Berpevarorcss BaxHBE 3anaud, B KOTOPBIX (YHKIMH SIBJISIOTCS
JIOCTATOYHO TJIaJKHUMH, HO HacTOJbKO OBICTPO MEHSIOUWMMHCSH, YTO
cxembl PyHre—KyTra Kak HM3KOro, Tak M BHICOKOrO NOpSiZKa TOY-
HOCTH TpeOyIOT HeNpHeMJIeMO MaJsoro Iara Ijs INOJNY4eHHs YyLOBJe-
TBOPHTEJIBHOrO pesyJbTaTa. Takue 3ajaud TPeGYIT HCIONb30BaHHSM
(a Hepenko — pa3pabOTKH) CHeELHANbHBIX METOLOB, OPHEHTHPOBAHHHIX
Ha IaHHBIH Y3KHH KJjacC 3ajau.

7. Merop Apamca. Bynem paccmarpuBarh NpaByl0 4YacTb ypaB-
HeHHs [ (X, u) He Ha Bce#l IJIOCKOCTH ee apryMeHTOB X, 4, @ TOJBKO
Ha OMNpeJleleHHOH HMHTerpajbHOH KpPHUBOH « (X), COOTBETCTBYIOIEH
HCKOMOMY pemenuto. Torsa oHa OyfeT ¢yHKIHeH TOJNBKO OIHOrO
aprymenra x; o0O3HauHM ee yepes

Fx)=f(x, u).

ITycTs Ham yKe H3BeCTHO MNpHO/IMKEHHOE pElIeHHe B HECKOJb-
KHX TOYKaX CeTKH: Yn, Yn—q1s +--» Yn—m. 1OTHA B STHX TOUKAX
H3BECTHH TakXKe F () =f (e, Yr). B OKpecTHOCTH 3THX Y3/I0B MOXKHO
NPHOJIMKEHHO 3aMeHHTb F (¥) HHTEpPIOJISIHOHHBEIM MHOTOYJIEHOM,;
3alHIleM ero J1Js HepaBHOMepHOH ceTkH B ¢opme HreioTona (2.8):

F(x)'—“'F(xn)'l'(x—xn)F(xn’ xn—1)+

—I—(X—Xn) (x_xn—l)F(xnv Xn—-1» xn—2)+
F (X —%n) (x—Xp-1) (X —Xn—3) F (X, Xn—1, Xn-3, Xn-3)+... (28)
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OrpaHnyuMcst TONBKO HANHCAHHBIMH UJN€HAMH, TaK KakK yXke OHH
o0ecreynuBalOT UYeTBEPTHIH MOPSJIOK TOUHOCTH. JIJIsST BHIYHCJAEHUSA
pelieHnss B CleAylOWed TOYKe 3anuileM AudpdepeHnHanbHOR ypaBHe-
HYe B HHTerpajibHOH ¢opme

*n41 *n+1
Unpy =t § Flx, u(@)dr=u,+ | F(x)dx (29)
xll xn
W TOACTaBHM B HEr0 HHTEPNOJANMOHHBIA MHorouneH (28). ITomyuum
dopmyny Anamca A5 NepeMeHHOro Iuara

Yn+1 =yn+hnF (xn)—‘-%hﬁF (x,,, xn_l) -+
+ %hi (2h”+3h;l—1) F (xm Kn--1s xn-—z.) +

+ 153 (303 48Rty Bty -6k _ 1 -6yl g) X
XF (Xn, Xpn—1y Xn-9, Xn-3), THE hyp=2Xp.q— X,. (30)

Sra ¢opmyna uMeeT YETBEPTHIH MOPSAAOK TOUYHOcTH. Eciu orGpocutsb
Tnoc/efHee cjaraemoe, nMony4YuM (OpPMyJy TPETbero NopsifKa TOYHO-
CTH. AHaJIOrM4HO NoJiy4aroTcss GOpMyJibl HH3WIHX nopsakoB. dopmysna
[IepBOro TOpPSIKA COBMAfaeT CO CXeMOH JIOMaHBIX.

Yame nosab3yloTcs MeHee TIPOMO3IKHMM BapuantoM ¢dopmyasl (30),
paccyMTaHHBIM Ha IMOCTOSIHHBIA LIar MHTerpupoBaHus. Bwmecro pas-
IEJNEHHBIX ~ pasHOCTedl  BBOAAT  KOHEUYHBle  pasHOCTH  APF, =
= p! F (X4, Xp-g, ..+ Xp—p), IPUOJIM3UTENILHO PABHbIE p-i NPOU3BOAHON
B TOYKe (X,-+Xp-p)/2, ¥ noaydawor

1 5 3
Yurs = Yo+ hFn o WA+ BAPF, + 5 A, (31)

OcraTouHblit 4/ieH 310l dopMmy/bl paseH (251/750) % F1V (x).
Merox Ge3 M3MeHEHHH NEPEHOCHTCS Ha CHCTEMbl ypaBHEHUE mep-
BOro mopsiaxa Tumna (25).

. Uto6bl HayaTh pacyeT METOXOM AJlamca, HeJIOCTATOYHO 3HATH Y (X,).
Ilns Havana pacyera mo ¢opmyse (30) Hano 3HATb BENMUYHHY pelle-
HHSl B YETHIPEX TOYKAX Xy, X;, X, X3 (@ mpH QopMyJe p-ro nopsuka
TOYHOCTH — B p Toukax). Ilo3ToMy HaZo BBIMUCIHTH HELOCTAOLIHE
3HAYeHUs Y, KaKUM-JIH60 IpyruMm MeTonom — meropoM Pyure — Kyrtra,
uiau pasnoxenvem no c¢opmysne Teiinopa (13) —(14) ¢ mocrarouno
GospiiuM uucioMm 4ieHoB. [Ipu paGote Ha OBM 370 BIBoe yBenHYH-
BaeT o6bem mnporpamMmbl. Kpome toro, ¢dopmyas (30) rpomosnku,
a HecMOXHHE (opMyJbl (31) paccuHTaHBl TONBKO Ha NOCTOSHHBIH Liar
H TpeGyIOT HeCTaHJAapTHHIX NEHCTBUMH NpH CMEHE Llara: Hajo nepeiTu
K ¢opmynam (30), caenath Mo HUM YEThIpe Liara ¥ CHOBA BepHYTHCSH
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K ¢opmynam (31). Bce 3T0 nemaer meron ApmaMca HeyAOGHEIM s
pacueroB Ha OBM.

Buemrse 3TOT MeTon mNpHUBJEKaTeNeH TeM, YTO 3@ OJMH IIar Npu-
XONUTCSl TOJNBKO ONMH pa3 BBIUUCAATH f (X, u), KOTOpast MOXKeT ObITh
OueHb CJOXKHOH. A B uyeTeipexuseHHoi# cxeme Pyunre — KyTra Toro xe
nopsiiKka TOYHOCTH f (X, ) BBIUMC/IsETCS 3a 1uar 4eTwipe pasa. OnHako
KO03phHUIMEeHT ‘B OcTaToyHOM useHe (27) cxembl Pynre — Kyrra (24)
meHblle B 960 pas, uem B cxeme (31)! 3HauuT, NIpH OXMHAKOBOK TOY-

HocTH cxeMa Pynre — Kyrra (24) mossosisier 6pats mar 8 3/ 960 = 5,7
pasa kpymHee, T. €. (JaKTHYECKM BBIYHUCIAATD [ (X, u) Haxe MeHbllee
4hCIO pas, ueM B MeTofe Anamca.

[Mostomy ceftuac Meton ApnaMca M aHaJIOTHYHBIE METOAbl (HANpH-
Mep, Munna) ynorpebasiorcs pexe Merona Pynre — Kyrra.

8. HesBuble cxembl. Ilpenbinymue meropsl GbLIM SBHBIMH, T. €.
3HAUEHHE Y4, ONPENeNSIOCh 3@ 3apaHee H3BeCTHOE YUCJO AEHCTBHH.
[Tpumep HesABHOH CXeMBl NOJYYHM, eC/IM 3amuiueM AuddepeHuHaNb-
HOe ypaBHeHHe B HHTerpajbHOH dopme (29), a uHTerpas no oxHoMy
HHTepBa/ly CETKH NpPUONMKEHHO BBIYHCIMM MO dopmysae Tpanemui

Ynir="Yn+ _;‘ hf (% yn) +I Fnr1s Ynro)]- (32)

Pemass 310 asnre6panyeckoe YypaBHEHHE, MOXKHO ONPENENHUTb Y,iq,
KoTopoe U GyaeT NpHO/NKEeHHEIM 3HaUCHHEM HCKOMOTO peleHus u (X,).
Cxema (32) umeeT BTOpOH NOpPSNOK TOYHOCTH, JONMYCKAeT CYET Hepas-
HOMEpHBIM I1aroM, He TpeOyeT CIeLHaNbHBIX INPHEMOB NJs Havaja
cyera. :

Ho y 3T0i1 cXxeMbl ecTb cepbesHble HENOCTATKHU.. Bo-nepBLIX, HeusBe-
CTHO, HMMeeT JH YypaBHeHHe (32) BelleCTBeHHBIH KOpEHb,.T. €. pas:
pelinma Ju 3afnaya. MoxHO NpHBecTH NpHUMep, KOTAa NPH GOJIbIIOM
mware KopHs HeT. Ilyerb f(x, u)=u? u 24 (0)=1; Torna Ha nepsom
mare y; =1+ —% h(l+43) uw npy h>(14+12)! BemecrsenHoro
KOpHSI HeT.

Bo-BTOpHIX, Aae eciu KOpeHb €CTb, TO KaK ero HaiTh? Meton
HploTOHa nMpuUMeHATh HeXeJaTeNbHO, TaK KaK JJIsl 3TOTO Hamo Aud-
depenuuposars f(x, u). Merox mHenenuss mnonosaMm He oGoGuiaercs

Ha cucTeMbl ypaBHeHuH. OcTaercss MeTOX NOC/IENOBATeNbHHIX MPUGIIH-
XKeHHH .

Y% 1= Y+ AL s 9+ F (s 05T D (33)

OmHako OH CXOAMTCSH K KOpPHIO, TOJBKO ecau 4|f,|<<2, T. e. mpu
JIOCTaTOYHO MaJioM Iuare. Ecam B xome pacuera f, Bo3pacraer, To
utepanuu (33) MOryT INepecTaTb CXORUThCH.

Ot mociiefiHelt TPYAHOCTH MOXKHO .M3GaBUThCS, 3a0[HO YMEHLIUMB
06beM BbYMC/AeHHH. [I1 3TOro orpaHHYMM 3apaHee YHCJIO UTepauHi
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U paccMoTpuM (33) Kak caMoCTOATENbHYIO ABHYIO cxemy. OueBHAHO,
BOMpOCA O CYIIECTBOBAHHH KODHS NPH 3TOM He BO3HHKAET; Y, BCeraa
onpeflensercs, Naxe ecHM ajrebpanyeckoe ypaBHeHHe (32) Bemect-
BEHHOTO KOpHS He HMeeT.

Ponp umcna Wrepamuii XOpOIIO BHAHA HA TPUMEpe ypaBHEHUS
u’ =f(u). EcrectBeHHOe HYyJleBOe NPUOMHKEHHE €CTb Yn'y|=y,, TaK
YTO nepBasi U BTOpAasl HTePaluH -

ygil-l = yn‘l"hf (yn)'
)
U1 =Yt B )+ F )]

SIBNISIIOTCS COOTBETCTBEHHO cXeMoH somaHblX (15) mepBoro nopsaka
TOYHOCTH M cXemoil PyHre— KyTTa BTOpOro mopsgka TOYHOCTH (23)
THNA «MPeIHKTOp — KoppekTop». [laibHeHle UTepalyH ykKe He yBe-
JU4aT NOpsAKa TOYHOCTH, TaK KakK OH He MOXeT GHIThb Bhillle, YeM
B HCXOIHOH cxeme (32); OHH BJHSIOT TOJBKO Ha KO3D(UIHEHTH
B OCTATOYHOM YJ/JIeHe U yBeIHYMBAIOT BpeMs cyera.

Takum o06pasoM, HesiBHbIE CXE€Mbl C 33JAHHBIM YHCJIOM HTepauui
Majio OT/IHYaloTcss OoT cxeM PyHre — KyTra u ObIBalOT yIOGHB! JUIIb
IJ1s1 HEKOTOPHIX HeCTaHAApTHBIX 3alau. Ho oHM mpuUBOOAT K HHTe-
PECHOl HIee OrpaHHYEHMs YHCJIA HTepalHi. .

Ectp sMnupuueckoe npasu/o, B o0LieM cly4ae He OGOCHOBaHHOE.
ITycrs ans perenus nuddepeHnHaNbHOrO ypaBHEHHS] HalMCaHa HesB-
Has cXeMa p-ro mopsiaka TouHoctH. PaspemmM ee Merozom mocseno-
BaTeJIbHBIX NPHO/IMKEHHH aHaNoruyHo (33) M 3anaiuM YHCIO HTepa-
nuii. Torna mpu ONHOH WTepanuM MOJNYYMM CX€My NepBOTO MOpsiiKa
TOYHOCTH, NpPH JABYX —BTOPOr0 H Tak jajee, MPH P UTEPALHUSIX —
p-ro nopsiika TOYHOCTH. [lanbHediuee yBelnyeHHe YHCIa HTepamuit
yKe He yBeJUuYNBaeT MOPSAOK TOYHOCTH.

OT0 npaBW/JIO OKAas3hiBAETCS MOJIESHHIM Jaxe JJIs ypaBHEHHEH
B YAaCTHBIX INPOM3BOAHLIX. ITo cyliecTBy cxema C 3aJaHHBIM YHCJIOM
WTepaluil ecTb HOBasi siBHasi cxeMa. Ilo3ToMy 3iech He BO3HHKaeT
BOIIpOCA O CYIECTBOBAHUH KOPHS WJIM CXONMMOCTH HTEpaIui, noxob-
HHIX (33).

9. CnenuanbHble MeTonsl. M3 Bcex 4YHC/IEHHBIX METONOB HHTErpH-
pOBaHUA OOLIKHOBEHHHIX AH(depeHIHaNbHEX ypaBHEHHH, pacCuHTaH-
HBIX HAa NpPOM3BOJbHLIE YPaBHEHHs (TOUHee, Ha KJacChl ypaBHEHMH,
y KOTOpDBIX NpaBhble YacTH HMEIOT ONpeNeJIeHHOE YHMCJO HelpephiBHLIX
M OrpaHMYeHHBIX NPOM3BONHMLIX), HAWUNyYINME PE3yJabTaThl U MPH pac-
yetax Ha DBM, u npu pyyHbIX pacyeTax naroT MeToAs Pynre — Kyrra.
IlosToMy, mnpucTymasi K pelleHHI0 KaKOH-TMG0 KOHKDETHOH 3alauu
Komn, o6biyHO mpo6YIOT peliuTh ee OJHOH U3 OMHCAHHHIX B M. 6 cxeM.

Ho Bbime oTMeyasoch, 4TO BCTPEYaloTCsl 3afau ¢ GhICTpomepe-
MEHHBIMH pellleHHsMH, Korjaa Bce cxeMmbl Pynre — KyTra ans noayue-
HHUS  YIOBJETBOPUTENbLHOH TOYHOCTH TPEOGYIOT HENPHEMJIEMO MaJjioro
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wara. XapakTepHbIM TIPHMEPOM TaKO# 3ajauy HABJAETCS CHCTeMa
ypaBHEHUH XHMHUYECKOH KHHETHKH.
CHayana pasfepeM 3ajayy XHMHYECKOro pacraja OJHOTO BellecTBa

W t)=—a(, wu, u)=u>0, oc‘(t, u)>0; (34)

3lecb u — KOHLEHTpanus BelecTBa, f— BpeMsi, o0 — CKOPOCTb pac-
nana, KOTOpYIO CUMTaeM 3aBUCAWEH OT £ U u (M60 OHA 3aBUCHUT
OT TeMmepaTyphbl, a TeMmIepaTypa ompelessieTcsi BbIEJEHHEM Temja
IpU peakluH W BHEIUHUMH YCJOBUSIMU OXJaXKIeHHs). 3amullleM IJs
ypaBHeHus: (34) cxemy JoMaHbXx (15)

Ynir=Yn[l =10 (ns Y)], T=lnsa—1tn. . (39)

ITo cMeicy 3amauv, KOHIEHTpAlUs BEIUECTBA AOJKHA GHITH IOJIOKH-
TesqpHO#. Ho ecnum cKOpocTb pacmafa HacTOAbKO BeJWKa, YTO XOTS
OBl B ONHOM TOYKe i, = 1/T, TO uuc/ieHHOe peueHue (35) GyHeT 3HaKo-
NepeMeHHbIM, 4YTO (uanyecku OGeccMuicsieHHO. IlpuMeHeHue BMmecTo
(15) cxem Pynre — Kyrra GoJsiee BHICOKOrO MOpsiAKa TOYHOCTH JIHIIb
HeMHOTO ocJa6/sieT YKasaHHOe OrpaHHYyeHHe Ilara, He YCTPaHss ero
(cM. 3amauy 7).

Ins opmHoro ypaBHeHHs (34) 3Ta TPYAHOCTb HECYINECTBEHHA:
€C/IM CKOpOCTb pacnaja o (f, u) BeJHKa, TO BeleCTBO pacrajaercs
3a Mmajoe BpeMms !~ !, TaK YTO 4MCJO WaroB ceTku N =t?/t Gyner
ymepeHHbIM. Ho B cucTeMax ypaBHEHHH XHMHYECKOH KHHETHKH IpH-
CYTCTBYIOT BelleCTBA C CaMbIMH Das3IMYHBIMH KOHCTAaHTaMH pacraja
UIM cuHTe3a (Hepemko oT o~ 10® cek™? no o~ 10-2 cek™?). Torna
OOlMH MPOMEXKYTOK BpeMeHH OyJeT onpelelsTbcs CaMOH MeNJEHHOH
peakuueit (f ~ 100 cek), a JONyCTUMBIH IIAr UHTETrPUPOBAHUA — CaMOH
OricTpoit peakunein (v~ 1078 cek). SIcHo, uTo TaKoii o6beM pacue-
TOB — OKoslo 10° 11aroB — coBepILIEHHO HenpuemseM *).

Jlns nono6HBIX 3ajay NPUXOAUTCS HCMOJIb30BaTh CIElHaJIbHEE
METO/bl, pa3pabOTaHHbIE HMEHHO /IS JAHHHIX Y3KHX KJaccoB ypas-
HeHMH; AN APYTMX KJAacCOB YpPaBHEHHH 3TH MeTOAbl OOBIYHO OKashl-
BaloTcsi HenpUroaHeiMH. Crioco6bl NOCTPOEHHUSI CHELHaNbHBIX METONOB
OCHOBAaHbl HAa H3yYeHHM U HCIMOJb30BAHHUM CBOHCTB OOLIMX pelleHHit
HMCCJIelyeMOro KJjacca ypaBHeHMH. PaccMoTpHM A HEKOTOpBIE CNOCOGEHL.

BOJIbU.II/IHCTBO CHOCO60B OCHOBAHO Ha TOM, YTO IJISl UCXOOH020
ypaBHeHus u’ (x) f (x, u) crapaloTcss HalTH Takoe 6CROMO2QMEAbHOE
ypaBHeHHe v’ (¥) =g (X, v), 4YTOOBl peilleHHe MNOCJEXHEr0 BO3MOXKHO
Gosiee MPOCTO BbIpAXKasloCh 4epe3 3JeMeHTapHble GOYHKUHH, U OpH
3TOM Ha 3aMeTHOM OTpe3Ke H3MEeHEHHsl apryMeHTa BHIIOJNHSNOCH OBl
u(x)~uv(x). VebMH cioBamu, Hiercs NPHOJIMKEHHOE pelleHwue,
HMelolee JOCTaTOYHO HMPOCTOH BHA.

*) Kpome TOro, npu TaKOM YHCJ/e LIArOB CYIIECTBEHHO CKA3hIBAETCA HEKOpPpexTr-
HOCTb 3ajayH, CBA3aHHAA C oWHMOGKaMH OKpyrJieHHd.
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Ilns HaxoXIeHHS NPUOMKEHHBIX PEIEHHH MOXHO TPHMEHHTHb
meron Ilukapa uau gpyrue aHajoru4Heie meToiael. Hepexko ynaercs
I06GUTBbCSl yCliexa, cJerka ynporasi NpaByr YacTb HCXOAHOTO ypaB-
Henusi. Hanpuwmep, eciiu B 3anaue (34) mosioxuth « (¢, u) Ao, = const,
TOrfa BCOOMOraTelbHOE ypaBHeHHe Oyzer o' (f)= —ouv, a ero
pellleHHeM NpH 3aNaHHOM Hauya/lbHOM YCJOBHHM fBJfETCH 0 (f) =uyX
X exp [ — o (t —1)].

IlepBrE#i cnoCc0G6 NOCTPOEHHS CIENHANBHBIX CXeM ynoGeH IS
3HAKONEpEMEHHBIX pellleHuH (Hampumep, OBICTPO OCHUJIHP YIOUHX).'
B Hem paccMaTpuBaeTcsi pasHocTh W (X) =u (x) —v (x). Beunras
BCIIOMOTaTeJbHOE ypaBHEHHe W3 UCXOIHOro, MONYyYHM ypaBHEHHe, KO-
TOPOMY YZAOBJIETBOPSiET 3Ta PasHOCTb .

W () =F (% 0 () +v)— g v (36)

3mech v (¥) — usBectHas .byHKuus. Ecau v (x) nelictBuTesbHO sIBJIS-
€TCsi XOpOLIMM NpHO/IHXEHHeM K pellleHHIo, TO QYHKIHS w (x) HeBe-
J¥Ka, [O03TOMY YpaBHeHue (36) IOJIKHO JIETKO HHTErPHPOBATHCS
o6biyHEIME cxemamu Pynre — Kyrra. ‘

Brtopoii cmoco6 BHIOAEH [/ 3HAKOIOCTOSIHHBIX pelleHuH
(HampuMep, pacTyUMX MO SKCNOHEHLHAJbHOMY HJIH CTENEeHHOMY
3akoHy). B Hem paccMaTpuBaercss OTHOIUeHHe W (X)=u (x)/v (),
a JJ151 CHCTeM ypaBHeHHH — OTHOIUEHHUS Wy, (X) = uy, (X) /v, (x). HeTpynxo
y6eauTbCs, YTO 3TO OTHOIIEHHE YIOBJETBOPSET YPaBHEHHIO

W () =57 [ (5, w0 () —wg (x, v ()], (37)

rjie v (X) — U3BECTHOE NMPHUGJHKEHHOe perueHHe. AHAJOTHYHO NpeXbILy-
niemMy cJydalo, NoJyyeHHOe ypaBHeHHe JOJKHO XOPOLIO HHTErpHpo-
BaThCSl UHCJEHHO cxemamu Pynre — Kyrra.

IMpumep. Eciu ans ypasHeHus pacmaja (34) BOCIOJIb30BaThCA
NpUGTHKEHHBIM pellenneM o (f) = uyexp [—o, (t—1y)], 10 cneunans-
Hag cxema (37) NpUMET CJEAYIOLMH BHA:

w' (f) = —[ag—a (¢, wv()]w;

npu cnabo MeHsomedcss o (f, u) MajJoCTh NpPaBOH YaCTH OYeBHAHA.

Tpetru#i cnocob 3akmoyaercs B TOM, YTO BCIIOMOTaTe/bHOE
ypaBHEHHe PacCMAaTPHUBAETCH HE Ha GOJIBIIOM MPOMEXKYTKE H3MEHEHHS
apryMeHTa, a Ha OJIHOM liuare CeTKH X, << X << X,4;. Depercs ero mpu-
6/IMXKEHHOe pelleHHe v, (X), YHOBJETBOPSAIOIWEe HayalbHOMY YCJIOBHIO
U, (%) = Yo~ u (%,). TlocKOJBKY HHTEpPBAN CETKH HEBENWK, TO Ha
HeM NpUOMMXKEHHOe perleHHe OyneT OGJH3KO K TOYHOMY, IO3TOMY
MOXKHO IIOJIORKHTb U (Xp41) A Ynyg = Up (Xn4y). ITOT crocob o3Hauaer
_HanucaHMEe TAaKOH pPasHOCTHOH CXeMBl, KOTOpPOH pelleHHe BOCIIOMOra-
TEJLHOrO YpaBHEHHSI YJOBJETBOPSET TOYHO, a pelleHHe .MCXOXHOrO
. ypaBHeHHs — NPUONHKEHHO, HO C MaJsoi MOrpPeliHOCTEIO,
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I[Tpumep. PaccmoTpum ypaBHeHHe, BO3HHMKAIOLEe B 3ajayax
TaK HasbiBaeMO# AuddepeHUHATbHOR NPOrOHKH:

w)=—[u+p®), px>0. (38)

Ecnn  nonoxuts p () A= const = pp 4 172 IPH X, << X << Xp44, TO BCIIO-
MOraTe/ibHoe YpaBHEHHE NPHMET BUJ

v ()= —(v®+p), p=const.

OHO uHTErpHpYyercst B 3/eMEHTApHBIX (DYHKUHMAX

arctg %”/Lg — arctg :/—”6 =—h)p.

310 COOTHOILIEHHe $IBHO paspellaeTcsi, JaBasi TaKyl0 CIELNHANBHYIO
cXeMmy: '

> —_— yn_Vpn+l/2 tg (” 1% Pn+1/2) 39
= _ . a
Ynia VP"—I— 1/2 V9n+1/2+yn tg (h Vp_)n+ e (39a)

Ecnu moxuo cuntats £} p <1, To cxema (39a) ympomaercst:

Y—h0n 1 1/2
Yn1= W . (39)

Cxembl (392) u (396) malOT Hem/OXHe pe3ysNbTaThl JaXe B TeX CIy-
yasx, KOTJa YCJOBHE YCTOMYMBOCTH NPOTOHKH HAapYIUEHO, 8 TOYHOE
pelenne 3anaud (38) MMeeT MOJIOCHL.

Ipu ucmonb30BaHUM TPETHETO CrOcoGa OOBLIYHO YIAeTcs MOCTPOUTD
CXeMbl NepBOTO MJIM BTOPOro NMOPSAKA TOYHOCTH, HO C MaJbIM OCTa-
TOYHBIM UYJEHOM (TOYHee, Maja MO BeJHYHMHE KOMOMHALMS NMPOU3BOL-
HbIX, BXONfINasl MHOXKMHTeNeM B OCTaTOYHHIH UJeH); CXeMHl GoJsee
BLICOKOTO MOpSKAa TOYHOCTH MNOCTPOMTH 3THM MyTeM TpynHo. Ilep-
Bbli M BTOpOH Cmoco6bl IO3BOJSIIOT HCIOJb30BaTbh CXeMbl PyHre —
KyTra BEHICOKOrO MOpsiiKa TOYHOCTH, HO OCTAaTOYHBLIH 4YJE€H NpPU 3TOM
OyneT He O4YeHb MaJs, HOO pellleHHs 4 (x¥) U v (X) Ha GOJBIIOM OTPe3Ke
H3MEHEeHHs] apryMeHTa MOT'YT 3aMeTHO OT/IMYaThCs, M NpaBble 4acTH
ypaBHenu#i (36) wmam (37) craHoBsiTca GonpuwuMu. OnHAaKO nepBwifi
H BTOPOH CHOCOGHl TAaKXe MOXKHO NPHUMEHHTb K OJHOMY HHTepBasly
CeTKH; Ha 3TOM NYTH MOXHO IOCTPOHTb CIelHasbHble CXEMbI BBICO-
KOro nopsjka TOYHOCTH C MaJblM OCTaTOYHbLIM YJeHOM. 3aMeTuM,
YTO BCe 3TH CMOCOOHLI MO CYHIECTBY SKBHBAJIEHTHBI CMeLHaNbHO- MOL06-
PaHHBLIM HeJMHEHHBHIM HHTEPNOJIALNHMAM HCKOMOTO pelleHHS.

YrnomsiHeM YeTBepTH H cnoco6, 3aKk/M0OYaoOluicsa B NOCTpoe-
HMM TaK HasbiBaeMblX TOYHBIX pPA3HOCTHBIX CXeM, KOTOPHIM TOYHO
YIOBJIETBOPSIET pellleHHe HCXORHOH 3ajnaud. Kosddunuentsl Takux
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cxeM OOLIYHO SABJSIOTCH (YHKLHOHAJAMH OT KO3(DUIMEHTOB UCXOA-
HOTO YpaBHeHHUsl (M MOT'YT 3aBHCEThb TdK¥ke OT MCKOMOIO pelLleHHS).
Ho TexHHKa NOCTPOEHHUS TOYHBIX cXeM OoJiee CJIOXKHA, ¥ MBI HX He
GyneM paccMaTpuBaTh, OTChbUIafA 4MTaTe]s K MoHorpapuu [30].

10. OcoGOble TOukH. PelleHne MOXKeT UMETb B OTJEJbHBIX TOYKAX
OTpe3Ka HHTETPHPOBAHHS OCOGEHHOCTH, OOYCJ/OBJEHHBIE OOpalleHVeM
B GECKOHEYHOCTb INpaBoH 4YacT f (¥, u) WIM KakOH-HUGYIb ee mpo-
" uspopHo#i. CHauana paccMOTPUM C/ydaH, KOria HayajbHas TOYKa
X=2x, sBAseTcs 0co60H. EcTb Tpu OCHOBHBIX Croco6a YHCJIEHHOTO
HHTETPUPOBAHUSl TakuX pemeHud. PaccmorpuM uX Ha npumepe
3aJjauH |

W) =gymtut (), #(0)=0, (40)

e fipaBasi 4YacTb B Haya/JbHOH TOUKe oOpalaercs B 6ECKOHEYHOCTb;
OYEBHJHO, HAYMHATb HHTerpUpoBaHHe MO cxeMe Pynre— Kyrtra
JII0GOTO MOpsJKa TOYHOCTH IPU 3TOM HEBO3MOXKHO.

I[TepBbofi cn0oCc06—>3T0 HAHTH TaKyl0 3aMeHY NepeMeHHEX,
KoTOpasi INpeoOpasyeT YypaBHeHHe K BHIY, HE HMeEIOLIEMY OCOGEHHO-
creii. Jnsa 3agaun (40) JocTaTOYHO CHeNaTbh 3aMeHY apryMeHTa x = f2;
TOTJia 3Ta 3ajauya NpPHHUMAeT BHJ

d
=142t u(0)=0,

KOTOPHIfl JONYCKaeT IpHMeHeHMe CTAHAAPTHBIX UUCJEHHHIX METOZLOB.
BTopoi cnmoco6— nocTpouTh B HEGOMBIUOH OKPECTHOCTH 0CO-
6o TOYKH MPUONMKEHHOE pellleHHe, BhHpaXKeHHOe yepe3 3JeMeHTap-
Hble (WM Jpyrue JIETKO BhuKc/Asomuecs) GyHkuun. Hampumep,
BHIOMpasi HyJeBoe MpHOMMKEeHHe Y, (x) = 0 u mpuMeHss K sanaue (40)
meron Ilukapa, nomyunm :

nW=V% 6@ =Vitge, ..

OtcTynuM OT 0cOG0Of TOYKM Ha KOHEYHOE PAcCTOSIHHE B HEKOTOP VIO
TOYKY X; U BHIYMCAMM B Hed pelleHHe ¢ TpeGyeMOil TOUHOCTBIO
Ha OCHOBe HalileHHOro npubmauxeHusa. Touyka x; yxe He ocobas;
ee MOKHO CUMTATh IEPBBIM Y3JIOM PAa3HOCTHOH CETKH U BECTH U3 Hee
MHTETRUPOBaHHe CTAaHAAPTHLIMH YHCJIEHHBIMH METOJaMH.

Cnenyer nNOMHHTb, 4YTO €CHM TOYKA X; JEXKUT OJHU3KO K X,
TO InpaBas YacTb YpaBHEHHMS HJH ee MPOU3BOJHBIE ellle BENHKH
B 3TOH TOYKE H CTaHJAPTHHIE YHCJEHHBIE METONBl AT 3aMETHYIO
NOTPEIHOCTh BOAHM3H TOYKH X;. [losToMy KesaTesnbHO BHIGUpATh
TOYKY X; NMojaJblie OT X,. Ho Toraa, yro6bl BHIYHCIUTL U (X;) C HYX-
HOl TOYHOCTBIO, HEOGXOAUMO CTPOMThb NOCTATOYHO XOpollee HpuUGIH-
;lgle}moe pelLleHHe: Hanpumep, 6paTk BLICOKHE NPHOJIMKEHUS METOAA

HKapa.

9 H. H. Kanutkus
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Tperuit cnmoco6— cocraBurb A5 JAHHOH 3a/lauyyl CNENHAJbH YO
cXeMy, NO3BOJIAKIYI0 BeCTH YHCJIeHHOE HHTETPHpOBaHHE Herocpen-
CTBEHHO OT Oco0of TouKM. Hampumep, npOWHTErpupyeMm ypaBHEHHE
(40) no oxHOMY HHTepBaJsy CETKH, U IIEPBOE C/1araeMoe B MONBIHTErpasb-
HOM BBIDaXEHUH IIPOMHTEIDUPYEM TOYHO, a BTOpoe — 0 Qopmyse
NpSIMOYTOJILHUKOB € HCIO/b30BAHUEM JIEBOrO KOHIA HHTEPBAJa; TOTNa
TOJTyYUM

*nai

on = yn+§ |7t ro|a~
N.L/n"l‘(-l/ml-_]/)?n)‘l" (xn+1 —X,,) y’2‘1° (41)

310 sBHAs cxeMma, HaloOMMHawmas cxeMy JomaHwx (15). Ona moctpo-
eHa 1o ofGpasiy CxeM IepBoro mopsiika ToyHoctd. Ho umeer nu sra
cxema Ha camoM zene TouHocTh O (h) — 3apaHee He OuYeBHIHO, HGO
NpOM3BOAHLIE NPABOH YacTH YypaBHeHHs (40) He orpaHuYyeHml; 3TOT
BONIpOC TpebyeT NOMOJHUTEJNBHOTO HCCJIEeNOBaHUS.

Ecou pellenye umeeT 0cOGGHHOCTH BO BHYTPEHHHX TOYKaX OTpe3Ka
HHTETPUPOBaHUS, TO IPH 3TOM OOLIYHO HeJb3sl CKasaTb 3apaHee,
B KaKHNX HUMEHHO TOUYKax: IpaBasl yacTb f(x, u) 3aBUCHUT OT pPellleHHd,
KOTOpOe HaM He H3BeCTHO. B 3ToM ciyuae uesecoo6pasHO NMPUMEHATb
TPEeTHH CrIocO6 — COCTAaBJATh CIElUaJbHbIE CXeMbl, He Tepsloliie CBoeH
NPUMEHUMOCTH BG6JM3H 0coGhix Touek. IIpumepom siBnsiercs cxema (39),
N03BOJIAIOILAS. BECTH CKBO3HOH pacuer JaxKe NpH HaJUYUH y pelleHus
0COGeHHOCTEH THUIA NOJIOCOB.

11. Crymenue cetku. Kak monyuntb TpeGyemyio TOYHOCTb pacyera?
AnpuopHbie OUEHKHM TOYHOCTH AJISi 9TOTO MaJjo MOJe3HH. Bo-mepBhix,
OCTaTOYHBbIE 4JIeHbl BHIPAXKAIOTCS Yepe3 [IPOM3BOJHBIE pelleHHs1, KOTOopoe
IO HayaJjia pacyera He U3BECTHO. BO-BTOPHIX, anpHOpHLIE OLEHKH OOLIYHO
AIBJISIIOTCS1 MaXOPAHTHBIMH H MOT'YT BO MHOIO pa3 MPeBOCXOAHTb anK-
THYECKYIO0 OIINOKY pacuera.

VimeloTca craHpapTHele NpOrpaMMel YHCJEHHOTO HHTETPHPOBaHHS RubbepeH-
IHANbHBIX yPABHEHHH C TAK HA3EIBAEMBIM «ABTOMATHYECKHM BHLIGOPOM inara». B Hux
Kaxcplii War BeIGHpaetcss Tak, 4TOOb BHOCHMAs HA HeM IOTrpeIlHOCTh He MpeBhliliajia
3aJlaHHOM BeIMYHHB. HO NpH 5TOM He yuHTHIBAeTCA, YTO 5Ta MOTPEIIHOCTE B XOAe
IanbHefIIHX pAacyeToB YMHOXaeTcs HA BeNTMYHHY THIA SKCMOHEHTH B (18), T. e.
MOXeT CHJbHO Bo3pacTH. Kpome Toro, ofllee YHCMO IIAroB 3apaHee He ompepe-
JeHo. B pesysnbrare akTHyeckas TOYHOCTb pacuera 1O MOAOGHEIM NPOrpaMman
OGEIYHO HEH3BeCTHA.

ITostoMy OCHOBHBLIM NPAKTHYECKHM IIPHEMOM SIBJISIETCSA aNOCTepH-
OpHaf olleHKa TOYHOCTH. [lJifl ee moJyyeHHs pacyeT NPOBOAAT Ha ABYX
M Goslee CTYLIAOWIMXCA CeTKax U MPUMEHSIoT npaBujo PyHre umu
Pynre — PomGepra (cm. raasy 111, n. 3). Hanomuum, B 4eM OHO 3aK.io-
yaercs.

BcnomHuM anpHOpHYIO OLEHKY MNOTPEIIHOCTH cXeMbl JoMaHelX (18).
3anuieMm ee, omyckas MepBoe cjaraeMoe, CBSI3aHHOE C HETOYHBEIM
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3alaHHeM HaydaJbHBIX NAHHBIX:
1 x X
() =5 {dh@u @exp| | fudn); (42
Xo T

sfieck h(x) ectb Hekotopasi (YHKIMS, 3HAYEHHE KOTOPOH B KaKIOM
y3/1€ CeTKH NaeT BesquuuHy mara. s cxeM Goslee BBHICOKOTO MOPSiAKa
TOYHOCTH P OCTATOYHBLIA YJEH HMeeT aHaJOTHYHYI0 CTPYKTypy, HO CO-
nepKut AP (x) H COOTBETCTBYIOLIHE MPOU3BONHbIE PELICHHs] UJIM IIPaBOi
vactu f(x, u).

Eciu cetka paBHOMepHasi, h (x) =h=const, To OoCTaTOuHHII 4JeH
THna (43) ANA CXeMBl p-rO MOPSAKA TOYHOCTH NPOMOpLMOHaNeH AP,
ITostomy npu crymeHu:n paBHOMEDPHOH CETKH INPHMEHHMA OLleHKA
TouyHoCcTH 1O Pynre. Ecnu uMeloTcsi YHC/IeHHBle peLIEHHs] Ha IBYX
ceTkax y(x; h) v y(x; rh), roe r>1, TO NOTPEIHOCTh pelleHUs
Ha CeTKe C MeHBIIMM IIaroM COCTaBJ/IET

Ay (x; h) A~ y_(:f_h)_:y_(_x_rQ ‘ (43)

rp—1

BMecTo OUEHKH TOYHOCTH MOXKHO mNorpemHoctb (43) npu6aButh
K YHCJEHHOMY pelleHHI0, YTOYHHB €ero:

Gls H=y(s b4 LED0ED (44)
HO Torna BOIIpOC 0 l'IOl"peLUHOCTH ,YTO‘-IHeHHOl‘O pemeHHH ocCTaercs

OTKPBITHIM. : ,

ITpuBenenHoe paccyXJeHHe CIpPaBelJMBO M B TOM cJy4ae, ecJH
CEeTKH C PasHbIM YHUCJIOM Y3JOB He DPaBHOMEPHH, HO MX MOXKHO OIH-
catb QYHKIUAMH A (X), OTHOLIEHHEe KOTOPHIX €CTb A (X) /Ay (x)=r =
= const. D10 BLINOJHAETCS, HANPUMED, A/ KBa3HPaBHOMEPHBIX CETOK
(onucannbix B raase III, m. 4).

ITpu BriBOZE OneHOK Tuna (18) crapwuMmu 4ieHamu ¢opmyss Tei-
jgopa (13) npenebperator. Ecau ux yuyecTb (cumTasi mpaBylo uacTb
ypaBHEHHS HeNmpepHBHO AuddepeHnHpyeMOi N0CTaTOYHOE YHCJO pas),
TO MOTPELIHOCTh BBHIPA3UTCST CYMMOH, TJe MNOCJELYIOMIHE claraeMble
cofiepar 6oJiee BLICOKME CTENeHH h (X) ¥ COOTBETCTBYIOLIHE NMPOU3BOJI-
Hble. B 3TOM ciyyae MOXKHO YTOYHSTH YHCJIEHHOE pellleHHe MO mpa-
Bu1y Pombepra MM MO PeKypPeHTHOMY NpaBusly PyHre, ucnosb3ysi
pacyeThl Ha k pasiuuHbIX ceTkaxX. IIpHMeHeHHe 3TUX TPaBUJ 3KBU-
Ba/JI€HTHO IIOCTPOEHHIO HEKOTOPOH CXeMbl 6oJiee BBICOKOTO MOPSAKa
TOYHOCTH ¢ =p-+k— 1, THe p — NOPANOK TOYHOCTH HCXOZHOH CXEMEI.
Pasymeercsi, ¢aktudecku noayuutb TOowHOCTH O (R9) MOXKHO TOJBKO
17151 ¢ pa3 HelpephlBHO AubDepeHIUpYEeMbIX peIeHud u (x).

IlpaBuo PyHre mnpuMeHHMO mNJIsI CETOK C JIOGHIM OTHOIUEHHEM
maroB r. Ho ucnonb3yioT ero npenMyliecTBeHHO IJs IEJOro 7,
KOTla BCe Y3/bl MeHee NOJAPOGHOH CETKH ABJAIOTCA yslaMu GoJjiee

O*



260 OBBIKHOBEHHBIE NH®PEPEHLHUAJIbHBIE YPABHEHUSA [TJI. VIII

1
NoApO6HOH; 0cOGEHHO YHOGHO crymarb ceTKH Bisoe (puc.. 44). Ilpu
3TOM KaK M DPaBHOMEPHHIX, TaK M N KBasHPaBHOMEPHLIX CETOK
YCJIOBHE COBIIaJeHUSI Y3J/I0B BBLINOJHSETCH.

B Tex ysJjax, KOTOpble SIBJISIIOTCS OOMIMME IJisi HECKOJIbKHUX CETOK,
MOXKHO VTOUHHWTH Y (X) HeIOCpeACTBeHHo no npaBuny PyHre (44).
Tak, B n-M y3/le MOXHO YBEJHUYHTh {fIOPSJOK TOYHOCTH Ha ABOHKY,
B (n+2)-Mm—mHa enununy, a B (n-41)-M—Heab3ss yBeIMYHTDb

(puc. 44). Pasymeetcs, ecau

>—o * 44(r) MBI He YTOUHSIEM pellleHHe, a

JIUIIb  OLUEHHUBAaeM  MOTpell-
. - * 2/(Z) HOCTb, TO JOCTAaTOYHO HAHTU

‘ ee mo ¢opmyne (43) TOJMBKO
e - —s f(z) B 4aCTH Y3JIOB.

Prc. 44, OnHako MOXHO YTOYHHUTH

GyHKUMIO BO BCeX Yy3Jax ca-

MOH MOAPOGHOH CETKH, €CJH

HEMHOTO YCJIOXKHHTb BbIYMCIeHHS. Hampumep, mas IBYX HHXKHHUX

ceToK Ha puc. 44 510 Jdenaercs Tak. cmosb3yeMm coBnajamomiye
y3Jibl CETOK [IJIsi ONpeleJieHHsl NMOMNPAaBOK K 3HaueHUsAM (DYHKIUHU

Am=[y (Xm; W) —y(tm; rM)]/(rP—1), m=n, n+2. (45a)

3HayeHHe MONPABOK B OCTAJNbHBIX Y3Jax Ha#leM mpocTeilledl HHTep-
nonsnueit. s paBHOMEpHbIX HJIM KBa3HMpPaBHOMEPHBIX CETOK MOMKHO
TIOJIOXKHUTD

Ban =5 BatBuss). (456)

3areM BLIUMCIHM YTOUHEHHbIE 3HAYEHHS
J (Xm; h) =Yy (Xm; B)+Apn, m=n, n4+1, n42. (458)

IroT cnocob Jerko o6o6iaeTcss Ha MPOU3BOJbHOE YHCIO ceToK. Takoe
YTOUHEHHE BBITOAHO IJISl CIELHaJbHEIX CXeM TPETbEro THINa, MMEIoUHX
HEBBLICOKHI MOPSJOK TOYHOCTH; BHINOJHHTE YTOUHEHHEe OOBIYHO IpOlLle,
YeM COCTaBHTb CIIEIIMAJbHYI0 CXeMy BBICOKOrO IOpsIAKa TOYHOCTH.

IMpumepsr mpumeHeHusi nmpaBusia PyHre nanel B Tabaune 18 (m. 5)
d Tabnuue 19 (m. 6), comepxamiux yUCIeHHOe pelleHHe 3afauu

W=xwtur, 0<x<l, u(0)=0.

B Ta6auue 18 uHTerpupoBaHHe BHIMOJIHEHO IO cxeMe JoMmaHHX (15),
‘M /s YTOYHEHHWs HCIoJb3oBaHbl ceTku ¢ h=1 u h=0,5; BunHo,
4TO, HECMOTpS Ha IJIOXYIO TOYHOCTb MCXOAHOH CXeMbl, YTOUHEHHOe
pelleHHe He CHJIbHO OT/IMYaeTcs OT McKoMoro. B ra6mmue 19 yrou-
HEHO YMCJeHHOe pelleHWe, HalileHHOe Mo HemJjoxoi cxeme Pynre —
Kyrra Broporo mopsinka TouHOCTH (22); 9TO yTOUHEHHE YXKe G6JIM3KO
K HCKOMOMY pelleHHI0, HeCMOTPsl Ha OoueHb Ipylyio CeTKy.
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§ 2. Kpaesble 3agauu

1. MocranoBku 3apau. Kpaesas 3ajaya — 3To 3ajaua OTHICKaHMS
YacTHOro pelleHus cucreMel (la):

d
a;uk(x)=fk(x, Uy, Uy ooy Up), 1<<k<p,

Ha oTpe3ke a<<x<<b, B KOTOpPOH JONOJIHHTENbHBIE YCJIOBHSI Hasa-
raroTcs Ha 3HaueHHs QYHKUHME U, (x) 6ojee 4eM B OIHOH TOYKE 3TOrO
orpe3ka. OueBHIHO, 4TO KpaeBhle 3aJauyd BO3MOXKHBI I/ CHCTEM
nopsiika He HHXKE€ BTOPOro.

Ceoe mnepBoHaya/JbHOE HAa3BaHHE 3TOT THIN 3ajau [MOAYYHJI MO
NpPOCTEHIIMM CJy4asM, KOTAa YacTb JOIOJHHTEJNbHBIX YCJIOBHH 3ana-
eTcsi Ha OIHOM KOHLE OTpe3Ka, a OCTajbHasi yacTb — Ha JPYroM
(T. e. ToJbKO B TOuKax xX=a U x=2>). Ilpumepom siBasiercst zanaua
HAaXO0XKJEHUS CTaTHYeCKOro nporuéa u (r) HarpyKeHHOH CTPYHBI ¢
3aKpenJyieHHBIMH KOHILaMU

Wwx)=—Ffx), asx<<b, u(@=u()=0; (46)

3lechb f (r¥) — BHelHsAs u3rubamomas Harpyska Ha eNMHUIY JAJIHHbBI
CTPYHBI, J€JEHHAs HA YNPYTOCTb CTPYHHI.

Jlnst ypaBHeHH# uaM cucreM Gojiee BBICOKOTO MOpsiiKa, A€ YHC/IO
JIOTIONIHUTE/IbHBIX YCNOBUH 60Jblle JIBYX, MOCTAHOBKH KPaeBHIX YCJIO-
Buii GoJsiee pasHooGpasHbl. Ilpu 3TOM BO3MOXKHBI CayyaH, Korja
yacTb YCJIOBMH 3aJaHa BO BHYTPEHHHMX TOuKax oTpeska [a, b]; ux
HepeJKO HasbBAIOT BHYTPEHHMMH KPaeBbIMH YCJIOBHAMH. Hanpumep,
CTAaTHYECKHH INPOTHO HArpykKeHHOTO yNpYyroro 6pycKa yIOBJETBO-
psieT ypaBHEHHIO YETBEPTOrO INOpsijKa

ulVx)=[f(x), a<<x<b (47a)

ecnu 3TOT GpYcOK JIEXHT B TOuKax x;, 1<<i<<4, Ha omopax, TO
JOTIOJIHUTE/IbHEIE YCJIOBUS HUMEIOT BHL

ux) =0, 1<i<4, a<<x, <t <X3<<x,<Db, (4706)

T. €. BCE OHH 3aJlaHbl B Pa3HbIX TOUKaX.
CamH JOMOJ/IHHTENbHBIE YCJOBHS MOTYT CBSI3BIBATh MEXIY coGOM
3HAueHUs] HECKOJIbKMX (YHKUMH B OJHOH TOuke (MJM Jaxke B pas-
HBIX TOYKaX); TOTZa A/ CHCTeMHl p-ro nopsiixa (1) oHu npumyT BHUL

Pp (ul (gk)’ Uy (&2)9 ceny up (gk)) =Nk

l<k<p, a<By<b. (48)
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Cywmecrsyior 3afiauu ¢ eme 6oJee CIOKHEIMH M0 (OPME AONOIHATENb-
HEIMH YC/IOBHSIMM, HanpHMep, YC/IOBHSMH HOPMHPOBKH

b
fut (9 dx=1, (49)

OOBIYHEIMH B KBaHTOBOH MeXaHHKe, H T. 1.

Hecmorpsi Ha pasHooGpasue ¢opM KpaeBeiX YCIOBHE, KpaeBhle
3aJlayd pemaroTcsi B OCHOBHOM OJHHMH U TEMH e YHCJEHHBIMH Me-
TOAaMH, YTO ONpAaBJbIBaeT HX OGbenHHEeHHe B OfHH THI. OCTaHOBHMCS
Ha METOZax peLleHHs.

Ha#Tun TouHOe pemeHHe KpaeBo#l 3ajaul B 3/1€MEHTapHHIX (YHK-
LMAX yJaeTcs penKo: [IJs 3TOr0 Haao HAaHTH ofliee peuleHHe CH-
crembl (1) ¥ cymerb SIBHO oOmpele/NuTbh U3 KPaeBhIX YCJIOBHfl 3Haye-
HHS BXONSIIIMX B HErO NOCTOSHHEIX.

K npu6auxeHHEIM MeTOZaM pelleHHst KPaeBhlX 3ajiad OTHOCSATCS
pas/okeHHe B PANbl dJypbe, meronrl Purna u Tanepkuna. Psner
@Pypbe NPUMEHAIT K JHHEHHBIM 3ajayaM; 5TOT METOJ H3/araercs
B Kypcax maremaTuuecko#i ¢usuxu (cM. [2, 40]) u 3mecy paccMmatph-
BaTbcsg He Oyner. Ocra/ibHblE [Ba MeTOLAa TNpPHMEHHUMBl M K HEKOTO-
pHIM HeJMHeHHBIM 3ajauam. Meron Purua pas6upancs B raase VII,
a merox lanepkuHa 6yler paccMOTpeH B 3TOM maparpade.

Hns  4uciaeHHOro PEIIEHHUs KDaeBEIX 3ajaiy MPHMEHSIOT MeTo
cTpesbGbl M Pa3HOCTHEIE MeToll. MeTon CTpesbGhl OCHOBaH Ha CBefe-
HUH KpaeBOH 3ajjaud K HeKOTopoH 3anaue Kowu fas TOH ke CHCTEMB
ypaBHeHu#. B pasHocTHOM merome 3ajaya NpUGIHKEHHO 3aMeHseTcs
pelleHUeM ajre6pavvyeckofl CHCTeMBl YPaBHEHHH C OuYe€Hb GOJIBLINM
YHCJIOM HEU3BECTHBIX (HEH3BECTHBIMH SBJAIOTCA 3HAYEHHUS PEILCHUS
B y3nax ceTKH). B cnyuae HenmHeilHHIX 3agau o6a MeTOZA SIBJSIOTCS
UTEPalMOHHBIMY; NPU 3TOM MOCTPOEHHE XOpPOLIO CXONSLIMXCA HUTepa-
IMOHHEIX TPOLIECCOB CAaMO OKAa3bIBAETCsl JOCTAaTOYHO CJ/IOXKHBIM.

2. Meroa cTpens6bl (HasblBaeMblii TakKke Oassucmudeckum). to
YHC/IEHHHIH MeTOJN, 3aKJ/IOYalolIUACT B CBEJCHHH KpaeBoH 3ajlauu
K Hekoropo#t 3anaue Kowu njsi To# ke cucreMbl auddepeHIHaTbHEIX
ypaBHeHHUH. PaCCMOTpPIM €ro Ha npuMepe INpocTeimed 3agaud s
CHCTEMBI JBYX YpPaBHEHUH NepBOro MOpsiika C KPaeBbIMH yCJIOBUAMH
JOCTaTOyHO OO6ILero BHIA

u x)=fx, u,v), v(x)=g(k, u, v), a<<x<b, (50a)
¢ U@, v(@)=0, P(u(®), v®)=0. (506)

BriGepeM npous3BOILHO 3HaueHHe u (Q) =1, PaCCMOTPUM JIEBOE
KpaeBoe ycC/IOBHe KaK aireGpanueckoe ypaBHeHHe ¢, v(a))=0 u
ONpefeNIHM YIOBJIETBOpAWIIee eMy 3HaueHue o (a)=1{(n). Bosbmem
3HaueHusA u (@) =", v (@) ={ B KauecTBe Haya/lbHHIX YCJIOBHH 3ajauyH
Kown ansa cucrembl (50a) u mnpounterpupyeM 3Ty 3anauy Koum
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JIIOOEIM YHCTIEHHBIM METOZOM (Hampumep, mo cxemam Pysre — Kyrra).
Ilpu stom nosyduMm pelueHue u (x; 1), v (x; 7), 3aBUCsALLee OT 1), KakK
OT napamerpa.

3HaueHue { BHIGPAHO TaK, YTO HaHJEHHOE pelleHHe YJIOBJETBOPSET
JeBomy KpaeBoMmy ycioBuio (506). OnHako mpaBomy KpaeBoMy YCJIO-
BHIO 3TO pelleHHe, BOOOLLe TOBOPsl, He yIOBJIETBOPSET: NpH ero Nof-
CTaHOBKe JieBasi 4acTh NPABOro0 KPaeBOro yCJOBHS, paccMaTpuBaeMasi
Kak Hekoropast GQyHKUMS napamerpa 1:

V) =% @O ) v®; ), (51)
He o6paTuTcs B HyJb. Hano KakuM-au60 CnocoGOM MEHATb NapaMeTp

n, TOKa He nonbepeM TaKOe 3HayeHue, AJs KOTOporo ¥ (n) ~0 c
Tpebyemoil TouHOCThIO. Takum 0Gpa3oM, pelleHue KpaeBoi 3agaun (50)
CBOAUTCS K HAXOXKAEHHIO KOpHSl OJHOTO a/ire6pauyecKoro ypaBHEHHS

¥ (n) =0. (52)

dra anreGpauueckas 3anaua u3ydeHa B rzase V, § 2. Paccmorpum,
Kakie MeTOIbl ee pelleHHs LeNecoo6pasHO NPHUMEHSTb B JaHHOM
caydae.

[Tpocrefimum sBasercss mémod Ouxomomuu. Jlenawor npoGHbE
« BBICTpEJIbl » — pacyeTel C Hayjaudy BBLIOPAHHBLIMH 3HAYEHHAMH 1), JAO

TeX MOp, MOKa cpeiy BeIMYHH P (1);) HE OKaXKeTCsl PasHBIX 1O 3HAKY.
[Tapa Takux 3HaueHH# 1, 1., O6pa3yer «BUIKY». [lens ee mocnego-
BaTeIbHO MONOJAM JO NOJNYYEHHS HYXKHOH TOYHOCTH, HpPOU3BOLUM
« IPUCTPEJKY » mapamerpa 1. Baaromaps sTomy mpoueccy Bech MeTOA
NOJIyYHJl HasBaHUE CTpeNbOHI.

OnHako HaXOXKIeHHe KaxJoro HOBOro 3HaueHusl GyHKRuuu VP (1)
Tpe6yeT UHCJIEHHOrO HHTerpupoBanus cucremul (50a), T. e. pocra-
TouHO TpynoeMko. Ilostomy KopeHb ypaBHenusi (52) »KesaTeqbHO
HaXOUTh Gojiee GHICTPHIM METOIOM, YeM AHXOTOMHS.

Ecin mpaBee yacTH ypaBHeHuit (50a) W JeBble 4aCTH KpaeBHX ycJioBuit (506)
HMeIOT HelpephIBHBE W OTPAHHYEHHEIE NepBEe NPOM3BOAHHE, TO VP (1) Takke OyAer
HMeTb HEMpepHIBHYI0 MPOH3BORHYIO *). B 3Tom ciyyae MOXHO NOCTPOMThL aHajor
memoda Hewomona. Ham TOKa H3BECTEH TOJBKO CIOCOG BHUUCHEHHS, VP (1)), 8 HYKHO
Hay4HThCS ONpefesNaTh TaKXkKe MNPOM3BOAHYIO

d‘_lj ) — oy ou (b; T])_I_ 9y dv (b; M) (53)
dn odu(b) on ov(b) on °

Bxopsfmue ciofa NPOH3BOAHLHE MO NapaMeTpy OT pellleHHs 3agayn Kolm MOXHO

HaiiTH, ecad nNpoau(pepeHUMpOBaTh MO 3TOMYy mapamerpy cucremy (50a). Beoas

oGo3HaueHHs .

C oy Ou(x; M) .y 90 (x; M)
B "])———an—‘". v (% ’])—“'_an (54

*) 310 C/lefiyer M3 TeOpeM O 3aBHCHMOCTH pelleHus 3ajad Koww or napa-
merpa (cM.[37]).
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u puddepennupya (50a) mo mapamerpy, IONyIHM

%:f,, (x, u, v) p () +fo (%, li, v) v (%),

dv

. (55a)
=8 (% U ) p () gk, 8, V)VE), e<x<b

OnHO M3 HaYadbHBIX YCJIOBHH JUIA 3TOH CHCTEMb OYEBHAHO: N (@) =0u (a)/dn=1;
BTOpOe YC/IOBHEe HETPYQHO HalTH, IuddepeHuupys Jesoe KpaeBoe ycioBHe (506)
no 1. OTcioaa NMOJYYHM . ~

p@=1, v@=—0,M 0)/g,(, 0. (556)

Hurerpupysi cucremy (55a) ¢ HayalbHBIMH YCJOBHSIMH (556) COBMECTHO ¢ 3ajaueil
Kowm pmmst cucrempr (50a), ompegenmm BcromoratenbHble (QYHKUMH W (X), v (x).
IMoacrasnsis ux sHaueHHs nNpu x=>b B (53), HaliieM 3HayeHHe NPOH3BONHOH Tmpa-
BOr0 KpPaeBOrO YCJIOBHsS MO NPHCTpeJOYHOMy napamerpy. HoBoe sHaueHue mapa-
" MeTpa ompenesnsdercs no dopmyJe kKacateJbHbX (5.28): :

Nsr1="15— [P Ms) /¥’ (g)]- ‘<56>

Opnaxo onHcaHHEIH croco6 TpeGyeT HHTeTDHPOBAaHMS JHIUHell maph AHGdepeH-
IHaJbHBIX ypaBHeHHH, YTO MPHBOZMT K YCJOMKHEHHIO H IBYKDaTHOMY YBEJUYEHUIO
TPYAOEMKOCTH KaXKHOH HTepanHH. [I03TOMy HM MOJIB3YIOTCS He 4acTo.

MoxkHO u3bexxaTb 3TOr0 YCJOXKHEHHs, eC/IM pelllaTh ypaBHeHue (52)
pasHOCTHBIM aHajorom Mmetoga Hreiotona — memodom cexyuwjux. s
3TOro MepBhIe JBa pacueTa JejaloT ¢ Hayjauy BHIGPAHHBEIMH 3Haue-
HUSIMH T, 1;, @ CJjeAyiolide 3HAUeHHs] NapaMeTpa BBHIYMUCIASIOT M0
dopmyse (5.32):

(Ms—"Ms-1) P (1) . (57)
Y (ns)—¢ (n;-x)

BMecTo 3Toro mpomecca MOKHO HCNOJIb30BaTh Mermod napabos, B Ko-
TOPOM TaKKe He TpeGyeTcsl pacroJaraThb SIBHHIM BbIpa:KEHHEM MPOH3-
BOJHBIX, a JIOCTAaTOYHO JHIIb 3HAaThb 06 MX CyllecTBoBaHHH. Hanom-
HUM, YTO TOCJAEIHHE TPH MeTOJa OBbICTPO CXOAATCS BOGIHM3H KOPHS;
- CXOIUMOCTh BJaJM OT KOpPHS 3aBHCHT OT TOTO, HACKOJBKO YZAuHO
BHIGPAHO HYJEBOe NMpHGIMKEHHe.

JIuHeliHble 3ajJayUyy pEIAIOTCH METOAOM CTpesnbObl OCOGEHHO
npocto. Ilycte cucrema (50a) u kpaeBwie ycioBus (500) muHEHHEL,

u' () =0y (¥) u+Py (%) 470 (%),

Ny =Ns —

a<<x<b, (58a)
V' (%) =0 (%) u+Ba (¥) V472 (),
pi@+qu@=r  pott(b)+gov (b)=r,. (586)
Torna HauanbHBIE YCJIOBHSI COOTBeTCTByHoWlel 3amaud Kowmwu npumyr
BUIL
u@=mn, v(@=E=(1—pm)/g:. (588)

Herpyano coo6pasutb, uto pemenue 3agaun Kouwm (58a), (58)
6yner JnuMHeHHO 3aBHMCeTh OT MapameTpa 1), INO3TOMY 1 (1) Takxe
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Gyner JuHeHHOH ¢ynkuueil. Ho nuHeiiHas (yHKUMS OZHOTO apry-
MEHTa TOJIHOCTBIO ONpeJesisieTcsl CBOMMM 3HAUEHUSMH B JIOOBIX JIBYX
TOYKax 1M, 4 1, a ee rpaduk fABAAETCHA NPAMOH, T. €. COBNAZaeT
co cBoel cekyuiefi. 3HAuUT, HalAeHHOoe 1O dopmyJse cekywux (57)
3HAYeHHe 1), SBJAsSETCS TOYHBIM KOpHeM YypaBHeHus (52), Tak yTO
pacueT ¢ 3TUM 3HaueHHeM NapameTpa JacT MCKOMoe pelleHHe. Takum
o6pa3oM, I/s pelleHHsl JMHEHHOH KpaeBod 3ajauu (58a)—(586)
JOCTAaTOYHO TPHKIB peluTh 3anauy. Kommu.

3ameuyanue. [Ins JIUHeHHBIX 33a7a4 MOXKHO HECKOJbKO YMEHb-
IHTh OGBEM pacyeToB, €ClH BOCIO/Nb30BaTbCS TeM, YTO Ofliee pelie-
HUe JIHHeHHOH HEOJHOPOIHOH CHCTEeMbl PABHO CYMMe ee KaKOro-HUGYAb
YacTHOTO peleHus M OOLIero peuleHHsl COOTBETCTBYIOLIEH OXHOPOXHOH
cucrtembl. Haiinem uyacTHoe pellleHHe HEONHOPOIHOH cucreMnl (58a),
(58B), coorBeTcTByIOIIEEe 3HAueHHIO 1y=0, 0 0603HaYUM ero uepes
Uy (X), vy (x¥). 3aTeM paccMOTPHM COOTBETCTBYIOMLYIO ORHOPOIHYIO
3afauy Koun

u @)= (utp (o, v (x)=a(x)udp;xo,
u@=m=1, v (@) =—p1/qy;

BBIUMC/INM €€ pellleHHe W O603HauhM ero uepes u; (x), v, (x). Toraa
ofluee pelleHHe HEOAHOPOAHOH 3ajaud Komw, ynoBieTBopsioliee
(B cuny BbIOOpA HauasJbHBIX YCJOBHH) JIEBOMY KDAeBOMY YCJIOBHIO
- (586), sBJTIeTCS OXHONMApAMETPUYECKHUM CEMEACTBOM

u () =y () Fcu (), 0 () =0, () +co, (). (59)

3HaueHue napameTpa ¢ BHIGHPaeM TaK, 9ToGbl yAOBJIETBOPUTH PABOMY -
KpaeBoMy YycJsoBHIO (586):

= — Pato (0) £ 200 (B)—y
Ppatiy (6) +qov1 (6)

3ateM HalieM HcKOMOe pemjeHHe 1o dopMmyse (59), uto mosBosaser
n36exaTb TPeTbero MHTErpHpoBaHus 3ajau Komw.

Metopx cTpenbGhl TpOCT, NpPUMEHUM KaK K JIMHEHHBIM, TaK U K
HeJUHENHbIM 3ajjayaM M I03BOJSET HCIHOJb30BATh MPH YHCJIEHHOM
MHTErpHpoBaHun cxeMbl Pynre—KyTTa (umu jpyrue) BeIcOKOro
nopsiaka ToyHoctd. K GospmnucTBY 3ajau tuna (50) oH npuMensieTcs
yCIeLIHO.

3aTpynHeHHs BO3HMKAIOT B TeX CJydasX, KOTAa KpaeBas 3ajaua
(50) xopomo o6ycnOBreHa, a COOTBETCTByIOWAs eii 3amaua Komw
nJI0X0 o6ycnoBieHa. [Ipu 3TOM 4HMClEHHOE HHTErpUpOBaHMe 3axaui
Kown onpenenser ¢ynkuuio (1) ¢ GOIBLIOH MOrpelHOCTBHIO, UTO
OCJIOXKHSIET OPraHH3alHUI0 HTepauHi.

B stom ciyuae npoGylor nmocraBuTh HaualbHEIE YCNOBHS HA ApY-
TOM KOHUE OTpe3ka X¥=b, T. e. UHTerpHpoBaTh 3azayy Komwu crnpapa
HaJIeBO; HEPEJKO NPH 3TOM YCTOHYMBOCTB Yyaydiuaercs. Ecau Hame-
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HEeHHe Hal’lpaBJleHI/lﬂ WHTETpUPOBAHUA HE nomMoraer, TO TaKylo Kpae-
Byl0 3anauvy pemaroT 1160 CrnenHajabHBEIMH, JIH6O Pa3HOCTHHIMH
MeTOJaMH.

OnHuM H3 crenManbHBIX MeTONOB AMsl JHMHEHHBIX KpaeBbIX 3afay sBAfeTCS
dupppepenyuarsras npoeonka (ee umes mnpennoxena B [l], a TOJPOGHOE ONHCAHHE
anropuTMa HMeetcs, Hanpumep, B [3, 4]). 3TOT MeTOX XOpOIIO YCTOHYHB HMEHHO
B TOM C/lydae, KOria 3ajada KoM A1 MCXOLHOH JIHHeHHOH CHCTeMbl IJIOXO 0Gy-
CJIOBJIeHa; 3TOT (aKT BHI3BIBAJ OFHO BpeMs GOJbIIOH HHTepec K mporoxke. OnHako
NpH XOpoweHd YCTOHYHMBOCTH JHHEHHOH 3ajaun KOLWH NMpOroHKa CTaHOBUTCA Hexo-
CTaTOYHO ycrcHumMBOH. [ToaTOMY B HacTCsmee BpeMs AH(DdepeHnHanbHasi NPOTOHKA
ynotpe6isiercss He 4acTo. OGBLIMHO HCTO/B3VIOTCA €e PasHOCTHeIE aHaNOrd, paccmar-

pHBaeMble HHKe; OHM OGeCneyHBAIOT YJOBJETBOPHTEJbHYIO YCTOHYHBOCTH pacueTa
B GOJILIUHHCTRE HHTEPECHBIX CJyuaeB.

3. YpaBHeHHs BbICOKOTO MOPsIAKA HJIH CHCTEMBbl GOJBIIOTO YHC/IA
ypaBHEHHH HMEIOT COOTBETCTBYIOIlEE YHCJIO KpPaeBBIX YCJIOBUH, H
Croco6hbl 3aNlaHus 3THX YCJOBHH JOCTaTOYHO pasHOoGpasHbl. ITostomy
K TaKuM 3ajayaM TNpHMEHSTb METOJ CTpeJbObl MHOrO TpyJhHee, 4eM
K npocrehmeit 3agaue (50).

PaccMoTpuM TOT (CpaBHHTENbHO HECJOXKHBIM) c/aydad, KOraa aJs
CHCTEMBl p YpaBHEHHUH

d
udkx(x? =fk(x, ulv Ugy «ovy up)’ lékép’ aéxgb’ (608)

IIONIOJIHUTENbHBIE YCJAOBUSI 3aJaHbl TOJBKO HAa KOHLAX OTpe3Ka H
UMEIOT CJeLYIOWMH BHJ; .

Qr (U @), ..oy Up(@)=0 I<<k<m, (606)
Qr (U 0)y ..., u, (0)=0 m+1<<k<p. (60B)

Ins omnpeneneHHOCTH, O6yieM moJjaraTh m==p/2.

BriGepem 3a HCXOINHBIH TOT KOHel oTpe3ka [a, b], rze sajzana
6061108 9aCTh KPaeBbIX YCJIOBHMH; B HallleM Cjydyae 3TO OyneT JieBhiil
KOHell X=qa. B KauecTBe MpHUCTPENIOUHBIX NIapaMeTPOB BO3bMeM p — i
KaKuX-TO QYHKUUH 4, (X) U3 NMOJHOro Habopa, Hanpumep,

U@ =m, I<g<p—m. (61a),

Ecnv nmojcTaBuTh 3TH 3HaueHHs B JieBHle KpaeBwle yciaoBus (606),
TO 3TH YcJOBUSL 06pasyioT cucTemy ajqre6pavyeckux ypaBHeHHUH OT-
HOCHTE/IbHO Haua/bHBIX 3HAYEHHH OCTAlbHBIX QYHKUMH; pewas sTy
cucTeMy, Halzem

Ug (@) =Py My» Nas +++» Mp-m)s p—mt+1<g<p. (616)

Paccmorpum 3agauy Komw nisi cucremel ypaBHeHuit (60a) ¢ Hauasib-
HBIMH ycaoBusiMu (61a, 6). Pemenne 3ToH 3ajayd, KOTOPOE MOXHO
HaWTH YHUC/JAEHHHIM MHTErpHPOBAHHEM, YIOBJETBOPSET JIEBOMY Kpae-
BOMY ycJsoBHIO (606) H 3aBHCHT OT mapameTpoB M) = {Ny, Mg, ..., Npm}-
[oxcraHoBKa 3TOro pelleHusi B TpaBele KpaeBble yciosus (60B)



§2] KPAEBBIE 3AJAUH 267

OnpesiesisieT BCTOMOTaTe bHble (QYHKIHMH TapaMeTpoB
(T)k(n)=q)k(u1(b’ "])» ceey Up (by TI))» m+l<k<l” (623)

Te 3HayeHWs MapameTpoB, KOTOPHE YAOBJETBOPHIOT cucreMe anrebpa-
HYECKUX YpaBHEHUH .

Pe(Mps M2r oo Mpm) =0, m-1<k<p, (626)

OnpesesAT HCKOMOe pelleHHe KpaeBo# 3agauu (60).

Hanomuum, uTO pelueHue CHCTeMbl aireGpanyecKux ypaBHeHHil
BLICOKOTO MOpsAIKa caMo MmO cebe sBJSETCH HeJerkod sajaued. 31echb
OHO OCJIOKHSIETCSI TeéM, YTO BHIYHCJAEHHE (GYHKUUH @ (1) OYeHb TpY-
J0eMKO, H60 TpeGyeT YHCJEHHOTO HHTEIPHPOBAHUS CHCTeMBl nudde-
pEeHUMa/NbHBIX YpaBHeHMH. $SIBHBIA BHA 3TUX (YHKUUH HEU3BECTEH,
TaKk 4TO npeoGpasoBaTh cucremy (626) K 3KBUBaneHTHO# ¢opme
Mg =@y (N) U TNpHUMEHATb MeToj IOC/IeJ0BATENbHBIX NPHOIMKEHHH
3aTpyAHHUTEJBHO. A eciu Mbl 3aXOTHM, KaK B I. 2, IOCTPOUTBH aHAJOr
MeTofia HbloToHa, To 1151 BHIYMCJIEHHA MATPUIIBl IPOU3BOIHMIX (0F,/01,)
Hajo '6yJeT IOMOJHUTENLHO 3amucaTb W YHCJIEHHO HHTErpHpOBaTh
cucteMy p (p —m) auddepeHUHANbHEIX YpaBHEHHH.

Orcrogja BHIHO, YTO «IPHUCTPENKa» GOJBLIOrO YHC/ia NapameTpoB
OueHb cj0xkHa. IlosToMy ansl HeNMHEHHBIX 3afaiy METOJ CTpesbObl
ynoTpeG/sI0OT B OCHOBHOM Torna, korga p—m=1. Takue mocra-
HOBKH KpaeBBIX 33134 HepeIKO BCTPeyaloTCsl B CHCTeMax GOJIbLIOrO
4yc/ia ypaBHEHHH.

JIuHefiHHe ypaBHeHUus. B stom ciayuae Meron CTpesbGhH
CHJIbHO YINPOIIAETCS M MO3BOJSET JETKo pelliaTb 3afauyd NpH JoGoM
ypcJae TapaMeTpoB p—m. B camoMm jese, GyHKuuu @ (M) O6yayr
JIMHEHHBIMH, T. €. OHH OJHO3HAUHO ONpeNensioTcsl MO CBOHUM 3Haue-
HUAM B p—m-+1 Touke 1%, 1<<s<<p-—m- 1. 3HauuT, BHINONHHB
p—m-1 wunrerpupoBanue 3azaud Kowmu (60a), (61) ¢ pasubMm
HabopaMH NapaMeTpoB, MOXKHO HaHTH MCKOMBIH HaGop NapaMeTpoB 1.
Torza (p—m-+2)-e uHTErpHpoBaHHE JacT pellleHHe KpaeBOH 3a-

nauu (60).
BhluncieHust npu 3ToM yIOGHO BecTH cJjexyrouum obpasom. Cha-
yaja BO3bMEM HEKOTOpHIH HAaGop mapamerpoB Mi, M3, ..., Np—m H

0603HayuM MOJyueHHHle 3HaueHuss GyHKuui (62a) ueped Pk =Fx(n°),
m+1<k<p. 3aTeM u3MEHUM MepBbI NapaMeTp Ha BEJHYMHY
An=1, 1. e. Bo3bMeM HaGop M+ 1, M3, M3, ..., Np—m U 0GO3HAUUM
noJyueHHble 3HaueHus1 QYHKUMH yepe3 Pk. 3aTeM BO3bMEM HaGop ],
na+1, M3, ..., p—m ¥ T. A. BINOJHUB NOJHBIH HMKJ BBIYHCJEHUH,
MOXKHO 3amHcaTh KaXAylo (QYHKIMIO B BHAE MHOrOMEpPHOr0 HHTEpIIO-
JSILHOHHOTO MHorousneHa HeioToHa nepBoit cremenu (2.33):

p—m )
e () =4+ Zl @ =), =), mtl<k<p.
q——.
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IlpupaBHuBass 3TH GYHKUHM HY/0, NONYYHUM CHCTEMY JIHHEHHBHIX
anre6panyecKuX ypaBHeHUH 11 onpefie/leHusl HCKOMBIX 1apaMeTpoB 1),

p—m p—m
Zl((T)Z_(T’g)"Iq= Zl(cﬁk—@g)ng—@g, m4l<k<n. (63)
q= q=

3aMeTuM, YTO MOXKHO YMEHBUIMTb Ha EIMHHMIY YHCJIO HHTErpHpo-
BaHUH CHCTeMBl JHHEHHBIX JuddepeHuHaNbHBIX YpaBHEHHH, ecsu
BOCIOJ/Ib30BaTbCAA MPHEMOM, ONHCAHHHIM B M. 2; HO NpH 6O/BIIOM
3HAyeHUH p —m 3TO JHIIbL HE3HAYUTEJNbHO COKpalaeT O6UH 06BeEM
BBHIYKC/IEHHH, a OpPraHH3alldi0 pacyeTa YCJOMKHSIET.

4. PasHocTHbIii MeToj; auHeiiHbie 3agaun. [lonpo6HO paceMOTpHM
PA3HOCTHBIH METOJI Ha NpuMepe INpocTefillel KpaeBo#l 3afauu JJst
JIMHEAHOTO YypaBHEHHsT BTOpPOTO MOPSIKA C KpPaeBBIMH YCJAOBHSMH
nepBoro poja

) —pEu@)=fx, a<<x<b, (64a)

u@=a, u(b)=p. (646)

Benem Ha [a, b] ceTky a=1x, << ¥, <X, <<...<<xy=D>, KoTOpYIO
ISl YOPOILEHUS BHIKNANOK O6ynem cuutaTh paBHOMepHOH. IIpubmu-
EHHO BBIPa3uM BTOPYIO ITPOU3BOAHYIO OT pELUEHHs uepe3 3HaueHUs
pelIeHHus B y3/1aX CeTKH U, = U (X,); HalpuMep, BOCIIO/Nb3yeMCs NpoCcTel-
el annpokcumanue# (3.7):

14 1
U (%) ~= 7 (Un-1—2up+upy), h=xpy—x,=const. (65)

Takyio anmpokcyuManuio MOXKHO 3amucaTbh B KaXJIOM BHYTpeHHeM
y3je CeTKH X,, l<<n<<N —1. Eciu noxcraButb ee B ypaBHeHHE
(64a), To ypaBHeHuEe CTaHET TIPHOJMMKEHHHIM; TOYHO YIOBJIETBOPSTH
STOMY YypaBHEHHIO OYIEeT yxke He HCKOMOe pellieHue u{X), a HeKOTo-
poe npubJIKEHHOe pellleHue Yy, A U (X,). BBINOHsAA 3Ty NOACTaHOBKY
U 0603Hayast p,=p (x,) 4 fo=f(x,), noayuum

Yn1— C+100) Yo+ Yoy =0, l<n<N-—1.  (662)

Ora cucreMa cocrtouT u3 N — 1 anre6panueckoro ypaBHEHHs, a He-
M3BECTHBIMH B HeH SBJSAIOTCS MPHOIHKEHHBIC 3HAUCHHUST DelLIeHHs
B y3Jax ceTKH. YwuC/JI0 HEeusBeCTHHIX y,, 0<<n<<N, paBHo N 41,
T. €. OHO GoJsiblile, uyeM yucsao YypaBHeHu# (66a). Hemocraouye 1Ba
ypaBHeHHs JIETKO MOJNY4YHTb U3 KpaeBblX ycjoBHH (646):

Yo=0, Yyny=40. (666)

Pemasa anre6panueckyio cuctemy (66a, 6), HaiizeM npuG/IHKeHHOE
pelueHue.

[Tpu Takom noxxoxe BosHHKaeT Tpu Bompoca. 1) CyuecTByer Jau
(BewecTBeHHOE) pelleHHe anreGpaunyeckoit cucremel THma (66)? 2) Kak
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GbakTHUECKH HaAXOAMTh 3TO pelleHue? 3) CXOIUTCS JH pPasHOCTHOE
pemleHre K TOYHOMY B KaKOi-1M60 HOpME MpU CTPeMJEHMH IIara
CeTKH K HYJIO?

B xauecTBe uJAMIOCTpauUMM NpOBEJEM IOJHOE HCCJENOBaHHE pac-
CMOTPEHHOrO BHIIIE NpHMepa, NONOJHHTEBLHO Tpebys p (x) > 0.

CHayana paccMOTPHM BONpPOC O CyULeCTBOBAaHHHU PasHOCT-
Horo pemenus. Mcxonnas 3ajnaua (64) Gblia JIMHEHHOH, pasHOCTHast
annpokcumauus (65) —roxke suHeHHa. DBuaaronmaps stomy cucrema
(66a, 6) okasanach cucTeMOH JHHEHHBIX anre6panyecKuX ypaBHEHUH.
ITockonbky p, >0, TO B MaTpule TOH CHCTEMBI JNHArOHAJIbHHIE 3Jle-
MEHTH Mpeo6/afalT: B KaxkIOH CTPOKE MOAYJb AHArOHAJBHOIO 3Jie-
MeHTa GoJipllle CYMMBI MOZAYJeEH OCTaJbHHIX 3JeMeHTOB. Kak ormeua-
nock B ryase V, § 3, m. 4, mpH 3TOM pelleHHe JHHEHHOH CHCTeMbl
CYIIECTBYET U €IUHCTBEHHO.

Buluncauth pemeHue JHHEHHOH CHCTEMBI BCErJia MOXKHO METOIOM
uckmaouenus I'aycca. B nanHom ciyuyae 6jarozapsi MCMoJib30BaHHIO
TpexToueyHo# annpokcumamuu (65) cucrema (66) umeer Tpexmuaro-
HaJpHYI0 MaTpuny. IlosTomy pelleHHe 5KOHOMHYHO HaXOAWTCA YacT-
HBIM caydaeM Meroja [aycca — MeTomoM anreGpauyeckoil MPOTOHKH
(cm. rnaBy V, § 1, m. 5).

JokaxeMm yTBepxXAeHHUE ecau p(x) u [(x) 0saxnder nenpe-
poIBHO  Ougpgheperyupyemsl, mo pPasHOCMHOE peuleHue PABHOMEPHO CXO-
dumes k mounomy ¢ noepewirocmero O (h?) npu h— 0.

IIpu cnenaHHOM NpelnoOJIOKEHHH u (X) HMEET YeTBepTyIo Hempe-
PBIBHYIO TPOM3BOIHYIO; TOTAa JJ/s MOrPelIHOCTH anmnpokcumanuu (65)
CIpaBeAsauBO cooTHomeHue (3.12):

1 ” 1
72 (Ung —2Up+Upiy) — 4" (X)) = 12 rulv (), Xny <En < Xniy-
3Haqm‘, TOYHOE pelleHue YAOBJAETBOPAET DPA3HOCTHOMY YpaBHEHHUIO
i
Uny— (24+h%pp) thn~+tniy =h2fn+ﬁ ulV(E), l<n<N-—1.

Briuntas u3 Hero ypaBHeHHe (66a), moJyuMM ypaBHEHHe, KOTOPOMY
YIOBNETBOPSET NOTPEIIHOCTD 2, =Y, — U (X,); €ro YAOGHO 3amucaTh
B CJeAYyIolUleM BHJE:

@4+ 1%P) 2a=2py + Zan + g 0V (), 1<<n<N—1, (67a)
2=0, zy=0. (676)

ITocnennue nBa ypaBHEHUS SIBJASIOTCS OUYEBHUIHBIM CJEICTBHEM TOTO,
4TO ypaBHeHHe (666) TouHO mepenaeT rpaHUYHOE YCJOBHE MEPBOTrC
poza.

BriGepeM Takyl TOUKY Xp,, TA€ |2, | JOCTHraeT CBOEr0 MaKCHMyMa;
OUEBHJHO, 3TO He TpaHHyHAs TOYKA. YUMThIBasi YycJoBue p, >0,
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CpaBHHM B 3TOH TOYKe MOLYJM IpaBOH M JeBOH yYacTell ypaBHEHHUsA
(67a):

(2+h2pﬂn) ‘2ﬂo | <’zno—-l |+|2n0+1|+}:—42 | utV (Eno) I

3aMeHss B TNIPaBOM YacTH |Zn,+1| Ha |Z,|, MBI TOJBKO YCHJIHM
HEpaBEHCTBO H MocCJje coxpam,ermﬁ MOJIYYHM OLEHKY NOTPEeLIHOCTH

("no)
Pn,

IV (x)

ma )

(68)

max |z, |<< I

12 < 12
YTBepKAeHHe JI0Ka3aHo.

Cefiuac Gblja HafileHa Ma)KOpaHTHAs OLEHKa morperrHocTH. Ilpu
HEKOTOPLIX JIOTIOJIHUTEJbHBIX OrPAaHHYEHHSX MOXKHO INOJNYYUTb acHMII-
TOTHYECKYIO OLEHKY THNA 2, ={ (x,) h*+ o (h?), rue { (x) — HeKoTOpas
¢yukuua (oblias TeopeMa O TakKMX OLEHKax O6yJeT JoKasaHa
B rnaBe IX). M3 Haauuusi acHMNTOTHYECKOH OIEHKH CJENyeT BO3-
MOXHOCTb TNpHMeHeHHsl mpaBusia Pynre—Pom6epra n/sa anocreprop-
HOH OLEHKH TOYHOCTH MJM MIJs YTOYHEHHS pelleHHs NpH IOMOLIU
pacyeToB Ha CTYILAIOMUXCSA CETKaX.

OcraHoBuMCst Ha ycTOHYMBOCTH pacyeta. Ecam p(x) >0,
To 3ajaua Komu pmis ypaBHenus (64a) mjaoxo o6yc/OBJEHA, NpHUEM
yeM GoJblle p (x), TeM XyKe ee ycToHuuBocTb. A u3 oueHkKH (68)
BHJIHO, YTO MOTPEIIHOCTh HaIllero pas3HOCTHOIO pelleHusl NpH 60Jb-
mwoM p (x) mana. Orciofa BHIHO, YTO XOpOIIO MOCTPOEHHHIE Pas3HOCT-
Hble CXeMbl HEYYBCTBUTEJbHH K HeycrofiunBoctu 3azaud Kouim.

B o6paTHoM cayuae p (x) << 0 He BHINOJHSETCS LOCTAaTOYHOE YCJIO-
BHE YCTOMYMBOCTH anreGpanueckoil mporoHkd (5.14). Onnako B npak-
THKE UYHCJCHHBIX pAacyeToB HapyLIEHHE 3TOTO YCJOBHS OOLIYHO He
BbI3BIBAET 3aMETHOTO YXYJIIEHHS YCTONYHBOCTH. TOJBKO B PEAKHX
cayyasx, Korja oOInpefenuTenb ajre6panueckoil cucrembl (66) nouru
paBeH HYJI0, TOYHOCTb pacueTa pesKo INajaeT H3-32 BO3PACTAHHS
OHIMOOK OKpYTJIEHHUS.

Uro6Ll JIerko OMO3HaTh M HCKJ/IOYHTh TAKYyI0 MNOTEPI0 YCTOHYH-
BOCTH, MOXHO NpPOBECTH pacueT Ha, Tpex (uauM 6oJiee) ceTkax C pas-
JAuuHbIME waramu. Ecnu npu yGeIBaHMH h Bce pasHOCTHHIE peElEHHs
OMU3KH MEXIYy Co60H U CTpPeMATCS K HEKOTOpOMY INpefieny €O CKo-
pocTbio O (h?) *), TO 3TO CBUIETENLCTBYET O XOPOLIEH YCTOAYHBOCTH.

puMep. Bo3pmem uacTHBIH cnyyah 3ajauu (64), cooTBeTCTBYIO-
muit p (x) < 0:

W (0) 4 u () = —x, u(0)=u<%>=0 (69)

M BOCNOJb3yeMcsl pa3HOCTHOH cxemo#t (66). Ecim BeGpate 1mar
ceTKM h=mn/4, TO anreGpaudeckas cucTeMa (aKTHUECKH OyZeT co-

*) B ofumeM ciyyae—co CKOPOCTbIO, COOTBETCTBYIOMIEH MOPSAAKY TOYHOCTH
CXeMsl.
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CTOATH M3 OJHOrO ypaBHeHHA, @ TNpH h=mn/8 —H3 Tpex ypaBHEHH.
PasHocTHOe pellieHHe y, A1 3THX CJydaeB NpuBeneHo B Tabauie 20.
K stuMm 1ByM pelleHHM NpUMEHEHO NpaBuno PyHre, U yTouHeHHOe
pelleHHe §, TOXe IpeICTaBIeHO B TabJaHHe; LJs CPaBHEHHA JaHO

.
TOYHOe pellleHHe 4 (X) =G sinx—yx. M3 rtaGmuusl BHAHO, 4TO pac-

CMOTpeHHAsl PasHOCTHAsl cXeMa JaeT HEMNJOXHEe De3yJbTaTel Jaxe Ha
ceTKe C OOJIBIIMM I1IIaroM.
Ta6auuma 20

Un
*n !7,, u(x)
h=m/4 h=m/8

/8 — 0,2122 0,2090 0,2084
/4 ¢,3503 0,3311 0,3247 0,3253
3m/8 — 0,2778 0,2746 0,2731

3aMeruM, 4TO, 3HAas Pa3HOCTHOE peIleHHe B Y3/aX CETKH, MOXKHO
HHTEepIOJIsIHell MONYYHTh NPHOIHMKEHHOE pellleHHe MpPH TPOU3BOMb-
HbIX 3HaueHHAX ¥. TOUHOCTb MHTEPNOJALHH IleJecoobpasHo coraaco-
BLIBATb C TOYHOCTBIO DABHOCTHOrO PeELIEHUsA: HANpPHMEp, ANS CXeMbl
(66) uHTEpnOMMpPOBAaTL MHOIOYJIEHOM nepBou CTENeHH, HMEeIoUUM
toyHocts O (h?), a YTOUHEHHOe pelleHHe § HHTEPHNOJHPOBATL MHOIO-
4JIEHOM BTOPOH CTeNeHH.

5. Pa3HocTHbIH MeToj; HelMHeidHble 3anau. Brie Gbina moctpo-
€Ha HeCJO0XKHAsl pasHOCTHas cxema Jna mnpoctefimel 3agaun. [lepeit-
IeM K GoJiee oOLIMM Caydasm.

HaunGosbliine TpYAHOCTH BBI3BIBAIOT HeJHHeHHble 3afadyd. Paccmor-
pUM KpaeByio 3ajadyy /s HeNTHHEHHOro ypaBHeHHS BTOPOro HOpsAKa

wx=fx u, u@=a, ub)=p (70)

C KpaeBbIMH YCJIOBHAMH mNepBoro pojga. bBynem npeznonarats, uto
f(x, u) orpaHuyeHa U HempepblBHA BMECTE CO CBOHMM BTOPLIMH IIpO-
M3BOJIHBIMH, TaK UTO CYIIECTBYET OrpaHHueHHas U HenpepbiBHas 4!V (x).
O6o3nauum uepes M; = max|f,|, M,=max|u!V|.

Auanoruuno n. 4, BBegeM Ha [a, b] paBHOMEpHYIO CETKY X, H
3aMEHHUM BTOPYIO INPOM3BOAHYIO Pa3HOCTHBIM BhipaxkeHHeMm (65). IToxn-
craBasis ero B AubdepenunanpHoe ypaBHeHue (70), moayuyum cHcTeMy
HeJMHEeHHbIX a/re6panyecKuX ypaBHEHHH

yn—l_'2!/n+'yn+1=h'2]t (xm yn)’ l<n<N-—-1,
Yo=0a yn=p

noc/efHHE JBa yPABHEHHUS aNNpOKCHMHPYIOT KpaeBble YCJOBHs,

(71)
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HokaxeM CXONHMOCTb DAa3HOCTHOrO pelleHHs K TOYHOMY,
JOTIONIHUTENIBHO TIpeAnoaras, 4to f, =m; > 0. [lockonbKy aas mo-
TPEIHOCTH anmpoKCHUMALUH TPOU3BOAHOH (65) crpaBe;IHBO COOTHO-
nierue (3.12):

Up-g — 2Up+ Unyy =hPuU" (X,) + % ulV (En)y & € (Kne1r Xnsd)
TOYHOE pelleHue YIO0BAETBOPSET Pa3HOCTHBLIM YpaBHEHUAM
Uy = Ut thngy = (%, ) + 500 E), 1<<n<N-—1,
' Up=o, Uuy=0_.
Beiunrag atu &paBHeHHﬁ u3 (71), o6o3Hayass NOrpeIlHOCTh 2, =

= Yn— Up U YUUTHIBAS, YTO f(Xn, Yp) —[ (Xn, tr) = (fu)n 2n, TOAYUHM
JJIsi TIOTPELIHOCTH CHCTEMY YpaBHEHHH

zn—l—'(2\+h2fu)nzn+zn+1=%ulv (gn)’ 1<n<N-— 1,

. (72)
20=0, 2y=0.

Ilycts x,, ecTb y3en, B KOTopoM |2,| makcumaseH. B atoM yase
nepenuileM cooTHolleHue (72) B ¢opMe HepaBeHCTBa

@R dna | 20 | < | Zmgm 1 | | 2mg 1 |25 | 0V (B .

Ycuaum 370 HEePAaBEHCTBO, 3aMEHsAS B NPABOH YaCTH | Zp,+ 1| HA | 2p, |;
TOrjJa MOJYYUM

v .
: e {u (B, M
PRIPRRELY <f,,§,:),<lzmi- (73)

10 03HayaeT, 4TO npu h—>0 pasHoCMHOE peulerue DPABHOMEPHO CXO-
Oumes K MOYHOMY CO 8MOPbIM NOPAOKOM MIOUHOCIIL.

3alimemcs GaKTHYECKHM HAaXOXJEeHHEM Pa3sHOCTHOTO pe-
meHus. Anrefpanyeckue CHCTeMbl OGIIEr0 BHJAA pELIAIOT METOAaMH
[IOC/IeI0BATENbHBIX MpUO/HKeHNH uan JduHeapusanuu. OxHako, ecnu
B3ITb METOJ [OCJAEeJOBaTe/bHbIX INPHOMNUKEHHH B €CTeCTBEHHOH

tdopme (5.44):
2= g0 oy~ (5,0 49,

s
TO HETPYAHO YyGeAuThCS, YTO KPUTEPHH CXOAMMOCTH 3TOTO MeEToja
(5.45) He BoMONHAOTCA. IlonokeHWe ymydiuaeTcsi, eclM NPHAATh
METOJly TOC/IefOBaTeNbHBIX NpHOMMKeHHH crennduyeckyo dopmy

YO =2yP Y9 = (x,, ysTY), l<n<N-—1,

y(()s) =a, yﬁ) — ﬁ (74)
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Torza nns ompepeneHHs Y Ha KaXAoH WTepauHH MoJydaercs JH-

HeflHas cucrema, peraemasi ajire6pauyeckoil nporonkoit. Hccienyem
CXOJUMOCTE HTepauuit (74).

Paccmorpum nozpewrocms umepayuu T =y& —y . OHa ygposaner-

BOpseT CHCTeMe YpaBHeHMH, NoJyuyaeMod BbluuTaHueMm (71) us (74):

Lo, — 2P 410, =dP,  l<n=N-—1,
—_ ) —
(=0, =0
d9 =hf (X, Y5 =) =B (¥ns Yn) A2 h%fu (Kny ya) EE—D,

PewnM 3Ty TpexAMaroHa/lbHYIO CHCTeMY MeTOAOM MpOroHKH. [ls
IaHHOH CHCTeMBbI peKyppeHTHble cooTHoweHHs (5.12) mns kosdduuu-
€HTOB IPOTOHKH HETPYJHO Npeo6pasoBaTh K TAKOMY BHAY:

{ .
En+1=2—§n =n-r|l'1’ O<n<N-2, Ey=0,

nn+1—'§n+1(nn dns))——— +12kd(s) ln<N-—1.

(79)

®opmysel o6paTHOrO Xoza nporomm (5 11) raxxe npeoGpasyiorcst
k—1

C()_§n+l§r(l)-j-l+nn+l=_n Z k(k—l) Z pdy  (76)

H JIal0T MCKOMOE pelleHHEe CHCTEMBI (75).
Ina npaBeix vactefi cucTeMsl (75) BBEIMONHSETCS! HEpPaBEHCTBO

|d9|<q9, q9=RM L=,

IoacraBasas ero B (76), monyunm

N E—1
s s 1 1 5 1
@l=eon X mamy X p=ganl—n<g N
k=n+1 p=1
Orciona caenyer
1G9 le<gN LDl rtre 7= NU%2M,=4(b—afM,. (77)
S0 osHauaer, yTo HTepauuy (74) CXOAATCA NpPH BLIIONHEHHH yclioBHsA
1
50— M <1, maxla | (78)

Hs coorromwenns (78) cilenyer, 4TOo CXONMMOCTH JHHEHHas, T. e.
JOBOJILHO MeJJIeHHas.

Ycnosue (78) ABnsAeTcst OCTATOYHBIM, HO OHO GJH3KO K HEOGXO-
AUMOMY: GOJlee CJIOMHbIE OLEHKH TOKa3kIBAIOT, UTO ecd (b — a)? M, >
>n?, T0 urepauuu (74) MOryT PacXOAUThCA.
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Llenecoo6pasuee peiwars ypaBuenus (71) meronom Heiotona. Coort-
BeTCTBYloIME (GOpPMYJBI HETPYAHO 3amucaTh, JHHEAPHU3YsA MpaBble
YacTH 3THX YpaBHEHUH:

Y =yo LAY, 0<<n<N,

A\ — 2+ 1), AP+ AR | =RO —y® |+ 2y —yt(ts)-l- o (79)
lsn<N-1,
AP = AP =0.

JlvHeapHu30BaHHYIO CUCTEMY TaKKe DEINaloT anre6paudyeckoil mporou-
Ko#l. CXOZHMOCTb HTepaluil UCCIAENYIOT ONMHCAHHBLIMA BbIIE TPHEMAMH.
[Morpebyem, uto6H! f, =m; >0. Torza cpasuuBas (79) u (71), MoxHO
MOJMYYUTh A/ TONpaBKH (S =y —y TaKoe HEpPaBeHCTBO:

fuu (%, 1)
2fy (%, u)

3To 03HauaeT, YTO €CJAM HYJeBOe NPHUGJIKEHHEe B3ATO He CJHIIKOM
JaJleKo OT KOpHS (HampuMep, YAOBJETBOPSET YCJIOBHIO

” ;;3) ”c = ” qu/fuu ”C(x),

to urepauuu (79) cxoxsfrcs, npuueM KpajgpaTuuyHo. [ToaTomMy merox
HyrloToHa OOBIYHO BBHIrOAHEH METOAA NMOC/AeN0BATeIbHBIX MPHGIMKEHUH,
HecMOTpst Ha GoJiee TpOMO3AKHE (POPMYJIBI.

ameuanune. Ecan wurepauun (79) unm (74) cxomsarcs, To
B CH/JY HENPephriBHOCTH H TIJaAKOCTH GYHKUMHK f(x, #) OHH cXopaTca
K pemeHuio cuctembl (71). Tem cambiM YycTaHaBIHBaeTcs CYLIECTBO-
BaHHe Pa3HOCTHOrO pellleHHs B 3THX c/aydasx.

Hns HenuHeHHBIX 3a7auy oueHb 3pGEeKTUBHA KOMNACKCHAA OpeaHu-
3ayua paciema, TO3BOJSAIOLLAS NPU HeOOMBIIOM 06beMe BhLIYHC/IEHHH
nonyyaTh BBICOKYIO TOYHOCTb. OmuieMm ee.

BosbMeM mepByi0o CeTKy C O4YeHb MaJblM YHCJIOM HHTEpBaJoOB
N =2—8; ocranbHble CeTKH TONYYHM H3 Hee IOC/JeLOBaTe/lbHBIM
crymeHHeM BABoe. Ha nepBoil ceTke HauanbHOe NPHOIHKEHUE BhIGE-
peM KakKuM-aH00 mpuOIHKEeHHbIM crocofoM: MeTofoM [anepkuHa,
WM pasjioKeHHeM 1o MasnoMy mnapamerpy. I[lockonbKy n/1si mepBoi
CeTKH NOpAJOK a/jre6panyeckoil CHCTeMBl MaJ, KayecTBO HYJEBOTO
NpUGJHKEHHST 3/1eChb MasOCYILEeCTBEHHO.

Korza wuTepanum COLIIHMCH, INIOJYY4eHHOE pa3HOCTHOE pelleHHe
HHTEpNoJHpyeM (HalpuMmep, JHHEHHO) Ha BTOPOH CEeTKe H BO3bMEM
Ha Hefl B KadecTBe HYJeBOro npubsikeHus. Torja urepaniu o6bIYHO
GBICTPO  CXOAATCs; B-MeTole HbIOTOHa J0CTaTOYHO 2—4 HTepaiHi.
Hurepnonupyem 3to pellleHHe HA caexyiomeit cetke H T. A. O6uuit
0o0beM pacCyeToB MpPH 3TOM HEeBENTHK H IPUMEPHO 3SKBHBAJIEHTEH
5—8 uTepaunsaM nocienHeil CETKH,

o <|

(s—1) |2
o 150 I
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B 3akjioueHHe pa3HOCTHOE pellleHHE Ha BCeX CETKAX YTOUHHM
N0 PEKYPpPEeHTHOMY MpaBuly PyHre. 3To HAcTONBKO MOBHIIIAET TOY-
HOCTh, YTO Jaxe B CJIOXKHBEIX 3a/lauaX II03BOJIIET OrPaHUYHTHLCS
HeGOJILLINM YHMC/IOM HHTEpBAJOB mociaefHed ceTkH (N =32 — 128).

Ecinu nmpoBopuTcst cepus pacyeToB INpH BapbHPOBAaHHH MapaMeT-
POB HCXOIHOH 3ajayd, TO Iejecoo6pasHO pe3y/abTaT pacyera OLHOTO
BapuaHTa 0paTb B KauyecTBe HYJEBOrO INpPHONHIKEHHUs JIJis1 NepBOH
CETKH C/Ie[YIOUIero BapHaHTa. ‘

PaccMOTpHM HEKOTOpHIE JpyrHe YC/AOXKHEHHs 3ajaud.

1) Cetka MoxeT GbITb HepaBHOMEepHOH. B aToM ciyuae namo
HCI0/Ib30BaTh COOTBETCTBYIOUYIO aNNpPOKCHMALHIO NPOU3BOAHBEIX, Ha-
npumep,

- 2 Upi1—U Up—Up_
u”(xn)N (n+1 n __Zzn nl).

Xn41 —Xp-1\ Xny1—Xp Xpn —Xp-1

Hanomuum, uTo 3Ta annpokcumauus wumeeT morpemHocTs O (k%) Ha
KBasupaBHOMepHBIX ceTKaXx H O (h) Ha npou3BOMBHHIX ceTKaXx. HMcee-
JoBaHHe pasHOCTHOH cxembl (71), TpOBeleHHOe BHIIIE, JETKO
o6o6laeTcss Ha cAydali HepaBHOMEDHOH CeTKH.

2) MoXHO HCMONB30BAaTh AaNMpPOKCHMALHH, SIBHO YYHTHIBAIOLIME BHJ OGILEro
pelleHHa HCXORHOro auddepeHNUaIbHOrO ypaBHEHHS; MPH 3TOM MOJAydarTcs c I e-
nuadbHbie cxeMmu (cM. § 1, ne 9). CocraBum, Hampumep, And 3agaun (64)
¢ p(x) <O Takywo cxeMy, uTOGh OHa Gblla TOYHa TpH p=const, f(x)=-const.
Tlpu 3TOM orpaHHYeHHH oOflliee pellleHue ypaBHeHHS (64a) uMeer BHf

o (r) =— %+A sin (Vp|x)+Bcos(Vp|x),

rie A, B — MpOM3BOJIbHEIE NOCTOSHHEIE. JIErKO NPOBEPHTb, YTO HA PaBHOMEPHOH
CeTKe MOACTAHOBKA 3TOTO pellleHHsI B PasHOCTHYIO CXeMY

Yn-1—20n 08 (1 V =pp) +Ynsa=2fr[1—cos 0V =p,)], 1<n<N—1, (@0

(kpaeBhle YCJIOBHsI YUHTHIBAIOTCS aHajoruuHo (71)) maer Toxaectsd. ClienoBaresibHO,
3Ta CXeMa TOYHA B YKa3aHHOM cMmbicie. OHA TMO3BOJSET NMONY4aTh XOPOLIYIO TOY-
HOCTb pacuera GBICTPO OCHHWJ/UIHDYIOMMX pelleHHH Jaxe Ha rpy6oil cetke, eciu
p (x) u f(x) sBAsIOTCA MENJIEHFO MEHSIOUIMMHCS (YHKLHSAMH.

OnHaKO 3aMeTHM, YTO NMPHMEHATh NPaBHJIO PyHre /s YTOYHEHHs pPasHOCTHBIX
pelueHui, TONyuyeHHHX Mo cxemam THna (80), MOXHO He Bcerga. IlpHumna sTOrO
6bina mOxpOGHO paccMOTpeHa B cBsAsH C popMynamu Puiona (rnasa IV, § 2, m. 3).

3) NuddepenunanbHoe ypaBHEHHE MOXKET HMETb GOJee BhICO-
KHH mopaloK. ANnpokcMMauus CTapIIHX MPOH3BOJAHBIX TpeGyer
Gosblliero 4Mc/a1a Y3/0B, H Kaxioe ypaBHeHHe Ttuna (71) wiau (66a)
6yZeT colepXKaTb COOTBETCTBEHHO 6OJbllee YHC/IO HEM3BeCTHHIX. [lo-
3TOMY A/ pellieHus anre6panyeckoi JHHeHHOH (MMM JIMHeapH30BaH-
HOH) CHCTeMbl BMeCTO anre6pavdyeckoil NPOrOHKH HaJ0 HUCIIOJNb30BAaTh
HECKOJIbKO 6oJiee TpyJdoemkHe croco6bl. Ho npuHIHNMAMbHBIX OC/IOXK-
HEHHH 5TO He BHI3HIBAET.
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4) BosmoxHE 6o/ee CJOXKHBIE KpaeBble YyCJA0BHS. PaccmoTpum,
HarpuMmep, HelTHHEeHHOe yCIOBHE TPEeThero poja

’

u' (a) =@ (u (a)). (81)
Ecnu moacTaBHTL B HEro anmpOKCHMALMIO Ug A< (4, — Ug)/h, TO ee
norpewHoctb O (A) BeaMKa, YTO yXYAMIAeT OOGLLYI0 TOYHOCTH pacyera.
Yro6bl 3amucaTh PasHOCTHOE KPAEBOE YC/IOBHE IMOBHILIEHHOH TOYHO-
CTH, paccMotpuM dopmyny Tefinopa

u (x0) =t (x0) e’ (1) +5 B (1) ..

H Ha OCHOBaHMH YypaBHeHHA (70) momoxkum u” (x,) =f (%o, U,), @ M3
Kpaesoro ycnoBusa (81) BosemeM u’ (x,) = ¢ (1,). Toria nosmyuum

% (U1—Y0) =@ (40) +%f (X0 Yo)- (82)

Ilpyrue crnoco6bl anmnpoKCHMalMH KpaeBhlX YCJAOBHH OYAyT paccMoT-
peHbl B raase 1X. )

ITogBexem mTOrH. PasHOCTHBIH METOX HMEET CBOH TPYAHOCTH,
CBfI3aHHBIE B OCHOBHOM C pellleHHeM anre6paHuyeckoi CHCTeMbl ypaB:
HeHu#i. OZHAKO 3TH TPYJHOCTH YCIEINIHO mpeofoJeBaloTcss. Meron
€CTeCTBEHHO NePEHOCHTCS Ha ypaBHEHMs BLICOKOTO MOpsJKa, MpHUEM
TPYAOEMKOCTb BBIYHCJEHHH IOYTH He Bo3pacraer. Ero uncienHas
YCTOHYHUBOCTh OOBIYHO XOpoluas.

IlostomMy nna ypaBHEHMH BTOpPOro mHOpsijKa Pa3HOCTHBIA METO
YCHEIIHO KOHKYPHPYET C METOLOM CTpesibObl, a a5l ypaBHeHH# 6o-
Jiee BBICOKOTO MOpsAAKa, OCOOEHHO MpH C/JOXKHOH MOCTaHOBKE Kpae-
BLIX YCJIOBUH, OKa3blBaeTCsl BHII'OJIHEE CTpENbOHI.

6." Meton Ianepknuna. Kpaesas 3agaua ansa ypasHenus A (u (x)) =
=0 cpogunacb B raasBe VII, § 4 K OTBICKAHHIO MHHHMYMa (YHK-
uHoHana tdna (Au, Au) wmu (4, Au). 3atem pelleHue u (X) npu6.u-
JKEHHO 3aMeHSJIOCh OTPEe3KOM pasjIOoKeHHs] N0 HEeKOTOpoH mNOoJHOM
cucreMe GYHKUMHA, a KO3(p(hUIHEHTHl pas3noKeHHS HaXOLHIHUCh H3
yCJOBHS MHHHMYMa (YHKUHOHajJa. ITOT CNoco6 [/ GYHKIHOHAJOB
NepBOrO THNA HAa3bIBAIOT METOJOM HaMMeHbLIMX KBaJpaToB, a A
BTOpPOr0 — MeToAOM Putna.

Metol HaUMeHBIIMX KBaJpaToB HeyJ100eH TeM, YTO TOJ HHTErpa-
JIOM BO3HHKAIOT KBaJApaThl CTApLINX NPOH3BOJHAIX, BXOAfIUX B Ole-
patop A, ¥ BBIYUCJEHHS CTAHOBATCS TPOMO3AKHMH: Merton Purna
HMeeT TOT HEJOCTaTOK, YTO He JJIsi BCSKOro omepatopa A ynaercs
HaATH 3KBUBA/leHTHHIA (YHKIHOHAN (OOBIYHO HYXKHA CAMOCOMNpSXKEeH-
HOCTb onepaTopa). bBonee yno6en Ha mpaktuke Meron b. I'. Tamep-
KuHa (unu By6HoBa — I'aslepknHa), CBOGOAHBIH OT 3THX HEJOCTAaTKOB.
Hanoxum 3toT Meron.

ITycte naHO ypaBHeHHEe C HEKOTOPHIMH KpaeBbIMH YCJOBHSMHU (IJIs
OTpe/le/IeHHOCTH — NIepBOro pojia)

Awp@)=fFx), a<x<b, u(@=aub)=p (83
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Kak u B Mmeroge Purua (cm. raasy VII, § 4, m. 3), GyaeM uckath
NpUGIHIKEHHOE pellleHHe B BHIE CYMMbI

“ ()~ 9n (=00 (9 + 3 cun (9 (8

TIe @, (X) —HeKoTopas HenpepbiBHAs (GYHKIHA, YAOBJIETBOpAOLLAS
HEOJHOPOJHBEIM KDAeBBIM YC/IOBUAM (83), a @r(x), 1 <k<<co,—Ka-
Kas-TO CHCTeMa JMHEHHO-He3aBHCHMBIX (YHKLHH, NOJHAs B KJacce
HenpephlBHHIX (YHKIHH, ompellejeHHHX Ha oTpe3ke [a, b] u ofpa-
[AOIIXCS B HYJb HAa €ro KOHIaX.

Iokaxem, 4To ecnu Aas HeKoTopod ¢yHKuuM F (X) U DOJHOM
CUCTEMBI (DYHKIHH @ (¥) BBHIIOJHSIETCS COOTHOLLUEHHE

b -
SF(x) ¢r(x)dx=0 mpu l<k<<oo,
a N

to F(x) =0 ua [a, b]. Ilaa sTOro H3 NOJHOH CHCTEMBI @ (X) rmocJe-
JIOBaTeNbHOH OpTOroHa/lM3aunuell MOCTPOMM MOJHYIO OPTOrOHAJIbLHYIO
cucreMy Yy (x). OueBunHo, TOrAA

k
@r (%) = D) LemPm (%),

m=1

npuueM Cp, =0, UHaYe @, (x) ObuTH Obl IHHEHHO-3aBHCUMBL. Pasnaras
110 HOBOH CHCTeMe

F(x)= 121 yiy: (%),

npuJeM K COOTHOLIEHHIO

b

k
O=SF(x)cpk(x)dx= > Ymbem=0, k=1,2, ...

a m=1

Ionaras k=1, nonyuum 7y, =0. Ionaras k=2, nomyyum y,=0 u
1. n&. CaepoBatenbuo, Bce y,=0 u F(x)=0. Ormerum, utO eciu
MCXOJHAsl CHCTEMa @ (X) y»Ke OpTOroHa/bHa, TO JOKa3aTeNabCTBO CTa-
HOBHTCS TPHBHANBHBIM.

Takum o6pasom, ecau Gbl MBI HAlILTH TaKYio GYHKIHIO U (¥), 4TOOH!
A (u (x)) —f (x) 6BL1I0 OPTOrOHANBHO @ (X) MpPH JMHOOBIX =1, TO 3TO
o3Hauasno Owl, 4To A (1 (x))={ (x) u 3anaua (83) OGbna Gul pelueHa *).
Eciu Xe OpTOroHaNbHOCTb €CThb TOJNBKO NpPH k<Cn, TO B pasjoxe-

*¥) OproroHansHocTH A () —f K o (t) He Tpebyercsi, HGO @ () He BXOJHT
B MOJIHYIO CHCTeMy OQYHKUHH @y ().
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HHe A (u) —f 1o @ (X) BXOAAT Y,y H Oosee craplive KO3(pGhHLIHEHTH,
T. e. A (u)~f.

Bosbmem BMecto u (x) mpuGIMKeHHOe pelleHHe B ¢dopme (84) u
notpe6yem, YTOGHI

b '
§[A s () —F (] s (0 dx=0, I<k<n. (85)

a

OTo Jaer HaM anareGpauyeckyilo CHCTeMy MJs OIpeneneHHs: Koabdu-
LLMEHTOB C,. Hailina u3 Hee Ko3h(HUUHEHTH, NONYYUM NPHONHKEHHOE
pewenne (84). B sTom W 3akaiougaerca wmeton I'amepkuna. Bompoc
00 YC/NOBUAX CXOIHMOCTH Y, (X¥) IPH A — 00 K TOUYHOMY peIUeHHI0 H
0 CKOpOCTH CXOIMMOCTH 3]leCb HE paccMaTpHBaeTcs.

Ecnu onepatop A (1) HenuHefiHbIl, TO cucrema (85) Toxke Gyner
nenunednol. Ilpu stom OGosbiie uyem 3—4 KosbduMEHTA TPYIHO
Haiitu. Ecau ke onepaTtop JuHeHHBIH, TO anrebpauyeckas CH-
crema (85) J/MHeHHa H MOXHO pellaTb 3aAady C GOJBLIAM YHCJIOM
KoadunuentoB. OTMeTHM, 4YTO A/ JIHHEHHBIX YpaBHEHHi BTOPOro
nopsaika merox ['ajepkuHa NPUBOAUT TOYHO K TeM K€ ypaBHEHHSM,
4yTo M MeToi Purua.

ITpumep. Paccmorpum 3amauy (69). [Tonoxum @, (x) =0 u BHI-
6epeM MONHYIO CHCTEMY QYHKIUH @ (x) =x* ((n/2) —x), 1 <k <<oo.
Torpna, ecnd orpaHUYHTbCS OFHHUM uJleHOM CyMmMbl (84), To Jierko
NOJIYYUThb, 4TO

¢, =05n/(40 —n?) ~ 0,521, n=1.

Ecan Bo3bMeM 1Ba ujieHa CyMMBI, TO MOJYYHM
¢, ~0,815, ¢~0,377, n=2.

CooTBercTBYIOIKE NPHOIHKEHHbBIE pelleHUs, BEIUUC/AEHHbIE B HECKOIb:
KHX TOYKAaX OTpe3Ka, IpHBeleHbl B Tabauue 21; A1s cpaBHeHHs
TaM e JaHO TOYHOE pelleHHe.

Ta6numa 21 o
XOTH B 3TOHU 3ajauye pelieHue aB-

R "o v (0 o () A€TCS NIaBHO MeHsomelics QyH-
Kuuelt, Meron I'anepkuHa npu

a8 | 0241 0,445 0,208 HeGO/IbIIOM YHCJIE U/EHOB Jaer

n/4 | 0322 0,685 0,325 HeBaXkKHble pe3yJIbTaTHI.

3n/8 | 0,241 0,582 0,273 O6paTum BHEMaHHE Ha TO, UTO

NpH YBeJIHYEHUH 7 HE TOJNBKO
N06aB/IAIOTCA HOBble KO3(D(HUIUEHTE, HO M MEHSIOTCS CTaphbie, 4TO
HE O4eHb yHoOHo. Jlerko 3ameruTh, 4YTO €c/lM 3ajaya JHHeHHas,
a cucTeMa @ (¥) OpTOroHa/jbHas, TO YyKe HalijleHHBIe ¢, He GyAyT
MEHSATBCA MpH yBeNu4YeHHH 7. [lo3TOMy OpTOrOHa/NbHBIE CHCTEMEL
OOBIYHO YZIOOHEEe HEeOPTOrOHAJNbHBIX.

Merop TanepkuHa il HeMMHEHHBIX 3a7ay HCNOJb3YIOT JIMLIb A5
HaXOXKJAEHHUS IpyOoro MpHOMIKEHUs; IJIs JHUHEHHBIX 33724 UM MOKHO
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HaiTH pellewre C XOpOolmeH TOYHOCTbIO. Pe3y/nbTaT oueHb UyBCTBH-
TeJeH K TOMY, HacCKOJbKO YJAuHO BHIOpaHa cucTeMa (QYHKIHUH @ (X)
s JaHHOH 3allaud.

OrtmerTuM TaKiKe, YTO NMpH HeJIHHEHHOM KpaeBOM YCJOBHH BHJA,
HanpuMep, u' (@) =g (« (a)) nuHeiiHas KomGuHanus (84) ¢ npousBOJIb-
HBIMH KO3(HUIHUEHTaMH C, yXke He OYJAeT yIOBJETBOPATb 3TOMY Kpae-
Bomy ycsoBHio. [lostomy Meron I'anepkiHa NpHMEHHM TOJNBKO K 3a-
JlayaM C JHHEeHHBIMM (OTHOCHTENBHO u (X) M ee NPOH3BOAHBIX) Kpae-
BLIMH YC/IOBHSIMHM, XOTS JONYCTHM H HeJHHeHHbli oneparop A ().

7. PaspoiBHbie Ko3dHuHeHTHI. Bo Bcex mpeiblAyIUX NYHKTaX
fIBHO HMJIM HEABHO IIPEANoJarajnoch, 4TO NpaBbleé YacTH paccMarpH-
BaeMHX IH(depeHLHaNbHBIX YpaBHEHHH HeNpepeIBHE BMECTE C HEKO-
TOPBIM UHCJOM CBOHUX NpPOW3BOAHBIX. OXHAKO B 3ajayaX O CJOHCTHIX
cpenax Kos(dHUUeHTH ypaBHeHHH (kKo3(dHUMEHTaMH SBJASIOTCS pas-
JINYHBIE CBOHCTBA BELLECTBAa — IJIOTHOCTDb, TEMJONPOBOAHOCTb, YIPY-
rocTb M T. A.) OOBIYHO pasphIBHEI HA TpaHHLAX pasjena ABYX cpel,
T. €. BO BHYTPEHHHX Toukax [a, b].

Bernio -paccmoTpuM, Kak mepeHOCATCS Ha 3TOT Clyyail pasBHUTHE
Bhile MeToAbl. ClesaeM 3TO Ha NMpHUMEpE ypaBHEHHS

GlE0 ] —a@ew=ie. (862)

CHauana ofcyaum xapakrep pewenus. Eciau ¢ (x) maum f(x) xycouHo-
HENpephIBHBI, TO #”(X) TaKKe JIUIIb KYCOYHO-HenpepbiBHa. OQueBHIHO,
B TOYKE pasphiBa aMNpPOKCHMHPOBATh BTOPYIO NPOM3BOAHYIO pasHO-
CTHBEIM COOTHOLIEHHEM HeJb3sl.

Eme cioxue#i cnyuait paspeiBa k(x) B Hekoropo#t Touke X. Ilpu
3TOM pelleHHe KpaeBOH 3ajjaud CTAaHOBHTCH, BooOlle TOBOps, HE
ennHCTBEeHHBIM. CylLIecTBYeT MHOXKECTBO OGOGLIEHHBIX pEIIeHHH, KaxK-
JOe U3 KOTOPHIX YJOBJETBOPSET CBOEMY YCJIOBHIO COrJIaCOBaHHS
B Touke X. [/ BBIIENEHHs] €IHHCTBEHHOTO peIUeHHs Tpefyercs Io-
CTaBHTb B 3TOH TOYKE BHYTPEHHee KpaeBOe YCIOBHE; OHO BHIGHpAETCs
U3 GU3MYECKHX cOOOpaKeHHH H JO/KHO BXOIHTb B TOJIHYIO HOCTa-
HOBKY 3aJauH. ’ )

IMycre, Hanpumep, (86a) ectb ypaBHeHHEe TEIVIONPOBOLHOCTH B
CTep>KHe, COCTaBJEHHOM H3 pa3HbIX MarepHualos, a k (x) — Koaddu-
LHEeHT TemonpoBoAHocTH. Torja JONOJHHTENbHEIM YCIOBHEM GyAeT
HeMpepLIBHOCTL TEMNepaTyphl H Tens1oBoro noroka W = — ku, B Touke
COeJIUHEHHUS

—0

2 (I; T =0, [k (%) j—jj] +o_o. (866)

ITostoMy u B Merone cTpenbGbl, H B DPa3HOCTHOM MeTOZe BCe
TOYKH paspbiBa KO3(pPHLUEHTOB BHIOMPAIOT B KauyecTBe Y3JIOB CETKH;
TaKHe CETKH Ha3blBalOT CHeyuanvHbimi.

B wMmerone crpenb6bl 0 NpHXOAa (AJA ONpENENeHHOCTH CJeBa)
B TaKyl TOUKY I0JIb3YIOTCH «JEBbIMH» 3HAUEHHAMH KO3(p(}HIMEHTOB,
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Ilpuasa B 3Ty TOYKY, NpPH TOMOLIH BHYTPEHHETO KpaeBOTO YCJOBHS
¢dopMHpPYIOT HOBbIE HayasbHBEIE YycjoBusi. Hanpumep, B 3agaue (86)
310 OYAYT YCJIOBHS

uEH0) =u(F—0), s (F+0) =gt (T—0),
3ateM TPOAOMKAOT YHUCAEHHOE HHTErPUPOBaHHE, MOJNb3YACh YKe
«IIpaBBIMHM» 3HAYEHHAMH KO3(D(hHIHEHTOB.

B pasHocTHOM MeToZe [/ TOUKH pasphiBa BMECTO amNpoKCHMA-
uun auddepeHnnanbHOr0 ypaBHeHHs (86a) MOXKHO 3amucarh ammpok-
CHMAaLHI0 BHYTPEHHEr0 KpaeBoro ycJsosus (866), MMM MOXKHO cocTa-
BUTb TakKylO pa3HOCTHYIO CXeMy, KOTopas INpHMEHMMa BO BCEX TOY-
Kax, BKJIOuas TOuky X *).

B mertoze anepkuna cucreMy QyHKUUH @, (X) caenyer BhIGHpaTh
TaK, YTOOHI JINHeHHas KoMOHHaUusa (84) npH MoOGHIX 3HAUEHUAX KO3(d-
¢dunuenTa ¢, yAOBJeTBOpAJIa BHYTPEHHEMY KpPAaeBOMY YCJIOBHIO.

§ 3. 3agaun Ha coOCTBeHHble 3HAYEHHUSI

1. MoctanoBku 3ajay. 3ajayu Ha COOCTBEHHBLIE 3HAYEHHS — 3TO
KpaeBble 33aJlay JJIsl CUCTeMBl p ypaBHEHHH MepBOro nopsjka
\

u (x)=f(x, u;h;, Ay, ..oy Ay, €
la={uy, b, ..., U}y F={fv for--e» o}

B KOTOpHIX IIpaBble YacTH 3aBUCAT OT IapaMeTpoB A,, 3HAYEHHUS
KOTOPbIX HEH3BECTHBI H JOJIKHBI GBITH ONpefie/eHbl U3 CaMOH 3ajauM;
YHCJAO JOMONHHUTENBHBIX (KpaeBbiX)  YCJIOBHH .COOTBETCTBEHHO DPaBHO
p+q. @yHKumu u,(r), 1<<k<<p, u 3HaUeHHs napameTpoB A,
1 <<r=Cgq, yzoBjeTBOPSAIOUIHE BCEM YP3BHEHHSM H KpaeBbIM YCJO-
BHSIM, Ha3bIBAIOTCSH COOCMBEHHbIMU (QYHKYUAMU W COOCMBEHHbIMU 3HA-
YeHUAMU 3aJauH.

3agaun Ha COOCTBEHHblE 3HAYEHHsI 4acTO BCTpeyaroTcs B (U3nKe
H TexHuke **). Hanpumep, omnpeneleHHe COOCTBEHHBIX KOJeGaHUH
CTPYHEI NPHBOAHT K 3ajaue JJis JMHEHAHOrO ypaBHEHHsI BTOPOro ro-
pslKka C ONHHUM [apameTpoM

e G|+ @um=0,

a COGCTBEHHLIX KOJeOGaHHil YNpYroro CTepXkHs — K JIMHEHHOMY ypaB-
HEHWIO YeTBEpTOro TMOpsiAKa (KpaeBhle YC/IOBHMs 3aBHCAT OT crocoGa
3daKpenyIeHusl CTpYHbl WK cTepxkHs). [uddepeHunanpHoe ypaBHeHHE

*) DTo Tak Ha3LIBAEMble KOHCEPEAMUGHble CXEMbI, CIIOCOO MOCTPOEHHS KOTOPBIX
6yZeT H3JIOXKEeH B CJENYIOWHX I/aBax.
**) MHOTO NpMMEpOB TaKHX 3ajay npueeseHo B [17].



§ 3] 3AJAYM HA COBCTBEHHBIE 3HAYEHHA 281

BTOPOrO MOpSIKAa BO3HHKAeT NMpPH HAaXOXKIEHWH CIIeKTpPa aToMa BOZO-
pora. Haxoxnenne ypoBHeH 3HEpPrMM MHOTO3/JEKTDOHHOTO aToOMa
B npubnuxeHun XapTpu — Poka NPUBOAHT K 3ajaue IS CHCTEMBI
HeJMHEHHBIX YpaBHEHHH, B KOTOpOH 4McjO (YHKUME ¥ uuciIO,mapa-
METPOB DaBHO UYHCJY 3JIEKTPOHOB aToMa.

Hccnepopanne KOppeKTHOCTH IOCTAaHOBKH 3aJauH Ha COGCTBEHHBIE
3HaueHUs eme O6osnee CIOKHO, yeM JJIsl KpaeBhlX 3ajau. Hccieno-
BaHbl B OCHOBHOM JIMHEHHEIE 3ajaull ¢ OJHHUM napameTpoM. OpHako
B Kypcax TEOPHH KoJeGaHHH W KBAaHTOBOH MEXaHHMKH HMeEETCS HeMaJio
NpHMEpOB, M3 KOTOPBIX BHAHO, YTO B 3aBHCHMOCTH OT IIOCTAHOBKU
3aJlaud COGCTBEHHHE 3HAYEHHS MOT'YT CYIIECTBOBATb WJIH HE CYILECT-
BOBaTb, ObITh BELIECTBEHHBIMH WJIM KOMILIEKCHBIMH; CIIEKTP COOCTBEH-
HbIX 3HAUEHHWH MOXKeT OHITb AHWCKPETHBIM, CIVIOLUHBIM, COCTOSILIUM H3
[OJIOC WJIH ABJISIOIUMCS KOMOWHALHEH NepeuncIeHHBIX C/yyaes.

Hau6osee ynoTpeGUTENLHBIMM YHC/IEHHBIMH METOZAMH pelleHHs
3ajjay Ha COOCTBEHHbIE 3HAUEHHS SBJAITCA METOA CTpenb6bl U pas-
HOCTHBIH MeTOJ, NMOAPOGHO pacCMOTpeHHEle HuKe. M3 npubiuxKeHHbIX
METOJOB yrnoMmsiHeM MeTofwl Purtua u [anepkuna.

2. Meroa cTpeanbpl. B 3amauax Ha cOGCTBEHHBHlE 3HAUEHHS
HMEIOTCSI €CTeCTBEHHbl€ IMPHCTPENOYHBE NAapaMeTphl — BEJHUHHE A,
TI09TOMY TaKHe 3ajlaud HepeJKO DPeIlaloT MeTOAOM CTpesbGul. OcHOB-
Hple YepThl 3TOTO METOAA Te e, YTO M A KpaeBHX 3ajau; pac-
CMOTPHM JETaJU MEeTOZa Ha JBYX TNpUMEpax.

Ipocrefiuii npuMep —3afauya 11 OJHOTO YPaBHEHHS MePBOro
TOpAJKa C OJHHM NapaMeTpoM H JBYMS KPaeBHIMH YCJIOBHSIMH

u (x)=fx, u; A, u(a)=a, u(®d)=8p. 87)

Ecin oT6pocuTh mpaBoe KpaeBoe YC/JOBHE M BHIGDATh HEKOTOPOE
3HaueHue A, 1o (87) npesparurcs B 3ajauy Komu. UwucneHHo HH-
TETPUPYS ee, MONYYHM pelleHue u (X; A), yIOBJNETBOPSIOLIEE JIEBOMY
KpaeBOMy YCJOBHIO M 3aBHCsIlee OT napamerpa A. Boo6we rosops,
u(b; )7 P, 1. e. 3T0 pemenue He YIOBIETBOPSIET NPABOMy Kpae-
BoMy ycjoBuio. Torfa 6yzeM BapbupoBaTh A 10 TeX MOp, TOKa He
nonyunm u (b; A)~p c TpeGyemoii TOUHOCTRIO. Pasymeercs, mpu
BapbHPOBAHHH HCTOJb3YIOT OGbIYHBIE METOABl HAXOXKIEHHS KOPHSA
anreGpanyeckoro. ypaBHeHHs, KakK 3TO GbUIO CHeAaHo B § 2, m. 2.

- Hpyroit npumep —3T0 KJaccHYecKasi 3ajaua Ha cOGCTBEHHble 3Ha-
YeHHs] YPaBHEHHS BTOPOTrO MOPSJKA IPH HyJEBHX KPAEBBIX YCJIOBHAX

w@+p@u @ +Rr+g@lu(®)=0, u@=u(®)=0. (88)

YpaBHeHHE HMeeT BTOPOH MOPSAOK M COJEPKHT OJHO COGCTBEHHOE
3HaUeHHe; CJIeJI0BATe/bHO, 3aj4auya TpeGyeT Tpex AOMONHHTENbHBIX
ycnoBuil. Ho B cuily JIMHEAHOCTH H OJHODOJHOCTH peIIEHHe Onpejie-
JIEHO C TOYHOCTBIO JO MHOXKHTENS; 3TO M €CTh HEsBHOE 3ajaHHe
TPeThero ycjoBHs. POpManbHO TPeTbe YCJIOBHE 3]ech YIOOHO 33a1aTh
B Qopme 4’ (@)=1 (ur0 BO3MOXKHO, €cau p (@) H ¢ (a) KOHEUHI).
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Tora MOXHO B3AThb JJIs1 HCXOZHOTO ypaBHeHHs 3ajauy Komu c Ha-
yaJibHEIMEH yCoBUAMH 4 (@) =0, u’ (@) =1 ¥ BeCTH NPHUCTPEJIKY napa-
Merpa A 10 BHINOJNHEHHS NPAaBOrO KPaeBOTO YCJOBHS.

3aMeTHM, YTO JIHHEHHOCTb YypaBHEHHS H KpaeBLHIX YCJOBHH He
ynpoiaer crTpenb6y, MO0 3aBHCHMOCTh (X; A) OT mapaMeTpa Bce
pPaBHO OCTaeTcsl HeJNMHeHHOH.

Merop cTpesn6el YIOGHO NPHMEHATh, €CJH CTpebba SBJIAETCS
OJ{HOTIAPAMETPHUYECKOH, KaK 3TO ObIO B PACCMOTPEHHBIX MpHUMEpaXx.
Eciu 310 TpeGoBaHHE He BHINOJHEHO, TO aJTOPHTMBI CTPEIbOb CHIBHO
YCJIOKHSIOTCS M CTAHOBATCA MEHee HaieXKHBIMH; TOTAA BBIOAHEH
HCTOJIb30BAaTh PA3HOCTHBIA METO..

Merop, cTpenb0bl TPYAHO NPUMEHATL TAKXKe B TOM CJydae, eC/u
3afaua Komwu nyoxo o6ycsosieHa. Toraa majas BapHauus A MOXKeT
pPe3KO H3MEHHTb pellleHHe u (X) U Jaxe BBIBECTH €r0 3a MpPEeAeJIhl
npenctaEuMbix Ha OBM uyncen. Ilpu 3TOM HEBO3MOXKHO OpPraHH30BaTh
TnpoLecc pellleHHss aire6panyeckoro ypaBHEHHS THIA

u(b; A)=0.

HHorzma, kak ¥ B KpaeBHX 3ajayax, NOMOraeT CMeHa HamnpasJjeHHsS
WHTETPHPOBaHHS (HO ee NpPHUMEHSIOT TOJBKO, €CJH OT 3TOr0 He yBe-
JIMYUBALTCS UHCJIO NapaMeTPoB NPHCTPEJKH).

3. dazoBwii meton. Kraccuyeckad 3ajaua [AJs ypaBHEHHS BTO-
poro nopsgka (88) uMeeT MHOrO BaKHBIX (PU3MUECKHX NPHUJIOKEHHH.
B uyactHOCTH, K 3TOMy ypaBHEHHIO NPHBOIUT KBAaHTOBOMEXaHHYECKas
3ajjaua ‘06 ypOBHSIX SHEPT'HH YaCTHIIH, ABUXKYIIEHCS B 3alaHHOM OJHO-
MepHOM (HampuMep, cdepuueckH-CHMMETpHYHOM) mosie. B mocnennem
ciydae 3ajaua Komu Ans ypaBHeHHs (88) okasbiBaeTcsl O4eHb IJIOXO
o6yc/OBJIEHHO: ofliee pelleHHe YypaBHeHHS ofpalaercss B 6ecKo-
HEYHOCTh Ha OGOMX KOHLAxX oTpe3ka (x=0 u x= co). [Tostomy npu-
MEeHATb MeToj cTpenbOe TpyAHO. Ho 3Ta 3ajaua HAcTOJNBKO BaKHa,
4TO ]/ Hee pa3paGoTaHbl CHelHasbHble CXeMbl. PaccMOTpUM OIHY
U3 HUX —ha308vii memol.

Bocnosnb3yeMcss TeM, YTO KauecTBEHHOe TMOBEJEHHE peIleHHs
U3BECTHO. PellleHne HMeeT OCUH/JIHpYIOILUH XapaKTep, NPHYEM amil-
JHUTyJla MOXKeT CHJIbHO 3aBHCEeTb OT KOOpAHHATH. BBeleM aMmautyny p
u a3y ¢ peleHdss NMpPH IOMOLIY COOTHOIIEHHS

u (%) =p (x)sing (x). (89a)

910 COOTHOIIEHHE HEOJHO3HAUHO ONpeleNsieT amIUIHTYAy H ¢asy.
Il ompelesieHHOCTH MOJYHHHM HX JOIOJHHTENbHOMY COOTHOLIEHHIO

u' (x)=p (x) cos @ (x). (896)

Harsanuelit cMBICI €ro COCTOMT B TOM, YTO €CJH B3ATh BEKTOP C KO-
opAuHaTamu u, u', T. €. mepeHTH B (Da30BYI0 IJOCKOCTb, TO P H
6yayT aMNIHTYIOH M (as3of 3TOro BEKTOpa.
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Hupdepenunpys (89a) u (896) u cpaBHHBass ux mexay cooi,
HOJyYUM COOTHOIIEHHS
"=p' cos p— ¢'psing,
p'sing= (1 —¢")pcos .

Hckiiouasi mpu nomowy 3THX cOOTHOmIEHUH u dopmy (89) byHK-
LHIO 4 (X) U €e NPOM3BOAHEIE U3 ypaBHeHHs (88), mociie HeCNOXKHBIX
npeo6pa3oBaHuil pacumenum (88) Ha ypaBHEHHS NI AMILIMUTYABl H
¢asmr:

P’ () =—p () {p (¥ coso(®)+[g(x)+Ar—1]sing ()} cos ¢ (x), (90)
¢’ (x) =cos? @ (x) +p (¥)sin@ (x) cos ¢ (x) +[A+ g (0)]sin? g (x). (9])

['pannunbie ycioBus (88) npH 5TOM €CTECTBEHHO MNPHIHCHLIBAIOTCS
¢ase. Ecaum Hamo HaliTH pelneHue, COOTBETCTBYIOUIEE KBAHTOBOMY
uMcsaIy n, T. €. HMelollee £ NOJYBOJH Ha [a, b], To clesyer momoxuTh

¢ (@ =0, ¢(b)=nn. (92)

Takum o6pa3oM, Mbl NONYYHJIH 331auy HA COGCTBEHHLIE 3HAUECHHSI
(91)—(92) Tonpko Ana ypaBHeHHs dasbl. OHa JIErKO peluaeTcs MeTO-
JIoM CTpPeJIBGH, MOCKOJAbKY 3ajaya Koww Ans ypasnenust (91) xopouro
ob6ycnoBneHa. BakHo# OCOGEHHOCTBIO ATOH 3a[aud SBIAETCH TO, YTO
NpaBoMy KPaeBOMY YCJIOBHIO (92) yAOBNETBOPSIET TOJLKO OJHO OMpe-
JIeJIEHHOE ' A, M3 BCEro CnekTpa HcXomHo# 3ajzauu (88). ITostomy
crpenibba BCETJa CXOAUTCA HMMEHHO K TpefylolleMycst COGCTBEHHOMY
3HAYEHHUIO.

Iocne naxoxjenus asbl ypaBHEHHE A/ AMIIMTYIH JIETKO HH-
TErpUpyeTcss B KBazpaTypax

0 () =p (@) exp {— ([0 ® coso® +
+ (g @) +A—1)sing )] cos o (© dg}.

AmniuTyza onpeneneHa ¢ TOYHOCTBIO 1O MHOXKHTENS M HE MeHSeT
3HaKa, KaK M JIOJ2KHO OBITb IO CMBICJY 33JauH.

Sameuanue l. 3agaua (88) MoxkeT MMETb W JpyrHe THIb Kpa-
eBEIX yc/I0BHH. Eciin HcxXonHoe KpaeBoe ycjoBhe uMeeT BUI 4’ (b) =0,
TO jA15 Gaspl Halo B3ATbL ycjoBue @ (b) = m(n—1,). Heckonpko
CJIOXKHEH acHMNTOTHUYECKOe YCJoBHe u (0o)= 0, BO3HHKaIOUee B 3a-
Jlaye Ha OTpe3Ke a =< X << co; OOGBLYHO B TAKHX 337a4aX BHINOJHSETCS
p (00) =g (00) =0. Torga HeTpyAHO TMOCTPOMTb ACHMNTOTHKY pellle-
Hust u (x) ~exp(— 1/ —Ax) mpu x—0o M NONYYUTH OTCIOZA ACHM-
NTOTHYECKOE KpaeBoe YCJaOBHe A/ ¢aswl

cos ¢ (x) +V —Asing(x) >0 mpu x—+ oo,
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3ameuanue 2. ®asa @(x) MOXKeT GbITb HEMOHOTOHHOH (yHK-
uveli. OnHAaKo, ecid NpH HeKoTopoM X 3HaueHne ¢asbl @ (X) =k,
T0 @' (%) =1; MO3TOMY KaXAYIO JIMHMIO (p = fik HHTErpaibHas KpPHBas
Tnepecekaer JIMINb OAHAXKJbl, 4 HEMOHOTOHHOCTb MOKET MPOSIBJSATHCS
TOJIBKO MeX1y STUMH JuHHAMH. [Ipn TakoM noBefeHHH HHTerpasb-
HBIX KPHMBHIX CTpeJb0a ¢ HCIONb30BaHHEM JHXOTOMHH HAJEXKHO CXO-
JIHTCS K COGCTBEHHOMY 3HAUeHHIO, a MpPH HCMOJb30BAaHHHM MeToja
HeloToHa o6/acTh CXOAMMOCTH HEpPEIKO OKA3bIBAeTCs OUeHb Y3KOM.

Sameuanue 3. Jlns npeoJosieHHs NOCIEIHErO HEAOCTATKA Npe-
JIOXKeHA 3aMeHa (QYHKUHHA, HECKOJBbKO Cosiee cioxkHasi, ueM (89), HO
3ato Jenawomas @ (x) MOHOTOHHOH ¢ynkuue#i. Ilpu stom cTpennba
¢ Hcrnosb3oBaHueM MeTofa HbloToHA cxonuTcs 3a HEGOJBIIOE YHCIO
UTepayui.

4. .PasHoCTHBII MeTOJ OOLIYHO HCHOJNB3YeTCs B TeX CJAyYasix,
Korja cTpenb06a OKasbiBae€TCS MHOIONAapaMeTpHuYecKol, WM eciH
safaua Komwm ana ucxonsoro auddepeHUHaNbHOrO ypaBHEHHUS NJIOXO
06yC/IOBJIEHA. -

Qopmynupyercs OH TaK XKe, Kak JJIs KpaeBhX 3ajau. Beemem
Ha [a, b] cetky {x,, 0<<n<CN} u 3aMeHHM B HCXOZHOH 3ajaue BCce
NpPOU3BOIHBEIE HEKOTOPHIMH DAa3HOCTHHIMH COOTHOIIeHHsIMH. Torza
BMeCTO AHG(GEePeHIHANbHOr0 YpaBHEHHS M KPaeBbIX YCJOBHII MOJMyYuM
cucreMy ajrebpanuecKux ypaBHEHHH

Fi (o Xy oo X Yo Yoo oo Y3 M=0,  0<k<N+1 (93

(myA MPOCTOTHI 3alMCH Mbl OrpaHMYHMBAEMCH CIyyaeM OIHOTO CoGCT-
BEHHOrO 3HaueHUs). DTa CHcTeMa COLepXKHT N -+ 2 ypaBHEHHS, U H3
Hee HAJ0 ONpeleUThb TaKOe Xe YHCJIO0 HEH3BECTHHIX: A, Yo, Yy, ..., Yn-

BosHukaloT Te ke BONpOCH, YTO U B KpaeBHIX 3ajauyax. Vmeer:
Jau anareGpauyeckas cucrema (93) pemenue? Eciiu uMmeer, TO Kak ero
(akTHUeCKH BBMHUCIUTB? Ec/iu pa3HOCTHOe pelleHHe HaHgeHo, TO
HaCKOJIbKO OHO OJIM3KO K TOuHOMY petenuio? Cefiuac Mbl paccMOTpHM
JIMHEeHHbIe 3ajaud, LIS KOTODHIX Ha 3TH BOIPOCH OTBETHTb JIerye.

ITycts ucxonmas 3ajaua SBJSETCH JHHEHHOH M OJHOPOILHOH OTHO-
CHTEJIBHO 4 (x), Kak, Hanpumep, 3azaua (88). Bocnompsyemcs nuneii-
HBIMH PA3HOCTHHIMH aNNpOKCHMAaLHUAMH NpPOM3BOAHHIX. Torga cucrema
(93) 6yneT OTHOCUTENBHO Y, JUHEHHOH OZHOPOIHOH, T. €. 3TO GyIeT.
ajqre6panueckasl 3agaya Ha COGCTBEHHBIE 3HAYeHHS MaTpuLbl. Tak,
s 3anaun (88) mpH NpoCTEHIIHX annNpOKCHMAaUHUSX Ha paBHOMEPHOH
CeTKe TOJYYUM CHCTEMY ’

1
(1= 10n) s — @ =29 =8 g (1 5 72 Yra =0,
l<n<N-1, (94)

rne Yo=ynv=0 B CHIY KpaeBblX YCIOBHH. DTa CHCTeMa COJEPMKHUT
N —1 ypaBHeHHe; U3 Hee HAJO ONPEAETHTb A, Yy, Yay «++» YN-1-



§ 3] 3AJJAUM HA COBCTBEHHBIE 3HAUEHHS 285

3amaua (94) umeeT CneKTp COGCTBEHHBIX 3HAYEHHH, COCTOALIMH
u3 N — 1 uucna (mo mopsiaxy matpuusl). Ilepeele co6cTBenHbie 3Ha-
YeHHS SBJASIOTCH NPUGMIKEHUSAMH K INepBLIM COOCTBEHHBIM 3Haue-
HUSAM A, W3 JUCKPETHOIO CIEKTpa HCXOAHOH -3ajaun (88). Ecam
pa3HOCTHAsl CXeMa COCTaBleHa TaK, 4TO MAaTpHIa ajreGpanyeckolt
cuctemsl (93) ABJSeTCS SPMHTOBOH, TO NPHO/IMKEHHBIE COGCTBEHHBIE
3HAUEHHUS -6YAYT BelleCTBEHHHIMH. -

CoOCcTBEHHBIE 3HAUEHHSI U COGCTBEHHBHIE BEKTOPHl JIHHEHHOH CH-
crembl (93) BBIUUCISAIOT METOAAMH, ONMHCaHHEIMU B ryiaBe V1. ITockosbky
BO MHOTHX TIPHJIOXKEHHSX MaTpHId CHCTEMBH TpeXJHaroHajbHas
(pexe — NATHAMATOHA/bHASA), A HYXHH TOJLKO HECKOJBKO MEpPBHIX
COGCTBEHHBIX 3HAYeHMH, TO BHIFOZHO TNpPHUMEHATb Meton JlepBiofbe
(cm. rmaBy VI, § 4, n. 2). Tlpu HeGOABLIIOM YHC/Ie HHTEpPBANOB
CeTKH YIOGHO TaKXKe HaXOAWThb KODHH XapaKTePHCTHYECKOrO MHOro-
yjleHa METOJIOM MNapaoJ, BHIYHC/AA CAM MHOTOUJEH NO PEKYpPpPEeHT-
HEIM cOOTHOIeHusiM (cMm. raasy VI, § 1, m. 4).

CXO0QUMOCTbH pPa3sHOCTHOTO pelleHHs K TOYHOMY npH A—-0
XOpOLIO HecefoBaHa ToabKO AaA 3agau Iltypma — JlnyBuiis *)

‘T‘i—[k(x)j—;‘]—l—[hr(x)—q(x)]u(x)=0, u(@=u)=0.

OxasniBaeTcst, 4To npocTefias cxema (94) 1aeT He OYeHb XOpoliHe,
a mpu paspHBHBHIX KO3pdUIHEHTaX — JaxKe HEeBepHLIE Ppe3YJbTaTH.
CrenyeT COCTaB/ISATb KOHCEPBATHBHBIE PA3HOCTHEIE CXeMHl (OHH GYAyT
noapoGuo paccMorpenbl B riaBax X M XI). Ecau KosbduuneHTs
ypaBHEHUs! HeNpepLIBHE BMECTe CO CBOMMH BTOPBIMH NPOH3BOIHBIMH,
TO MpocCTefiliie KOHCEpPBAaTHBHEIE CXeMbl OGECIIEUHBAIOT PABHOMEPHYIO
CXOIUMOCTb Y, K 4 (x) ¢ norpemHocTtbio O (A?). Tak HasbiBaemasi Ha-
uaydwas KOHCepBaTHBHas, cxema obecreunBaeT norperuHocTs O (h?)
Jaxe IMpH KO3pHIHEHTaX, KYCOYHO-HENpPEPLIBHEIX CO CBOHMH BTO-
PHIMH TIPOM3BOJHLIMH, €CJIH BHIODAHEI CneyuaibHble PasHOCTHBIE CETKH
(B KOTOpHIX 3TH TOUKH pasphiBa fABJSATCH Y3/1aMH).

I[Ipumep. PacemoTpum uyacTHeifl cayvail 3agaun Irypma — JTu-

YBHJISA
W (x)+h(x)=0, u@)=u((1)=0. (95)

TouHoe pelueHHe 3TOH 3ajaud €cTb A, =n’m?, u, (x) = sinnmx,
m=1, 2, ...; OHO HYXHO IJI CPaBHEHHS C YHC/IEHHBLIMU PacCUETaMH.
[Npocreitimeli pa3HOCTHOH CXeMOH JJIsi 3TOH 3ajaud sIBJseTCS cXeMma
(94), B KOTOpO#l HAJO MONOXKHTb P,=(g,=0. OTa cXemMa HMeeT BTO-
poit MOPANOK TOYHOCTH.

BrimosiHsisE pacueTsl A/ CETOK € UHCJIOM HHTepBagoB N =2, 3,
4, npUGIMKEHHO ONpeJeNMM TpPH INEPBBIX COGCTBEHHBIX 3HAYEHMS.

*) 310 HCCIeNOBaHHE H [I0Ka3aTebCTBA IPHUBENEHHBIX HHXKe YTBepXKAeHHH
cM. B [30].
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OHy npeicTaBieHbl B TaGinue 22 BMeCTe C TOUHBIMH 3HAYEHHUSAMH Ag,.
W3 rtabnuusl BHAHO, YTO C MaJjOH NOTPELIHOCTBIO ONpeAe/sIoTCs
TOJILKO Te COGCTBEHHbIE 3HAUEHHS, HOMep KOTOPHIX 3aMeTHO MeHblue V.
IIpu crymeHun ceTKH NpUOIHKEHHBIE 3HAUEHHsS OBICTPO CTPEMATCH
K TouHbIM. OueHb 3()peKTHBHBHIM OKa3blBaeTcs YTOYHEHHE IO NPaBHIY
Pynre — PomGepra, Takke NpUBEJEHHOe B TaG/HLe; YTOUHEHHE Ay
Mo ABYM CeTKaM JaeT HeNJIOXYI0 TOYHOCTh, a YTOYHEHHe A, MO TpeMm
ceTKaM — OTJIHUHYIO. :

Ta6numa 22
YTouHeHHOe
N 2 3 4 no Pynre TouyHoe
M 8,00 9,00 9,37 9,88 9,87
As — 270 | 32,0 384 39,5
A3z — — | 54,6 — 88,8

Ha sToM npuMepe XOpoIIO BHJAHO, YTO COYETAHHE CXEMbl HEBBHI-
cokoro (0ObIYHO BTOPOrO) INOpPSAAKA TOYHOCTH C MNpaBujoM PyHre
BHITOJIHO: OHO oGecneyuBaeT BLICOKYIO TOUHOCTb pacyeTa NpH HecJoX-
HoMm anropuTme. CXeMbl BHICOKOT'O NOPfAAKA TOYHOCTH OGHIYHO JOBOJILHO
TPOMO3JKH, ¥ OpraHHM3alHs pacyeTa N0 HUM CJIOXKHee.

5. Meton nonojHeHHOro BekTopa. [lns pasHOCTHOrQ mMeToAa, OCo-
6eHHO B cJyyae CJIOXKHHIX HEJHHEHHBIX 3ajay, BaXXHHIM H TpPYZHHIM
ABJIseTcs BONpoc O GaKTHYECKOM BHIYHCJEHHH PA3HOCTHOTO peIlleHHs,
u6o anre6pauyeckas cucrema (93) uMeeT 3aBeIOMO BBEICOKUEH MOps-
Jok. s MHOrMX 3ajay yAOGHO HAXOAWTh 5TO peIleHHe METOJOM
donoixenno20 éexmopa. V3noxuM 3TOT MeTon.

3ameTuM cHauaja, 4TO MeTOJ CTpeabObl (M MHOTHE KOHKPETHHIE
pa3HOCTHBIE aJTOPUTMBI) MOXKHO CXEMAaTHYECKH ONHCATDH CJIENYIOUMHM
o6pasom. BriGupaercs Hekotopoe npubinxenne A%); 3aTem BeUHC-
JisieTcsi cooTBeTCTBYIomee emy npubinxkenne y'® (x). Io stol pyHk-
UMK Haxonutcs HoBoe npu6imxenue MV u 1. 1. Ilpu stom cober-
BEHHOE 3HaueHHe Y _COOCTBeHHas (PYHKLUHUS CUHTAIOTCS SJEeMEHTaMu
PasHBIX METPHYECKHUX NpPOCTPAHCTB.

Byaem paccyxznath uHaue. Pa3HOCTHYIO COGCTBEHHYIO (YHKIIHIO
Y={Yo» Y1» ..., Yn} MOXHO cuuTaTh BeKTOpoM B (N - l)-mepHOM
NIPOCTPAHCTBE. Y BeJIHYMBAsi Pa3MEPHOCTb NPOCTPAHCTBA Ha EIMHHLY,
paccMOTpuM COGCTBEHHOe 3HayeHHe KaK HOBYIO KOMIOHEHTY 3TOTO
BEKTOpa, Yy = A. Hosul#t BekTOp ¥ ={Yo, Y1, +--» YN» YN+1} HA3O-
BeM OonoaHernoim. OTHOCHTENBHO KOMIIOHEHT JOTOJHEHHOTO BEKTOpa
anre6panyeckas cucreMa (93) nepenuumercss B KaHOHHYECKOM BHJe

Fe@or Y15 -5 Yn» Yns) =0, O<<k<N+1L. (96)

Ora cucTeMa He/lHHeHHa, JaXke eclM HCXOXHAs 3ajaya Gbila JIHHEH-
HOH OTHOCHTENBHO 4 (X), KaK B npumepe (88).
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Pewats cuctemy (96) 6yzem metonom Helotona. Jluneapusys (96),
NONYYHM Ha KaXIOH HTepallUH CHCTeMY YpaBHEHRH

N+1
y aFg;:"s Loy =—Fu (YY), 0<k<N+1, (97
p=0

JIMHEHH IO OTHOCHTEILHO NPUPALEHHH HEN3BECTHBIX Gyg’ = y§j+1> - yzf).

Ecan HckoMmoe peluenne anre6panueckod cucteMsl (96) He ocoGeHHOE,
T. e. B HeM det (0F/0Y) =0, To npu He C/IHMIIKOM IJIOXOM HYJIEBOM
npubamKeHun utepanud (97) GHICTPO CXOAATCA K Pa3HOCTHOMY pe-
menno. OTMETHM, YTO IJ/s JIMHEHHBIX 3aJauy Ha COGCTBEHHEHIE 3HAaye-
HHSl 3TOT HTepallMOHHBIA mpolecc coBnajaer ¢ MeronoMm Jlepsiojbe
(cm. raaBy VI, § 4, n. 2). '

Y IOBNIETBOPUTENbHOE HYyJIeBoe NpHOAMKeHHe A8 utepauuit (97)
MOXHO HaHTH NpHONHKEHHBIMH MeTolamu (MeTol I'amepkuna, pasio-
JKeHHe [0 MaJioMy InapameTpy M T. 1.), 4 -B NPHKJIagHBIX 3ajJauyax
€ro HepejKo YyJaeTcs MOJYYHTb H3 KaueCTBEHHBIX COOGpAKEHHH.
Hckmountenbo sddeKTHBHA B TaKHX 3ajauaX KOMAACKCHAS OpeaHu-
3ayusa pacuema, TOAPOOHO onucaHHas B § 2, m. 5.

Sameuanue 1. Merol JONONHEHHOrO BEKTOpA OCOGEHHO IMOJIE-
3eH JJIs1 ypaBHEHUH, y KOTOpHIX 3afaya Komm mnmoxo o6ycnosieHa:
OH MOJABJSET TaKyl0 HeyCTOHYHBOCTb.

3ameuanue 2. Merog Jerko nepeHocuTcss Ha Gojiee OGLHe
sagaun Buga A (u (x), A) =0, rae onepatop A MOXKeT GbIThb HHTErpO-
IuddepeHuuanbHEIM (KpaeBble YCJIOBHS NPEANONAaraloTcsi BKJIIOYEH-
HBIMH B ONpeJesieHHe onepaTtopa). BBoas ceTky x, W anmpoKCHMHDYS
Pa3sHOCTHBIMH BBIPaXKEHHSIMH BCe IPOHM3BOIHBIE M HHTETpasnl, BXOJS-
mpe B oneparop, NONy4uM aiare6panueckyro cucreMmy (96) u perum
ee WTepalMOHHBIM npoueccom (97) *).

3ameuyanne 3. HemocraTkom MeToja fBJS€TCs TO, YTO NpH
HeyJayHOM BBIGOpe HYJEBOTO NpHOMHKeHHs wuTtepaunu (97) moryr
He COHTHCh, HJIH B 3aJayaX CO CHEKTPOM COGCTBEHHBIX 3HAUEHUH
UTEpaUUH MOTYT COHTHCH He K HCKOMOMY COGCTBEHHOMY 3HAUEHHIO.

3ameuanue 4. B meroze JONOJHEHHOrO BEKTOpa TpeGyeTCs
pelarh cHCTeMy JHHeHHBIX ypaBHeHu#H (97). ITo Jerko jenarsb,
TONIBKO €CJTH MAaTPHIla CHCTEMbl IIEJTUKOM IIOMEIIAETCS B ONEpaTHBHOM
namsaty IOBM (manpumep, Ha B3ICM-6 310 GyneT npu uucie Heus-
. BecTHHIX N <C 150). 310 NpHBOIUT K OTPaHHUEHHIO JOTYCTUMOTO YHCI A
HHTEPBAJIOB CETKH.

Ecan Tpe6yercs pellHTh 3ajady AJs CHCTeMBI GOJIBLIOrO uHcda AudipepeHunH-
anbHLIX YpaBHeHH (HampuMep, ypaBHeHHs XapTpH — PoKa A MHOTO3/1eKTPOH-
HOrO atoMa), TO JaxKe NPH JOBOJbHO TpyGOfl CeTKe UHCJO y3JOBHX 3HAueHHUi

*) 3meck 06CyXKAaeTcs TOJNBKO BONPOC O BLIYMCJIEHHH DPA3HOCTHOTO pelleHHs.
Bompoc o ero cXofMMOCTH K TOYHOMY pelleHHi0 mpH A — 0 Hajo paccmMaTpuBaTh
OTAeJbHO; OH CBf3aH CO CBOHCTBaMHM omepaTopa A H BHIGOPOM aNNMpOKCHMALUH,
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Bcex GYHKUHH OyfieT BeJHKO, H MeToi [JOMOJHEHHOro BeKTopa MpHMeHSTb TPYLHO.
B nofo6HEIX 3ajayax ycmelmiHo MpHMeHseTCS TaK Ha3blBAEMBIl HENpepbisHbll anaoe
memoda Howomona, vMelOmUil JHHEfHYIO CXOLHUMOCTb HTEpalui, HO 3aTO MO3BO-
JIFIOUH ONepHpoBaTh € OYeHb OOJEIINM YHCJIOM HEH3BeCTHBIX. DTOT MeToJ SB-
JifeTcs creliMasbHBIM BADHAHTOM MeTOZa IOCJefOBaTeNbHBIX NPHOGIHKEHMH, opra-
HHM30BAHHBIM TaK, YTO HTEpallMH BCerjga CXOAATCH.

6. Merox lanepkuna. MHorue npuG/MKeHHbIE METOIbl NMPHTORHBI
JJIS1 HaXOXKAEHUS COOCTBEHHBIX 3HAUE€HHH W COGCTBEHHBHIX (DYHKIMH
3ajlay, Yy KOTOPHIX KpaeBhle YCJOBUS JHHEHHHl OTHOCHTENBHO (YHK-
UMH H ee Tpous3BoAHbIX. Cpefn STHX METOJOB K HauGosee NpPOCTHIM
BBIYHC/IEHHSIM NPHUBOAUT MeTOX ['anepruHa.

Meton dopmyJsupyeTcss TMOUTH TakK Ke, KakK JJs KpaeBhlX 3ajau.
Mmewm pemenne 3agaun A (u (x), A)=f(x) B Bujge JuHEHAHOH KOMGH-
HalMH OTpe3Ka MOJHOH cucTeMbl QYHKUMH @y (x), R=1:

UE) A Ys () =0y (x) + D] cur (x), a<<x<b, (98)
k=1

BHIOpaHHOH Tak, 4TOGHl YIOBJETBOPSIMCH KpaeBbie ycsoBus. IloTpe-
OyeM, 4TOGbI BBINOMHSINCH YCJOBHS OPTOTOHAJIbHOCTH
b
$[A W (0, ) —F®)] 9 (x) dx =0, 1<k<N. (99)
a
Ot ycsoBHA 06pa3yIoT ajare6pauueckyio CUCTEMY # ypaBHEHH ¢ 1+ 1
HEU3BECTHBIM Cy, Cy, ..., Csy A. HellocTaiolee ypaBHeHHe HANO MOJY-
YUTb U3 OJHOTO M3 KDPaeBbIX YCJOBHH.

ITo Tem ke coobpakeHHsIM, UTO W B KpaeBbIX 3ajayax, yIOGHee
TN0JIb30BAThC OPTOTOHAJNbHBIMH CHCTEMaMH QYHKIUH ¢ (X). B jnuneii-
HBIX 3ajlayax BbIUUCJEHUS NPU 3TOM 3aMETHO YIPOLLAIOTCH.

I[Tpumep. Paccmorpum 3anauy (95)

W' ()M () =0, u(0)=u(1)=0

M BOCIOJIb3YEMCSl NOJIHOH CHCTEMOH MHOTOUYJIEHOB @ (x) =x* (1 —x),
KOTOpHIE 3aMETHO OTJIMYAIOTCA OT TOYHOTO pellleHUs 3ajaud. Onxum
M3 JIONOJIHUTENIbHBIX YCJIOBHH fIBJSIETCS YC/JIOBHE HOPMHUPOBKH pelile-
HusA. DBuaromaps nuHeHOCTH 3ajauyd ero MOXKHO (GOPMYJIHPOBAThH
pasHeIMH cnoco6amu; JJs yA0OCTBa BLIYHC/IEHHH 3aaiuM ero B Gopme
Y, (0)=1, uto o3navaer ¢; =1. Torpma, nonarag n=1 u 2, jerko
TNOJIyYUM TepBHEe NpUGIHKEHUS
N

n=1, M =10, y (x)=x(1—x),
Al =10, Y =x(1—x),

1

1

n=2,. 1
M =21, Plr=x(1—x) -5z (1—x.

ITepBoe coGcTBEHHOE 3HAueHHe OMpEENUIOCh C XOpOIUeH TOYHOCTHIO,
BTOpPOE — C MHOTO XYAIIeH.
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Meronom [anepkuHa MOXKHO JOBOJIBHO XOPOIIO HAXOJMTh HaH-
MeHbIlIHe COGCTBEeHHbIe 3HaueHus. Ho TOuHOCTb omnpeneseHHsi co6CT-
BEHHBIX (PYHKIUHA OGHIYHO 3aMETHO XYKe.

O6ocHoBanne metofa [lanepkuna ciaoxHO. B uwactHOM cayuae,
ecan AuddepeHnyanbHeil onepatop A JMHEEH W OIHOPOJEH OTHOCH-
TeJbHO 4 (X), cucrema (99) sBasercs 3ajauell Ha onpejejeHHe Cco6-
CTBeHHHIX 3HaueHui wMatpuusl. Jnaa 3agaun Hlrypma—JInysunis
Merol 'anepkyHa NPUBOAMT K TEM K€ CaMbIM anre6pauyeckuM ypas-
HEeHUsAM, YTO W MeToA Purma (CXOAMMOCTb KOTOpPOTO B 3ajayax
Hitypma—JInyBuaas IokasaHa).

BAODAUHU

1l. Ioxasatb TeopeMy O cxopuMoctu- Metoxa Ilukapa, chopmynuposanuyio
B§ 1, n 3.

2. BeBectn onenky (10) ckopoctu cxomuMocTd Meroxa ITuxapa.

3. B merome manoro mapameTpa BuiBecTH GOPMyJHl IJs KosddHiueHntos o,
H QyHKUHH v, (¥) B ypaBHeHHsax (12).

4. HaiiTh mnpu6imxeHHOe pellleHHe ypaBHeHHA (3) MeTOZOM Masloro mapa-
MeTpa.

5. Jlna cucTemul AByX ypaBHeHuil (25) manucaTb cxembl Pynre—Kyrra Broporo
nopsaxa TOYHOCTH, aHaJoruunne (22) u (23).

6. 1 ypaBHeHHMS XHMHUeCKoro pacmnafa (34) coctaBuTh cxeMbl Pynre—KyTtra
BTOPOr0 M YeTBEPTOro MOPSAKA TOYHOCTH H BHISCHHTb OTPaHHYEHHs Ha LUar B 3THX
cxeMax, CJAefyIOUHe H3 TOJOXHTENbHOCTH pellleHHs.

7. CocraBuTh A1 ypaBHeHHsA XMMHUECKOTo pacmaja (34) CHeIMalpHYIO CXEMY
HHTErDHPOBaHUS MO TpeTheMy cnoco6y 3 § 1, m. 8.

8. Bomuucasg B (41) uHTerpas OT BTOPOTO cjaraeMoro mo ¢Gopmyse Tpanenwuii,
MOJNYYUTh HEABHYIO CNENHANbHYIO CXeMY; MCC/Ief0BAaThb ee TOYHOCTb M HaWTH orpa-
HUYeHHe Ha WIAr CeTKH.

9. Hanucate ¢opMyanl MeToga cTpeabObl NPHUMEHHTeNLHO K KpaeBod 3ajade
(46) pns onHoro auddepeHNMANBHOrO ypaBHeHHS BTOPOro MOpsiKa.

10. CocraButb opmyasl Metona HeloToHa j1sa HaXOXK[eHHS KOpHS ypaBHeHHS
(626), BO3HMKAIOIET0 NMpPH pelleHHH KpaeBoi 3agaun (60) MeTOXOM CTpenb6bi.

11. Pemntp Kpaesyio 3ajauy (69) metonom I'anepkrHa, BEIGpaB OPTOrOHANLHYIO
cucteMy GYHKUUE @p (¥)=sin 2kx; CPaBHHTbL pe3yabTaT C MIPHMEPOM, NPHUBeJEHHEIM
B§ 2, m.

$ 12. In HTepalMOHHOrO Npollecca MpH pellleHHH 3aJaYd Ha COOCTBEHHLIE 3Ha-
ueHHs (87) GanJHCTHYECKMM METOAOM COCTaBHTb a) GOPMYJEl MeTOfa CeKyulHX,
6) dopMyssl Metona HbiotoHa.

13. s 3ajaun Ha co6CTBeHHBle 3HaueHHs (95) HAHTH Pa3HOCTHRIM MeTOLOM
npu N=2 n N=4 nepBylo COGCTBEHHYI0 (QYHKLHIO H YTOYHHTL €e IO NpaBUIy
PyHre; oTBeT CpaBHHTb C TOYHBIM pelUeHHEM.
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FrTABA IX
YPABHEHHUS B YACTHBIX NMPOM3BOJAHBbIX

B rnaBe IX paccMOTpeHBI MeTOABI YHCJEHHOrO pellieHHS 3afay AJs ypaBHeHHI
B- YaCTHHIX NMpPOH3BOAHBIX. B § 1 o6CyXneHH HeKoTOphle MNOCTAHOBKM 3afad M ;aH
0630p MeTOLOB, KOTODHIMH pelaloTcs MNofo6GHbie 3agaud. OcTanbHble mnaparpadsr
COfiepXaT H3J0XKeHHe OCHOB HauGojee MHPOKA NPHMEHSEMOro H XOPOLIO H3yYeH-
HOro MeToja — pasHocTHoro. B § 2 paccMoTpeHb! crnocoGhl MOCTPOEHHSI PA3HOCTHBIX
cXeM ¥ BBeJeHO NMOHATHE annpoKcHManuu. B § 3 gaHel MeToABl HCCIEOBAaHUSA YCTOM-
YUBOCTH Pa3HOCTHBIX cXeM. B § 4 xoka3aHbl OCHOBHHIE TeOpeMbl O CXOZHMOCTH
Pa3HOCTHOTO pellleHHs K TOYHOMY.

§ 1. Beepenne

.1. O mocraHoBkax 3ajgay. JIBHXKeHHe CHCTEM MaJIOro YMCJAa YacCTHIL
MaTeMaTHYeCKH OIHCHIBAIOT, KaK TNpaBHJIO, OOGLIKHOBEHHBIMH JIudde-
peHUUaNbHBIME ypaBHeHHsIMH. EciM ’Ke YMC/IO 4acTHI[ OYeHb BEJIHKO,
TO CJIEJUTh 32 JBHXKEHUEM OTIEIbHBIX YacTHI[ NPAKTHUECKH HeBO3-
MoxHo. Ilpu 3TOM yHoGHee paccMaTpPUBAaTb CHCTEMY™ YacTHI[ Kak
CIUIOIIHYIO CpeNy, XapakKTepH3ys ee COCTOSHHE CpEIHHMH BeJHYH-
HaMH: IJIOTHOCTBIO, TeMIepaTypoll B JaHHOH TOuKe H T. I.

MaTemaTHuecKkie MOLENH CIIOIIHOH cpefpl NpPHUBOAAT K ypaBHe-
HHUSIM B YacTHBIX MpPOHU3BOAHBIX, KOTODPHIM YAOBJETBOPSIIOT YIOMS-
HYThle CpeJHHe BeMNYuHLL. Hanpumep, naMeHeHHe Temneparyphl B He-
NOABUKHOM Tejie ONHCHIBAeTCsl ypaBHEHHEM TeNJIONPOBOJHOCTH

cu,r, t)’%‘ti=div [k (u, r, t) grad u]+q (4, r, ?), (1)

rJie 4 — TeMneparypa, ¢— TelJIOEMKOCTb, kK — KO3((HULUHEHT Tenionpo-
BOJHOCTH M ¢ — NJIOTHOCTb HCTOYHMKOB TeILIa. -

K ypaBHEeHHSM B YacCTHBIX TPOH3BOJAHHIX MNpPHBOAAT 3ajJauyd raso-
JIUHAMHKH, TENJONPOBOAHOCTH, IEPEHOCA U3TYUEHH S, PACIIPOCTPAHEHHUS
HEHTPOHOB, TEODHH YIPYTOCTH, 3J€KTPOMATHHTHBIX MOJEH, MPOIeccoB
mepeHoca B ras3ax, KBaHTOBOH MEXaHHKH W MHOTHe JApYyrue.

HesaBuCHMBEIMH TlepeMeHHBIMH B (DH3HYECKHX 3aJayax OObIYHO
SIBJISIOTCS BpeMsi { U KOODAMHATH #; OBIBAIOT U JPYTHE NEpEMEHHbIE,
HanpuMep, CKOPOCTH 4YacTHI[ © B 3ajayax nepeHoca. Peienue Tpe-
Gyercsi HafiTH B HEKOTOPOH OGJIACTH M3MEHEHHS HEe3aBHCHUMEIX Tepe-
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menHblX G (¢, 7, ©, ...). IlonHas mMaTeMaTHyecKas NMOCTAaHOBKA 3ajauu
cozepXuT AuddepeHnranbHoe ypaBHeHHe, a TaKxkKe JONOJHHTEbHbIE
YCJIOBH S, TO3BOJSIOLLHE BbIAGNHTD eAHHCTBEHHOE pellieHHe CPelH ceMel-
CTBa pellleHH# AnddepeHUHaNbHOTO YypaBHeHHS. JlomoMHUTENbHBIE
yCI0BHS OGBIYHO 3aJalOTCs Ha rpanuue obmactu G.

Ecnu onHoOlt M3 mepeMeHHBIX sBJseTcs f, TO yalle BCEro paccMaT-
puBarT 06/7acTH BHAA .

G, r,..)=g(r, ..) X[t TI, @)

T. €. pellleHHe HIILYT B HEKOTOPOH MPOCTPAHCTBEHHOH o6nacT g (#, ...)
Ha OTpe3ke BpeMeHH f,<<f{<<T7. B 3TOM cilyyae JOMONHUTENBLHEIE
VC/IOBHSI, 3allaHHble NpH f="{), HA3LIBAIOT HAYAAbHOLIMU, A JOIOJHH-
TeJbHblE YCIOBHS, 3aiaHHble HA rpanuue I'(#) obnactu g (r), —epa-
HUMHbIMU UJTH KPaesbimu. :
3anauy, y KOTOpOH HMEIOTCS TOJIBKO HayajbHble YCJIOBHS, Has3bl-
BatoT 3adater Koww. Hanpumep, 11 ypaBHEHHS TelJIONPOBOAHOCTH
(1) B HeorpaHHYeHHOM IPOCTPAHCTBE MOXKHO MOCTAaBHUThb 33Jauy C Ha-
YaJbHBIMH YCJOBHUSAMH
u(r, t)=p(r). 3

Ecnu p (#) — xycouHo-HenpeprIBHas OrpaHHYeHHass QYHKIHSA, TO pellle-
uue 3agaun (1), (3) efMHCTBEHHO B KJacCe€ OTpaHHYEHHBIX GYHKIH
(mp¥ HEKOTOpBIX OrpaHHYeHHAX Ha KO3 (UIHEeHTEl ypaBHeHHS; cM. [40]).

3ajauy ¢ HayaJbHLIMH H I'PAaHHYHBLIMH YCJIOBHSIMH Ha3bIBAlOT CMe-
wannol Kpaesoti 3a0adell UM HecmayuoHapHot kpaesod 3adaxedi. s
ypaBHeHHs (1) IOMONHHTENbHBIE YCJIOBHA TaKOH 3aJauH MOT'YT HMeTb,
HanpuMep, BHJ :

ulp, ty=nr), regr), wE hr=unr 1), L<i<T. 4

Jlns 3TOro ypaBHEHHS] JOMYCTHMBI M JApYrHe TpaHHYHble YC/IOBHSA,
HampUMep, COJepiKallie HOPMalbHYIO MPOH3BOJAHYIO DelIeHHs.

Berpeuatorest 3ajaud, B KOTOpHIX 067actb G (¢, #) HMeeT Apyroi
Bua. IlpuMepoMm sB/sieTcs 3ajaya C YCJIOBHSMH Ha XapaKTepHCTHKaX
(cM. [40]), BosHHKarOmast MPH H3YYEHHH IMPOLECCOB CYWIKH, COPOLHH
rasoB H MHOTHX ApYTHX.

IIpu HccnenoBaHHH YCTAaHOBHBUIMXCS COCTOSIHME HJIM CTallHOHApHBIX
(He 3aBUCALIMX OT BPeMEHH) MpOIECCOB B CIJIOMIHOH cpefe ¢dopMy-
JUpYIOTCS MaTeMaTHYeCKHMe 3ajaud, He 3aBHCAlIME OT BpemeHH. Mx
peliieHye HINeTCs B 06/1aCTH g (), @ AOTOJIHUTE/IbHbIE YCIOBHS SIBASIOTCS
rpanuyHeiMH. TakHe 3ajaud HasbIBAalOT KPaegbimMu.

Mbl orpaHHYHMCsl pacCMOTpeHHeM KOPPEKTHO MOCTaBleHHHIX 3a1ad,
Korja JIJisi HEKOTOpPOro KJjacca HayaJbHBIX M TDAaHHYHBIX JAHHBIX
pelieHHe (B 3aJaHHOM KJjacce (yHKUMH) CYUIECTBYeT, eJMHCTBEHHO
¥ HEeNmpephIBHO.3aBHCHT OT 3THX JlaHHBIX. ByneMm Takxke npeamonarats,
YTO. pellieHHe HelpepbIBHO 3aBHCHT OT BCeX KO3(P(UIHEHTOB ypaBHEHHS.

10+
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Jnsi ypaBHeHHMiT B YacTHBIX IPOM3BOJHBIX CYLIECTBYIOT (DM3HYECKH HHTEPECHHIE
3amayy, SBJASIOMECS HEKOPPEKTHO IOCTABJEHHBIMH: OOpaTHbE 3aJayd TemJIonmpo-
BOJHOCTH, 3ajaydl Ha pas3BMTHe HeycToWuuBocTedl u npyrue. Tak,, pacCMOTpeHHEIHX
B rnaee I mpumep Ajamapa cBsi3an ¢ BOSHHKHOBeHHeM pesefi-Tefl;opoBcKofi HeycTol-
YHBOCTH; KOTJA CJIOH TSK2I0H KHMIKOCTH HaJMT TOBEpX CJIOS JIerKo# JKHIKOCTH.
Ho 3necp MbI Takue 3ajagyn He GygeM paccMarpuBaTh (cM. [39] u mpuBegeHHYIO
Tam Gu6aHorpaduio).

B 3Toli rsiaBe M3/1aranTcs MeTOAbl YHC/IEHHOrO pelleHHsl ypaBHe-
HHY B YacTHBIX NPOHM3BOIHBIX H CMOCOGHI OGOCHOBAHHS 3THX METOJOB.
OHH npHMeHHMbl K IIMPOKHM KJaccaM YpaBHEHHH U pas/IH4HBIM
THNaM 3ajay 15 HHX. HO mpHMepbl, WJIIOCTPHPYIOUIHE H3JIOKEHHe
M KOHKpETHble NpHMEHEHHs 3THX MeTOIOB, PacCMOTpEHHbIE B IVIaBax
X — XIII, kacaiorcs Haubosiee paclpoCTPAHEHHBIX U XOpPOLIO H3Y-
YeHHBIX 33/jay [/ ypaBHEHHH MepBOro M BTOPOro NMOPSAAKOB, JHHEH-
HBIX OTHOCHTENbHO MPOH3BOJHBIX.

HanomuuM kjaaccuduxanuio Takux ypasHeHui. OHH uUMelOT clie-
IyIOWHA BUA (418 OpPOCTOTH Mbl OrPaHHYHMBAeMCsl ClydYaeM IBYX
NlepeMeHHbIX):

Auge+2Buyy+ Cuyy+Duy+ Euy,+ F=0. )

Koabduuuentsl ypaBHeHns (5), BooGliue roBopsi, 3aBHCAT OT U, X, Y.
Ecin KoahdHUHEHTH He 3aBHCAT OT IMepeMeHHBbIX, TO 3TO JHHEHHOe
ypaBHeHHe C NOCTOSHHEIMH Ko3dduiuenTamu. Ecau F 1uHeiHO 3aBHCHT
OT u, a ocTalbHble KO3(D(UIHMEHTH OT & He 3aBHCAT, TO 3TO JIHHEHHOe
ypaBHeHHe C NepeMeHHHIMH Ko3dduumentamu. Ecnu koaddumuenTsi
3aBUCAT OT 4, TO ypaBHeHHe (D) Ha3bIBaeTCs KBA3HJIHHEHHBIM.

Ectn A=B=C=0, Ho D=0 u E=~0, To ypaBHenue (5) umeer
TepBbIk IOPAJIOK U HasblBaeTcsl ypaBHEHHEM IepeHoca.

YpaBHEHHSI BTOPOTO NOPAAKA KN1aCCHOHIUPYIOTCA 110 3HAKY IHCKPH-
muHaHTa B?— AC: y runepGO/NHMYECKHX YpaBHEHHH JHCKDHMHHAHT
TNOJIOKUTeNeH, Yy NapaGo/HyeCKUX — paBeH HYJIO, Y 3/MIHITHIECKHX —
OTpHLATeNEH.

Te ¢usnueckne mporecchl, KOTOpble ONMHUCHLIBAIOTCA PAa3HBIMM Mepe-
YHC/JEHHBIMH 3JIeCb THIAaMH YpaBHEHHH, CYIIECTBEHHO OTJIHYAIOTCS
apyr oT apyra. CoOTBeTCTBEHHO MOJHbIE MOCTAHOBKH 3ajay JJIs 3THX
THIIOB ypaBHEHHH HMEIOT CBOH OCOGEHHOCTH, OAPOGHO PAaCCMOTpEHHEIe
B [40]; MBI 6yneM KpaTKO HaNOMHHATH HX B COOTBETCTBYIOUIMX IJ1aBax.

3aMeTHM, YTO ypaBHeHHe C NepeMeHHbIMH KO3(p(HIIHEHTAMH MOXKET
HMeTb pasHbIl THI B pasHbIX Touykax obaactd G (¥, y). B mpakrtuke
BBLIYHCJEHHH BCTpeyaeTcsl HeMaJso MOAOGHBIX 3ajay, PHYEeM HeperKo —
ellle HeHCC/IeIOBAaHHBIX Teopernueckd. [lpm 3tom chopmyaHpoBaTh
TIOJIHYIO MOCTAHOBKY 3aJadM H 0G0CHOBAaTb €€ KOPPEKTHOCTb 3a4acTyio
ObIBaeT HeJNeErko. ' '

2. Tounbie MeTonbl peulenusi. B kypcax ypaBHeHHH MaTeMaTH-
YecKOHd (DM3HKM H3J0XKeH P METOJOB, MO3BOJIAMMINX J/Isi HEKOTOPLIX
KJIacCOB 3ajiay HAaHTH TouHOe peweHHe (cM. [40]). K Takum meronam
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OTHOCSITCSl METOJ PAacMpOCTPAHSIOUIMXCA BOJH, METON pasje/eHHs
nepeMeHHbIX, MeToJ (DYHKUHH HCTOYHHKA H ApYTHE.
Hanpumep, nasa mpocrefiliell 3ajaud TeNJIONPOBOJHOCTH

w="kuy, 0<<x<<a, 0<{, k=const>0, 6
u©, )=u(a, )=0, u(x, 0)=p(x), ©)

rie GyHKUUA W (X) KyCOYHO-HENpepLIBHA, METONOM pasjie/ieHus mepe-
MEHHBIX pelIeHHe NPEeACTaBaAsCTC B BHIE pana
( [ee]
. nnx
u(x, f)= Z Qe R sin TE (7a)

n=1

rle BeNHYHHH @, sBAAITCH KoapduunentaMu OPypre HavalbHBIX
JaHHBIX

a
- S e (0) sin 22 iy, (76)
0

Takum o6pa3oM, MOJydeHO SIBHOE BbipaxKeHHE pellleHHs Yepe3 Haya/lb-
Hble JaHHBIE.

[oacrasnas (76) B (7a) U MeHsAs NOPSAOK HHTETPHPOBAHHS H CYM-
MHPOBaHHS, BHIPA3HM pelleHHe 4Yepe3 Haua/lbHHE JaHHblEe U (YHKIHIO
HCTOYHHKA

u(t )=\ G & Op®) d, &)

0

rie GyHKIHsS HCTOYHHKA paBHA

[oo]
2 . Tnx . qng
—Z ~menkt/a? gin Y gip TS
G & t)=- Ze nktlet sin —= sin —=. (86)
n=1
Ins 3anaun Ko Ha GeCKOHEYHOH INPSIMOH BEHIpaKeHHe HIsi QYHK-
MM HCTOYHHKA HMeeT cyenyromuit BuA (cM. [40]):
1
G (x f)=——¢
00( ’ E’ ) 2Vﬂkf

TouHble MeTonpl MO3BOJIAIOT MOJNYYHTH SBHOE BHIDAXKEHHE pelleHHs
yepe3 Haua/lbHbE JaHHble, YTO oO6JeryaeT JajbHeHIIHe IeACTBHs
¢ peweHneM. Hanpumep, Boipaxenus (7)— (8) mNO3BOJIAIOT MHOroe
CKa3aTb O Ka4YeCTBEHHOM IIOBEJEHHH peLIeHHs.

B camom gmene, B ¢opmysie (7a) mpoCTpaHCTBEHHBIE apMOHHKH
sin (Mnx/a) MHOXKATCA Ha BelWYHHBl exp (— n?n%ki/a?), 3aryxamwlue
NpH BO3paCTaHHH BPEMEHH; 5TO 3aTyXaHHe TeM GhicTpeil, ueM GoJiblie
HOMep rapMOHHKH. Ho ueMm meHblle aMIIHTYAbl BHICOKHX IapMOHHK,

(=502 /akt (38)
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TeM 6oJiee MaaBHO MeHseTcss ¢yHKuus. CiefoBaTeqbHO, C TeueHHeM
BpEMEHH pelleHHe 3ajaun (6) NOMKHO CriaxkuBaThCA.

HaoGopot, npH ABHkKEHHH B 06paTHYIO CTOPOHY II0 BPEMEHH aMILIu-
TYAbl BBHICOKHX TapMOHHK BO3pacTaloT TeM ObicTpefi, 4yeMm GoJblie n;
IPH 71— 0O CKOPOCTb POCTa rapMOHHK HE02PAHUYEHHO YBEITHUHBACTCS.
Orciofa Jerko NOHATH, YTO oOpaTHas 3ajadya TeMJONpPOBOJHOCTH
HeyCcTOHYHBa.

3ameruM, uTO (DYHKUHS HCTOUHHKA Ha 6ECKOHEYHOH MpsMOH MoJo-
xuTenbHa: Ge (X, &, £) >0 mpu ¢>0. CnenoBate/bHO, €CIIH B pelle-
HHe (8a) c GECKOHEYHLIMH TMpeJie/laMH HHTErDHPOBaHHS TOACTABUTD
Haya/lbHEle JaHHBIE BHJA

- u(x) >0 Ha [a, b], u (x) =0 Bre [a, b],

1o npu ¢>0 pewende GyIeT OTIHYHO OT HYJAsT B JIIOGOH Touke
GeckOHeYHO# MpsiMoii. DTO O3HayaeT, YTO B Ciaydyae JHHEHHOH TemJo-
TIPOBOJHOCTH CKOPOCTb PACNpOCTpaHEHHs Telsna GecKOHedHa.

TakuM o6pasoM, TOUHHE MeTOAbl oOdeHb mose3Hel. OfHAKO OHH

MpHMEHUMB! B OCHOBHOM K JIMHEHHBIM 3ajauaM B 06JacTsIX IIPOCTOH
¢dopMBl (MPSAMOYTOJNbHHUK, KPYr W T. I.), Koria AHddepeHuHanbHOe
ypaBHeHHe H KpaeBble YCJIOBHs JIMHEHHBI OTHOCHTENbHO u (F, f) H ee
npousBoiHbiXx. IIpH 3TOM BbIK/I3AKH yAaeTcs JOBECTH JO KOHUA
OGLIYHO JIHWIb JJIS1 YpaBHEHHH C NMOCTOSIHHBIMH HJIH KYCOYHO-TIOCTOSTH-
HBIMH KO3((dHIHeHTaMH. ’
+ 3. ABromojeabHOCTh H nomoGue. \JI1s ypaBHeHHHA B. YacCTHBHIX
NPOU3BOAHBIX CYLIECTBYIOT TaKHMe YacTHBIe pelleHHs, Korha u (x, f)
‘sBasieTcss QyHKUHeH oQHOH mNepeMeHHOH §, poJb KOTOpOH Hrpaer
HeKoTopast KOMGHHAIMsI He3aBHCHMBIX NepeMeHHbIX X, f. Takue pelie-
HHS Ha3blBAIOTCH ABMOMOOENbHbIMU.

IlocTpoum mpuMep aBTOMOZENBHOrO pelleHHsi. PaccMorpuM ofHo-
MepHOe - ypaBHeHHe TellJIONPOBOJHOCTH, B KOTOPOM KO3(HuHeHT
TelJIONPOBOAHOCTH 3aBHUCHT OT TeMIepaTyphbl IO CTEEHHOMY 3aKOHY

ou (x, ¢ 9 Ou (x, ¢
ug; _)=W[k(”)'ﬁg¢—)], k(w) = ku™, ky>0, m>0. (9)

Takas 3aBHCHMOCTb 4acTO BCTpeuaeTcs B GH3HYECKHX 3a7aqyax; HampH-
Mep, KO3(h(HULHEHT 37eKTPOHHOH TeMJONpPOBOAHOCTH M1a3Mbl NMpHOGIIH-
3UTEJNBHO IIPONOpIHOHANEH ©5/2,

Bynem wuckatp uactHoe pelleHHe ypaBHeHHs (9), wumerolee
BHJ Oeryuiefi BOJIHBI

w(x, )=FE), E=x—ct.

Ilpu noxcraHOBKe Takoro pelenusi ypasHende (9) mpeoGpasyercs
B 06GbIKHOBeHHOe Iu(depeHIHalbHOE YpaBHEHHE

o+ a2 (k™ ) =0, (10)
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OnHOKpaTHOE WHTErpHPOBAHHE STOrO YPABHEHHS /T COOTHOLIEHHE

O+ @)L =const. (11
Ecnun ¢yuknus f(§) obpamiaercs B HyJIb XOTs GHl B OJHOH TOuke &,

TO KOHCTaHTa B npapo# yactd (l11) pasHa Hymo u coorHouenue (11)
HETPYJHO NPOHHTErpPHPOBATH €lle pas:

FO=[4E=y]" npn <k,

Hoonpenenum pemnenne npu §E>§,, noaaras f(§)=0, uTo ynosie-
tBOpsier ypaBHenuio (9). Takum o6pasom, IONyYHM HCKOMOE pelleHHe

u(x, t)=[c—l:— (xo—x+ct)]l/m, X< xy-+ct,

u(x, =0, X >x,+ct.

(12)

UTo6hl 3TO pellleHHe MOIVIO CYINecTBOBaTh, HAaYalbHble H IPAHHUYHbIE
YC/IOBUSI NOJIKHBI GBITb C HHM COrJiacoBaHel. Hampumep, eciau ypas-
Henue (9) paccmarpuBaerca npu £>0 Ha
MONYIPAMOA X =X, TO CleAyeT 3aiaThb yc-
JIOBHS

u

u(x, 0)=0, x=x,,

uen, O =(522)", =0 (13
AsromozienibHOe pemenue (12) mpencras-
JseT coOoH TeMmnepaTypHYIO BOJHY, Gery-
Y0 C MOCTOSIHHOH CKOPOCTHIO MO HYJEBO- Puc. 45.
My ¢oHy Temmepatyphl (puc. 45). CkopocTb
JBHIKEHHSl BOJIHBI C ONpeJeNsieTcss CKOPOCThIO pocTa TeMIepaTyphl Ha
rpannue (13). Touka X=x,4-ctf sBasierca ¢poHToM BoOJHHL. IIpo-
¢uIb TeMnepaTyphl BCIOAY HeNpephiBeH, HO Ha (pOHTe OH HMeeT
BePTHKAJbHYIO KacaTeJbHYI (0u/0X); =00, H MPOM3BOAHAA B 3TOH

TOYKe TepHHT pasphiB. .

ABTOMOZIeNIbHBIE pellleHHs] JAOBOJBHO 4YacTo YyAaeTcst HalTH I
JHHeAHBIX M KBasWIHHEHHHIX YypaBHEHHH HJIH CHCTeM YpaBHeHHH,
KO3(hGhHIIMeHTH KOTOPEIX 3aBHCAT OT NepeMeHHHX X, { U pellleHHS u
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